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PREFACE 


The  papers  contained  herein  were  presented  at  the  Sixth  International 
Conference  on  Recent  Advances  in  Structural  Dynaniics  held  at  the  Institute  of 
Sound  and  Vibration  Research,  University  of  Southampton,  England  in  July  1997. 
The  conference  was  organised  and  sponsored  by  the  Institute  of  Sound  and 
Vibration  Research  and  co-sponsored  by  the  Wright  Laboratories,  Wright  Patterson 
Air  Force  Base.  We  wish  to  also  thank  the  following  for  their  contribution  to  the 
success  of  the  conference:  the  United  States  Air  Force  European  Office  of  Aerospace 
Research  and  Development.  The  conference  follows  equally  successful  conferences 
on  the  same  topic  held  at  Southampton  in  1980, 1984,1988,1991  and  1994. 

There  are  over  one  hundred  papers  written  by  authors  from  approximately 
20  different  countries,  making  it  a  truly  international  forum.  Many  authors  have 
attended  more  than  one  conference  in  the  series  whilst  others  attended  for  the  first 
time. 


It  is  interesting  to  note  the  change  in  emphasis  of  the  topics  covered. 
Analytical  and  numerical  methods  have  featured  strongly  in  all  the  conferences. 
This  time,  system  identification  and  power  flow  techniques  are  covered  by  even 
more  papers  than  previously.  Also,  there  are  many  contributions  in  the  field  of 
passive  and  active  vibration  control.  Papers  dealing  with  nonlinear  aspects  of 
vibration  continue  to  increase.  These  observations  seem  to  reflect  the  trend  in 
current  research  in  structural  dynamics.  We  therefore  hope  that  the  present  series 
of  International  Conferences  will  play  a  part  in  disseminating  knowledge  in  this 
area. 


We  would  like  to  thank  the  authors,  paper  reviewers  and  session  chairmen 
for  the  part  they  played  in  making  it  a  successful  conference. 

My  personal  thanks  go  to  the  following  individuals  who  willingly  and 
enthusiastically  contributed  to  the  organisation  of  the  event: 

Dr.  H.F.  Wolfe  Wright  Laboratories,  WPAFB,  USA 

Dr.  C.  Mei  Old  Dominion  University,  USA 

Mrs.  M.Z.  Strickland  ISVR,  University  of  Southampton,  UK 

Grateful  thanks  are  also  due  to  many  other  members  of  ISVR  who  contributed  to 
the  success  of  the  event. 
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ACTIVE  CONSTRAINED  LAYER  DAMPING  TREATMENTS 


Daniel  J.  Inman  and  Margaretha  J.  Lam 
Department  of  Engineering  Science  and  Mechanics 
Virginia  Polytechnic  Institute  and  State  University 
Blacksburg,  VA  24061-0219  USA 

ABSTRACT 

This  work  examines  the  use  of  piezoceramic  devices  combined  with 
viscoelastic  material  as  a  damping  treatment  to  suppress  unwanted 
vibrations  in  structural  elements.  This  is  an  extension  of  the  mature 
technology  of  passive  constrained  layer  damping  (PCLD)  treatments  which 
have  been  so  successful  in  the  past.  In  applying  viscoelastic  damping 
treatments  it  is  thought  that  the  best  design  is  one  that  increases  shear 
in  the  viscoelastic  layer  (VEM).  This  led  to  the  use  of  constraining 
layers  to  form  sandwiches  consisting  of  the  host  structure,  viscoelastic 
treatment  and  cover  layer.  Recently,  piezoceramics  layers  have  been 
applied  to  structures  as  actuators  and  sensors  to  provide  active  vibration 
suppression.  It  was  thus  natural  to  replace  the  cover  plate  in  passive 
designs  with  a  piezoceramic  material  to  produce  a  layer  that  could  actively 
increase  the  shear  in  the  viscoelastic  layer.  This  approach,  called  active 
constrained  layer  damping  (ACLD)  and  its  variations  form  the  topic 
of  this  presentation.  Here  the  previous  work  in  ACLD  for  vibration 
suppression  is  reviewed,  modeling  and  control  issues  are  identified  and 
design  considerations  are  discussed.  Some  new  configurations  and  results 
are  also  presented. 


INTRODUCTION 

Passive  constrained  layer  damping  treatments  have  been,  and  are,  a 
successful  means  of  suppressing  unwanted  vibrations  in  various  structural 
components  [1],  [2],  [3].  A  natural  extension  of  PCLD  treatments  is  to 
combine  them  with  the  fast  growing  area  of  smart  structures  [4].  Smart 
structures  technology  covers  a  wide  variety  of  electrically  active  materials 
[5] ,  the  most  common  of  which  are  materials  that  exhibit  the  piezoelectric 
effect.  One  such  material,  piezoceramics  (such  as  PZT:  lead  zirconate 
titanate),  produce  a  voltage  (or  current)  when  they  are  strained  making 
them  useful  as  sensors,  and  produce  a  strain  or  bending  moment  when  a 
voltage  is  applied  across  them  rendering  them  useful  as  actuators.  Another 
common  material  used  for  sensing  and  sometimes  as  an  actuator  is  a 
piezo  film  (PVFD:  polyvinylidene  flourides).  These  materials  allow  the 
construction  of  unobtrusive  sensors  and  actuators  fully  integrated  into  a 
structural  system.  The  combining  of  the  use  of  piezoelectric  materials  with 
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Figure  1:  Various  configurations  of  viscoelastic  materials  (VEM), 

constraining  layer  (CL),  sensors  and  piezoceramic  actuators 
(PZT)  used  for  vibration  suppression. 
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viscoelastic  damping  treatments  is  called  ACLD  and  the  use  of  active 
damping  and  passive  damping  together  is  called  hybrid  damping.  The 
various  designs  and  configurations  studied  are  based  on  trying  to  take 
advantage  of  the  best  properties  of  passive  damping  (PCLD,  in  particular) 
and  of  active  damping  and  actuation  provided  by  smart  structures.  Various 
configurations  of  sensors,  actuators  and  damping  methods  are  illustrated 
in  figure  1. 

One  line  of  thought  has  been  that  the  viscoelastic  material  will  have 
enhanced  damping  capabilities  if  the  cover  plate  (made  of  PZT)  can  be 
used  to  actively  increase  the  shear  in  the  VEM  causing  it  to  dissipate 
more  energy  resulting  in  improved  vibration  suppression.  A  second  line  of 
thought  is  that  the  VEM  will  provide  a  passive  high  frequency  vibration 
suppression  and  that  the  piezoelectric  element  will  be  used  to  enhance 
low  frequency  vibration  suppression.  Put  another  way,  the  combination 
of  PZT  and  VEM  could  provide  broader  band  vibration  suppression 
then  either  of  the  two  treatments  used  separately.  These  thoughts  have 
encouraged  several  researchers  to  pursue  various  designs  combining  the  two 
technologies  and  to  investigate  the  related  mechanics  and  control  issues. 

A  counter  point  of  view  in  combining  VEM  and  PZT  is  that  if  the  PZT 
is  mounted  on  top  of  a  VEM  layer  to  increase  the  shear  in  the  viscoelastic, 
the  configuration  also  decreases  the  effect  of  the  PZT  as  an  actuator 
because  it  must  act  through  the  rubbery  viscoelastic  material.  Thus  the 
issue  of  why  not  just  use  active  control  and  not  use  the  viscoelastaic 
treatment  at  all  arises.  Such  questions  are  addressed  in  the  following  along 
with  providing  some  alternative  configurations  and  alternate  modeling 
methods. 


PREVIOUS  WORK 

The  use  of  piezoelectric  materials  combined  with  closed  loop  control 
laws  provides  a  very  effective  means  of  suppressing  unwanted  vibration. 
Agnes  and  Napolitano  [6]  and  Baz  [7]  suggested  combining  these  two 
technologies  to  create  an  even  more  effective  means  of  suppressing 
vibration,  Baz  [8]  provides  a  survey  of  the  first  two  years  of  research  in  this 
new  technology  and  provides  and  excellent  overview.  Shen  [9]  addressed  the 
issue  of  stability  and  controllability  of  ACLD  while  the  optimal  placement 
and  size  of  the  ACLD  treatment  was  studied  in  [8].  Baz  [8]  and  Liao  and 
Wang  [10]  compared  the  performance  of  the  ACLD  to  the  performance  of 
passive  constrained  layer  damping  (PCLD) ,  and  to  that  of  the  purely  active 
case  (PZT),  as  has  Tomlinson  [11].  Huang  et.  al.  [12]  showed  that  ACLD 
offers  improved  performance  when  compared  with  purely  active  or  purely 
passive  treatments  if  the  thickness  and  feedback  gain  are  limited.  Saunders 


3 


[13]  provided  a  pole-zero  analysis  and  experiments  of  an  embedded  ACLD 
configuration. 

Several  different  configurations  and  arrangements  of  PZT  and  VEM 
have  been  suggested  and  examined  by  various  researchers  as  displayed 
in  figure  1.  The  most  common  approach  is  to  simply  replace  the 
constraining  layer  with  PZT  to  enhance  the  shear  in  the  viscoelastic 
layer.  Baz  [7,8]  uses  a  film  sensor  between  the  viscoelastic  layer  and 
the  host  structure  and  a  piezoceramic  material  as  the  constraining  layer. 
Tomlinson  [11,14]  advocates  using  a  tip  accelerometer  for  the  sensing  and 
has  suggested  placing  the  piezoceramic  layer  between  the  host  structure 
and  the  viscoelastic.  The  motivation  to  consider  placing  the  PZT  next  to 
the  host  beam  is  that  the  control  action  of  the  piezoceramic  is  reduced  by 
having  to  act  through  the  viscoelastic.  Shen’s  group  [9,15]  has  used  a  point 
sensor  and  has  recently  examined  using  a  distributed  self  sensing  actuation 
approach  [16].  Lesieutre  [17]  and  Kawiecki  [18,19]  have  proposed  examining 
a  fully  covered  but  segmented  treatment  motivated  by  the  success  in  passive 
constrained  layer  treatments  when  segmented  to  handle  long  wave  length 
vibrations.  Liao  and  Wang  [20]  configured  the  piezoceramic  constraining 
layer  to  run  past  the  VEM  layer  and  created  a  load  path  for  the  PZT 
directly  to  the  host  at  the  edges  of  the  treatment  in  an  attempt  to  increase 
the  authority  of  the  actuator.  Here  we  examine  completely  separating  the 
passive  and  active  treatments-  Motivation  for  doing  this  is  to  retain  the 
control  authority  of  having  the  PZT  bonded  directly  to  the  structure  and 
the  other  is  to  provide  as  thin  as  possible  treatment. 

The  modeling  used  here  for  the  piezoceramics  is  a  standard  bending 
’’moment  model”  [21]  although  several  more  advanced  models  are  available 
[4].  The  modeling  used  for  the  viscoelastic  layer  by  previous  researchers  has 
largely  followed  the  work  of  Mead  and  Marcus  [22]  for  sandwiched  layers 
and  uses  a  complex  modulus  approach  to  capture  the  damping  effects  of  the 
viscoelastic  layer.  The  current  work  departs  from  both  of  these  standard 
approaches  with  the  goal  of  providing  a  more  accurate  model. 

The  use  of  the  complex  modulus  approach  for  modeling  the  viscous 
damping  effects  restricts  the  analysis  to  a  single  frequency,  steady  state 
analysis.  This  of  course  is  unsettling  for  use  in  transient  vibration  analysis. 
Thus,  a  more  advanced  modeling  technique  accounting  for  the  frequency 
dependence  of  the  viscoelastic  is  used  here  following  Lam,  [23].  This 
approach  was  later  incorporated  in  [10]  and  is  experimentally  verified 
by  Lam  [24].  The  second  departure  from  standard  modeling  approaches 
for  ACLD  materials  is  and  examination  of  the  Mead  and  Marcus  based 
modeling  which  is  flawed  because  it  does  not  allow  the  VEM  layer  to 
collapse  to  zero.  This  was  simultaneously  examined  by  Huang  [12]  and 
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by  Liao  and  Wang  [20].  Both  groups  provided  modified  models  which  alow 
the  damping  treatment  layer  thichness  to  go  to  zero.  This  is  important 
because  in  many  applications,  the  total  damping  treatment  thickness  is 
restricted,  so  that  a  usable  model  must  be  able  to  treat  thin  layers. 

The  recent  article  by  Lesieutre  and  Lee  [17]  points  out  that  the 
various  research  efforts  on  combining  passive  and  active  treatments  focus 
on  configuration,  modeling  assumptions,  choice  of  control,  choice  of 
approximation  and  optimization.  Most  of  the  work  in  ACLD  models 
the  viscoelastic  damping  using  the  complex  modulus  approach  [7,8].  The 
exceptions  have  been  Inman  and  his  students  [23,24,25,26],  Wang  and  his 
students  [10,20]  and  Lesieutre  who  use  various  time  domain  models  of  the 
viscoelastic  material  as  nicely  summarized  by  Lesieutre  and  Lee  [17].  Here 
the  time  domain  model  developed  by  Hughes  and  his  students  [27]  is  used 
(called  GHM)  to  model  the  viscoelastic  property.  In  addition  to  using 
a  more  accurate  modeling  approach,  the  work  here  also  presents  a  new 
configuration  for  combining  active  and  passive  damping  treatments.  Liao 
and  Wang  [10]  also  applied  the  GHM  method  and  showed  the  required 
control  effort  is  less  for  ACLD  than  PZT,  and  in  some  cases  gives  better 
performance.  One  rationale  for  using  ACLD  is  in  the  event  the  active 
element  fails,  the  treatment  will  act  as  a  PCLD  treatment  and  still  damp 
vibration.  This  paper  proposes  the  use  of  an  active  element  (PZT) 
along  with  a  PCLD  element  to  damp  vibration.  The  active  element  is 
separate  from  the  PCLD,  so  that  the  active  element  can  actuate  effectively. 
The  PCLD  hybrid  treatment  will  improve  robustness  and  reliability  of 
the  system  and  reduce  vibration  at  the  higher  modes.  It  is  shown 
through  optimization  of  performance  and  control  effort  that  the  separate 
application  of  the  PZT  and  PCLD  give  better  performance  than  either  the 
active,  PCLD,  or  ACLD  treatments.  While  the  active  model  proposed  in 
this  paper  has  not  yet  been  experimentally  verified,  experimental  evidence 
is  provided  to  verify  the  GHM  modeling. 

The  basic  modeling  issues  addressed  here  are  to  provide  a  model  of  the 
viscoelastic  layer  that  is  useful  in  transient  analysis  and  consistent  across 
a  broad  range  of  frequencies,  and  to  provide  a  model  that  allows  thin 
treatments  to  be  considered.  Two  models  are  examined  here.  The  first  is 
that  derived  by  Huang  [12]  which  allows  the  treatment  of  thin  layers.  The 
second  is  that  of  Lam  [23,24]  which  accounts  for  the  frequency  dependence 
in  the  vicoelastic  and  hence  is  useable  in  transient  analysis. 

THE  MATHEMATICAL  MODEL 

A  cantilever  beam  of  length  i  with  constrained  layer  damping 
treatment,  covered  from  positions  xi  to  X2.  The  kinematic  relations 
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between  the  three  layers  are  given  by  [22]: 


_  dub 

d‘^w 

(1) 

dx 

^  dx^ 

duc 

d^w 

(2) 

dx 

^9x2 

d  dw 

Ux  -  Uf, 

(3) 

hy  dx 

hy 

where  djdx  denotes  the  partial  derivative  with  respect  to  x,  and  u  and 
respectively,  denote  the  longitudinal  and  transverse  displacements.  The 
variable  x  is  measured  along  the  beam’s  axis,  and  hy  denotes  the  VEM 
thickness.  Subscripts  6,  c,  and  v  refer  to  the  host  beam,  constraining  layer, 
and  viscoelastic  material  respectively.  The  shear  strain  of  the  VEM  is 
denoted  by  7,  e  denotes  the  strain,  denotes  the  orthogonal  ^-direction, 
and  d  denotes  the  distance  between  the  neutral  axes  of  the  host  beam  and 
constraining  layer. 

Next  an  energy  approach  is  used  to  derive  the  equations  of  motion.  The 
VEM  is  assumed  to  be  in  pure  shear  throughout,  and  the  inertia  forces  in 
the  ^-direction  are  neglected  for  all  layers.  The  strain  energies  {U)  and 
kinetic  energies  (T)  of  the  layers  are  then 


where  p  is  the  density,  G  the  shear  modulus,  E  the  Young’s  modulus,  A 
the  cross-sectional  area,  I  the  area  moment  of  inertia,  and  d/dt  denotes 
the  partial  derivative  with  respect  to  time.  Again  the  subscripts  6,  c,  and 
V  refer  to  the  base,  constraining  layer  and  VEM,  respectively. 
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Before  applying  Lagrange’s  equations,  the  displacements  are  first 
approximated  by  a  modal  expansion.  There  are  better  approximations 
[4]  but  none  that  are  as  simple  to  implement.  Since  a  cantilever  beam 
is  the  main  structure  of  the  system,  it  is  reasonable  to  choose  the  modes 
of  a  clamped-free  beam  in  bending  for  the  expansion  of  the  transverse 
displacements,  and  the  longitudinal  modes  of  a  fixed-free  bar  for  the  axial 
displacements.  Using  these  modes,  the  displacements  can  be  written  as 

t)  =  Y^  rii{'t)Wi{x)  =  w’’??  (10) 

Z=1 

m 

y-b{x,t)  =  ^r{t)Ur{x)  =  U’’?  (11) 

r=l 

where  77  and  f  are  the  generalized  coordinates.  The  functions  Wi[x)  and 
Ur{x)  are  the  transverse  longitudinal  mode  shapes  of  the  cantilevered  beam 
and  as  such  they  satisfy  the  following  set  of  conditions: 


pi,AiWi{x)Wj{x)dx  -  6ij 


(12) 


d^Wi{x)d^w,i{x) 


dx  =  lOiSij 


rL 

/  pbAiUr{x)Us{x)dx  =  brs 


(13) 

(14) 


dUr[x)  dUs{x) 
dx  dx 


=  dx  =  ulSrs 


(15) 


where  u)i  and  respectively,  denote  the  ith  bending  the  the  rth  axial 
natural  frequencies  of  the  beam,  and  Sij  is  the  usual  Kronecker  delta. 


Because  the  axial  inertia  effects  have  been  neglected,  each  layer  should 
be  in  equilibrium  in  the  a;-direction.  Thus  examining  a  cut  piece  of  the 
structure  and  enforcing  the  equilibrium  of  the  beam  section  in  the  x~ 
direction  yields 


(16) 


where  =  Ef^hi,/ {G/hy),  and  d=  +  +  hc)/2  is  the  distance  from  the 

base  beam’s  neutral  axis  to  the  constraining  layer’s  central  axis.  Likewise, 
equilibrium  of  the  constraining  layer  yields 


d’^Uc  ,dw  ,  . 

-  «c  +  =  0  (17) 
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where  Cc  =  EchdiG/hy).  Substituting  equations  (10),  (11),  (16)  and  (17) 
into  the  energy  expressions  and  applying  Lagrange’s  equation,  one  obtains 
the  equations  of  motion  for  the  sandwich  beam  as 


Mt)  -f  Kt)  =  Q 


where  M  and  K  denote  the  n  x  n  generalized  mass  and  stiffness  matrices 
and  Q  denotes  the  n  x  1  generalized  force  vector.  The  entries  of  the  mass 
matrix  given  by 

rX2 

Mij  =  &ij{pcAc  +  PvA„)  I  W i{x)W j{x)dx  (19) 

Jxi 


and  the  stiffness  matrix  is 


K  =  K’’-K'^  K‘^ 


■  (20) 


where  A'^xmi-^nxn  ^“<1  -^mxn  represent  axial,  bending,  and  axial- 
bending-coupled  stiffness  matrices,  respectively.  The  entries  of  these 
matrices  are 

K\.  =Jl5ij  +  {EJc  •+  EcAcd^)  r  W’dW'Idx 

,  r..  (21) 

-F  EcA,Ccd^  /  W’d'W'Ux  i,  i  =  1, 2, ... 

Jx\ 


—uJ^drs  + 


CiPb<A 


r^uiu'dx+cAe^"\  r 


UrU^dx 


r,  s  =  1,  2, ...,  m 
K^,=EcAcd  fl-h 


CbPb^r\  r  TTtjxrlf 


UlW”dx 


^ j  p  UrW'Adx 


r  =  l,2,..,,m  j  =  l,l,...,n. 

It  is  noted  that  the  matrix  K  varies  with  VEM  thickness,  constraining 
layer  (CL)  properties,  and  the  treatment  length  {x2  ~  xi).  It  is  therefore 
expected  that  there  must  be  ‘optimal’  selection  of  those  parameters  to  yield 
the  best  damping  effect. 

Equation  (18)  gives  the  equations  of  motion  for  a  PCLD  treatment. 
Active  damping  (ACLD)  can  be  achieved  by  either  replacing  the  CL  with 
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an  active  element,  e.g.,  a  piezoceramic  (PZT),  or  adding  an  active  layer 
on  top  of  the  CL.  Here  the  CL  is  replaced  with  a  piezoceramic-based  self¬ 
sensing  actuator  to  provide  both  the  active  layer  for  ACLD  and  to  provide 
the  active  control  (AC)  case  with  hy  0.  With  this  implementation,  the 
sensor  voltage  output,  V3,  according  to  Dosch  et  al.  [20]  is 


^31 

6  Lc 


S^T}. 


(24) 


Here  dai  is  the  piezo-constant,  e  is  the  permitivity,  Lc  is  the  length  of  the 
CL,  and  5  is  the  1  x  n  feedback  sensor  vector  taken  to  be 

^  (25) 

Here  T-mxn  is  the  constraint  matrix  relating  ^  and  77,  i.e., 

T,  =  Tv  =  (26) 


Note  that  the  first  term  of  the  sensor  equation  (25)  comes  from  beam’s 
axial  motion,  and  the  second  term  is  attributed  to  its  transverse  motion. 


The  intensions  here  are  to  show  that  ACLD  improves  the  PCLD  and 
the  compare  the  differences  between  ACLD  and  pure  active  control  (AC) 
treatment.  Therefore,  simple  velocity  feedback  control  law  is  applied  in  the 
first  case,  though  it  is  well  known  that  much  better  performance  can  be 
obtained  with  compensation  or  other  control  laws.  Using  velocity  feedback, 
equation  (18)  is  augmented  for  ACLD  to  become 

Mr]  EcAcKd  diag[5]7)  Kij  =  Q  (27) 

where  diag[5]  is  a  diagonal  matrix  with  elements  taken  from  the  vector  s 
and  Kd  is  the  derivative  feedback  gain  including  the  piezoelectric  constants. 

Assuming  a  unit  harmonic  point  load  applied  at  the  center  of  the  tip 
{x  =  L)j  the  frequency  response  function  H{u)  of  the  tip  is  calculated  for 
PCLD  to  be 

H{uj)  =  +  K)-'^Wi{L)  (28) 

and  for  ACLD  to  be 

H{u;)  =  Wi{Lf{-u^M  +  iuEcAcKddiagls]  +  K)-^Wi(L).  (29) 

A  complex  shear  modulus  of  the  VEM  has  been  assumed  in  calculating 
The  viscoelastic  material  property,  is  taken  to  be  [12] 

G{u})  =  0.142(a;/27r)°'^^^(l  +  1.46i)  MPa.  (30) 
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Thus  the  matrix  K  is  complex,  representing  the  complex  damping 
properties  of  the  VEM.  This  commonly  used  complex  modulus  model 
represents  an  additional  approximation  avoided  in  the  second  half  of  the 
paper. 

Equation  (27)  and  (29)  are  referred  to  here  as  “model  F  which  will 
be  used  to  discuss  the  design  of  ACLD  system  versus  those  of  pure  active 
or  pure  passive  damping  treatments.  This  model  differs  from  previous 
models  as  the  thickness  of  the  VEM  does  not  appear  in  the  denominator 
and  hence  you  approach  zero  allowing  the  treatment  of  this  (or  no) 
layer.  Next  a  second  model  is  presented,  based  on  the  first  model  but 
deliberately  treating  the  frequency  dependence  of  the  VEM.  In  this  case, 
the  modeling  of  the  piezoceramic  and  viscoelastic  layers  is  similar  to  that 
of  Model  I,  however  the  viscoelastic  material  damping  is  modeled  using  the 
GHM  method  and  the  system  is  analyzed  in  the  time  domain.  Then  the 
entire  system  is  approximated  using  a  Ritz-Galerkin  approach  to  obtain 
discretized  equations  of  motion. 

The  Golla- Hughes- McTavish  modeling  approach  models  hysteretic 
damping  by  adding  additional  ’’dissipation  coordinates”  to  the  system  to 
achieve  a  linear  non  hysteretic  model  providing  the  same  damping  values 
over  a  wide  range  of  frequencies.  The  dissipation  coordinates  are  used 
with  the  discretized  equations  of  motion  (27).  Linear  matrix-second-order 
form  is  maintained  as  well  as  symmetry  and  definiteness  of  the  augmented 
system  matrices.  The  time  domain  stress  relaxation  is  modeled  by  a 
modulus  function  in  the  Laplace  domain. 


This  complex  modulus  can  be  written  in  Laplace  domain  as 


G*(s)  =  Go(l  +  h{s))  =  Go  +  E  &„ 


^1  "  s'^  +  sCnl^nS  +  col 


(31) 


where  Go  is  the  equilibrium  value  of  the  modulus,  i.e.  the  final  value  of 
the  relaxation  function  G{t),  and  s  is  the  Laplace  domain  operator.  The 
hatted  terms  are  obtained  from  a  curve  fit  to  the  complex  modulus  data  for 
a  particular  VEM.  The  expansion  of  h{s)  represents  the  material  modulus 
as  a  series  of  second  order  equations  [27].  The  number  of  terms  kept  in  the 
expansion  will  be  determined  by  the  high  or  low  frequency  dependence  of 
the  complex  modulus. 


The  equation  of  motion  (27)  in  the  Laplace  domain  is 

Ms‘^q{s)  +  K(s)q{s)  =  F(s)  (32) 

where  M  is  the  mass  matrix,  K  the  complex  stiffness  matrix,  F  the 
forcing  function,  and  q{s)  the  transform  of  the  generalized  coordinate. 


10 


The  complex  stiffness  matrix  can  be  written  as  the  summation  of  the 
contributions  of  the  n  complex  moduli  to  the  stiffness  matrix  such  that 

K{s)  =  {Gl(s)Ki  -h  Gl{s)K2.-.Gn{s)Kn)  (33) 

where  G*  (s)  refers  to  the  nth  complex  modulus  and  Kn  to  the  contribution 
of  the  nth  modulus  to  the  stiffness  matrix.  For  simplicity,  assume  a 
complex  modulus  model  with  a  single  expansion  term  and  zero  initial 
conditions,  so  equation  (33)  can  be  written  as 

«;,(.)  t  G.  (l  f  FM  (34) 

The  coefficient  of  equation  (34)  is  determined  by  the  frequency  dependent 
loss  factor  curves  for  a  particular  VEM  (determined  experimentally  or  from 
manufacturer’s  data).  This  coefficient  in  the  Laplace  Domain  contains 
dynamics  that  are  now  associated  with  a  psuedo  coordinate  2:(s)  which  is 
essentially  a  state  estimation  compensating  for  the  frequency  dependence  of 
the  VEM.  The  comparison  (see  [28]  for  a  short  derivation)  and  subsequent 
inverse  transform  yields  a  linear  viscously  damped  system  of  the  form 

Mx  +  Cx  +  Kx  =  f  (35) 

where  x{t)  is  now  an  expanded  coordinate  x{t)  =  {q^{t)  z^{t)]'^  containing 
the  additional  coordinate  z{t).  The  matrices  M,  C,  and  K  are  all  real 
valued,  symmetric  and  positive  (semi)  definite  and  the  viscoelastic  nature 
of  the  system  is  captured  in  the  viscous  damping  matrix  C  combined  with 
a  new  expanded  version  of  the  generalized  coordinates  x{t).  The  coefficient 
matrices  M,  C  and  K  now  take  the  expanded  form 


M  = 


M 

0 


^  0 

'^GqI  J 


c  = 


^  _  [  (1  +  ^)G_^K  -aGqK 

0  ^Go/J  ’  [  -&GoK  &GoK 

(36) 

where  H  is  a  diagonal  matrix  of  model  damping  from  the  natural  damping 
of  the  beam. 


In  order  to  model  the  behavior  of  the  VEM  which  partially  covers 
a  beam,  the  stiffness  and  mass  matrices  for  the  covered  area  are  first 
assembled.  This  procedure,  outlined  in  Lam  [24]  requires  the  use  of 
heavyside  step  functions  to  locate  the  various  components.  The  effects 
of  the  dissipation  modes  on  the  system  are  calculated.  The  full  mass  and 
stiffness  matrices  for  the  whole  beam  are  assembled,  using  the  mass  and 
stiffness  matrices  obtained  from  equation  (36)  to  model  the  effects  of  the 
VEM  on  the  whole  structure.  The  order  of  the  system  increases  as  the 
number  of  terms  in  the  expansion  are  kept,  which  increases  the  accuracy 
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Phase  (deeree) 


for  modeling  the  damping  effects.  An  experimental  verification  is  given  in 
figure  2. 


for  a  constrained  layer  beam,  verifying  the  GHM  approach 
used  here  to  model  the  VBM. 


Figure  3.  First  mode  damping  ratio  as  a  function  of  feedback  gain  for  a 
variety  of  treatment  coverage  lengths  (L*).  Here  the 
thickness  constraint  is  hc-\-  hy  <  0.3/ii,  and  the  gain  is  limited. 

DESIGN  CONSIDERATIONS 


As  in  model  I,  it  can  be  shown  that  for  gain  and  treatment  thickness 
limited  applications  that  ACLD  has  advantage  over  just  passive  or  just 
active  treatements.  It  is  conclusive  that  both  AC  and  ACLD  out-perform 
traditional  PCLD  treatment.  A  comparison  of  AC  and  ACLD,  however,  is 
not  as  straight foward.  First  consider  the  case  where  there  is  no  restriction 
on  the  total  thickness  of  the  damping  treatment.  In  this  case,  the  AC  with 
no  limit  on  applied  gain  can  be  made  to  out-perform  ACLD.  However, 
if  the  gain  is  limited,  as  is  usual  in  practice,  the  ACLD  treatments  can 
provide  better  vibration  suppression  as  measured  by  a  decrease  in  first- 


12 


mode  amplitude,  and  an  increase  in  first-mode  damping  ratio  as  plotted 
in  figure  3  for  a  variety  of  coverage  lengths.  As  expected,  the  AC 
response  amplitude  and  ACLD  response  amplitude  approach  each  other 
as  the  gain  increases.  Furthermore  the  smaller  the  coverage  (L*),  the 
greater  the  improvement  offered  by  ACLD  over  AC  in  the  low-gain  region 
{kd  <  0.4  X  10”^).  However,  as  gains  increase  and  hence  the  AC  response 
approaches  the  ACLD  response,  the  VEM  thickness  does  not  go  to  zero. 
Thus  in  cases  where  higher  gain  values  are  available  and  AC  and  ACLD 
amplitude  reduction  is  similar,  it  is  probably  better  to  use  ACLD  because 
of  the  control  robustness  provided  by  the  VEM  damping  [31]. 

Next  consider  the  case  where  both  the  total  treatment  thickness  and 
the  gains  are  restricted.  Here  the  effect  of  adding  an  active  layer  is  to 
reduce  the  optimal  VEM  thickness  as  the  gain  increases.  Furthermore, 
for  lower  gains,  ACLD  always  out-performs  the  strictly  active  treatment. 
However,  for  some  thickness  restrictions  damping  ratio  versus  gain  curves 
for  various  coverage  lengths  cross.  This  makes  it  possible  to  compare  design 
strategies  for  a  given  desired  performance.  For  example  for  o.  =  0.3  and 
a  desired  performance  of  say  C  =  0.2,  there  are  six  possible  designs  for  a 
gain  greater  than  about  0.5  x  10“^.  For  instance  a  75%-coverage  ACLD 
could  be  used  with  a  gain  of  0.5  x  10“^,  or  a  50%  coverage  of  piezoceramic 
could  be  used  with  a  gain  of  0.8  x  10~^  to  active  the  same  modal  damping. 
Thus  considering  total  thickness,  gain,  length  of  coverage,  and  robustness 
factors,  ACLD  may  offer  the  best  solution  for  a  damping  treatment  in 
many  applications. 

OPTIMAL  PLACEMENT  AND  SIZING 

In  this  section  the  hybrid  model,  model  II,  is  used  to  examine  the 
placing  and  size  of  the  passive  constrained  layer  and  the  piezoelectric  patch 
using  two  optimization  routines.  For  the  passive  case,  the  energy  of  the 
states  was  minimized.  The  optimal  placement  and  size  for  the  active  case 
was  determined  using  LQR.  The  cost  function  for  the  passive  case  is 

Jp=  {x^Qix)dt  (37) 

J  0 

where  x  is  the  state  vector,  and  Qi  is  a  semi  positive-definite  weighting 
matrix.  Equation  (37)  is  minimized  as  the  length  and  placement  of  the 
PCLD  treatment  is  varied  such  that 

Anin  =  (38) 

where  Xq  is  a  vector  of  initial  states  and  Pi  is  the  unique  positive  definite 
solution  to  the  Ricatti  type  equation 

PiX  -1-  Pi  =  —Qi.  (39) 
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The  cost  function  for  the  active  case  is 

rOO 

Ja=  {y^Qy  +  u'^Ru)dt  (40) 

Jo 

where  y  is  the  output  vector,  u  the  input,  and  Q  and  R  are  simi  and  positive 
definite  weighting  functions  respectively.  A  higher  value  on  Q  means  more 
vibration  suppression,  while  a  higher  value  on  R  signifies  greater  limit  on 
the  control  effort.  The  minimum  of  this  cost  function  is  defined  as 


Anin  —  Xq  Pxq 


(41) 


where  the  length  and  placement  of  the  PZT  patch  is  varied.  P  satisfies 
the  Ricatti  equation 


PA-^A^P-PBR-^B^P  =  -Q  .  (42) 

The  corresponding  control  law  (full  state  feedback)  is  given  as 


u  =  -R-^B'^Px.  (43) 

The  new  hybrid  application  will  be  compared  with  the  purely  passive, 
purely  active  and  standard  ACLD  treatments.  An  aluminum  cantilevered 
beam  was  considered  and  the  VEM  was  assumed  to  be  ISD  112.  The 
dimensions  for  the  PZT,  VEM,  cover  plate  and  beam  were  chosen  based 
on  easily  available  materials.  The  constraining  layer  was  assumed  to  be 
aluminum  with  the  same  thickness  as  the  beam  in  order  to  maximize 
passive  damping  [2].  The  minimal  length  for  any  treatment  was  set  at 
1  cm.  Since  neither  the  PCLD  nor  PZT  can  be  clamped,  the  constraint 
on  its  placement  was  1  mm  from  the  base.  In  the  hybrid  case,  there  was 
assumed  to  be  at  least  a  1  mm  space  between  treatments.  The  equations  of 
motion  were  discretized  using  a  five  term  expansion.  The  excitation  force 
was  assumed  to  be  a  unit  impulse  function,  applied  at  0.9L. 

The  transverse  displacement  was  measured  at  the  tip.  The  weighting 
function,  R,  was  assumed  to  be  1.  To  find  the  minimum  passive  cost 
function,  equations  (37)- (39)  were  used,  where  the  weighting  matrix 
is  such  that  only  the  transverse  modes  were  penalized.  Since  LQR 
optimization  was  used,  the  control  was  heavily  penalized  thereby  making 
the  optimization  passive. 


L  15  in  (0.381  m) 
b  1.5  in  (0.038  m) 

tb  1/8  in  (0.0032  m) 

Pb  2710  kg/m^ 

Eb  70  xlO®  Pa 


tp  0.02  in  (0.5  mm) 

Pp  7600  kg/m^ 

Ep  6.3  xlO^^^ 
dsi  -109  X  10^2 


Ps  100  kg/m^ 

Eg  14  X  10®  Pa 
Go  5  xlO^ 
a  [9.6  99.1  26.2] 
c  [73.4  1.1  3.28] 
cD  [15  0.5]  X  10^ 


ts  5  mil  (0.13  mm) 
Table  1.  System  parameters. 


14 


Lpcid(DQ) 

start  PCLD  (m) 

Lpzt(m) 

start  PZT  (m) 

<7min,p 

7min,p 

PCLD 

0.27 

0.001 

591 

PZT 

8.8534 

ACLD-passive 

MM 

8.758e4 

ACLD-active 

■9 

5450 

hybrid-passive 

0.262 

0.012 

0.10 

0.001 

7203 

hybrid-active 

0.262 

0.012 

0.01 

0.001 

449 

Table  2.  Optimal  lengths  and  placements  for  different  treatments 
and  the  minimum  cost  functions. 


The  time  responses  for  tip  displacement  in  the  transverse  direction  of  a 
clamped  aluminum  beam  with  different  treatments.  The  optimal  lengths 
and  placements  of  those  treatments,  as  well  as  the  minimal  cost  functions 
can  be  found  in  table  2.  The  optimal  length  for  PCLD  was  found  to  be 
27  cm,  with  the  treatment  starting  1  mm  from  the  base  of  the  beam-.  The 
optimal  length  for  a  PZT  was  found  to  be  27.7  cm  applied  1  mm  from 
the  base.  Two  different  (passive  and  active)  optimizations  were  applied  for 
both  the  ACLD  and  hybrid  treatment.  For  passive  and  active  optimization, 
the  optimal  length  of  the  ACLD  was  found  to  be  26.7  cm,  applied  at  the 
base  of  the  beam.  For  the  hybrid  treatment,  the  optimal  length  for  the 
PZT  for  either  optimization  scheme  was  found  to  be  1  cm,  applied  at  the 
root,  and  the  opimtal  length  of  the  PCLD  was  26.2  cm.  Note  from  table 
2  that  the  PCLD  patch  gives  the  smallest  passive  cost  function.  This 
corresponds  with  finding  in  [2]  since  the  constraining  layer  for  the  passive 
case  is  the  same  thickness  as  the  beam  and  the  placement  of  the  patch 
is  at  the  area  of  greatest  strain,  the  base  of  the  beam.  While  ACLD  is 
also  at  the  root,  the  PZT  does  not  add  enough  stiffness  to  the  system. 
The  hybrid  treatment  places  the  PZT  at  the  root,  since  this  is  the  place 
of  greatest  strain.  Therefore,  the  effectiveness  of  the  PCLD  treatment  is 
reduced,  as  can  be  seen  in  the  higher  passive  cost  function.  The  addition 
of  constrained  layer  damping  to  the  beam  lowers  the  active  cost  function, 
with  the  hybrid  treatment  being  the  most  effective.  The  time  response 
of  a  clamped  aluminum  beam  without  any  treatment  is  shown  in  figure 
(4a).  The  optimal  placement  and  size  of  a  PCLD  patch  was  investigated 
and  its  response  is  given  in  Figure  (4b).  The  time  response  of  the  purely 
active  case  is  shown  in  figure  (4c).  The  response  of  PZT  patch  can  be 
improved  by  increasing  the  weighting  function  on  vibration  suppression, 
which  will  increase  the  control  effort.  The  response  for  ACLD  is  given  in 
figure  (4d)  for  the  passive  case  and  (4c)  for  the  active  case.  The  beam 
with  ACLD  performs  better  than  a  PZT  patch,  since  the  control  effeort  is 
reduced.  Note  that  in  figure  (4e)  the  scale  on  the  y-axis  is  reduced  to  show 
that  there  is  little  response  to  an  impulse  function.  The  main  advantage 
of  using  ACLD  over  a  PZT  is  that  the  active  cost  function  is  an  order  of 
magnitude  lower  and  in  case  failure,  there  still  is  passive  damping  available. 
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The  time  responses  for  the  new  hybrid  combination  of  an  active  element 
separate  from  a  passive  element  illustrate  that  the  active  element  in 
conjunction  with  the  passive  element  is  able  to  damp  the  vibration  almost 
immediately.  When  looking  at  the  passive  cost  functions,  the  optimal  case 
is  for  PCLD  on  the  beam.  There  is  an  increase  in  the  cost  function  for  the 
hybrid  case  due  to  the  placement  of  the  PCLD  away  from  the  root,  but  the 
advantage  is  the  added  effect  of  the  active  element.  The  cost  function  for 
the  active  optimization  for  the  hybrid  is  the  lowest,  since  it  takes  advantage 
of  the  inherent  damping  available  with  the  PCLD  by  allowing  the  length  of 
the  PCLD  vary  separate  from  the  PZT.  While  ACLD  allows  the  length  of 
the  treatment  to  vary,  the  length  of  the  passive  treatment  is  dictaged  by  the 
length  of  the  PZT  applied  and  visa  versa.  There  is  a  significant  reduction 
in  actual  cost  for  the  hybrid  case,  since  the  PZT  is  only  a  fraction  of  the 
length  when  compared  to  ACLD. 

The  required  control  effort  for  the  PZT,  ACLD  and  hybrid  treatment 
also  illustrates  that  it  is  more  advantageous  to  use  ACLD  treatment. 
However,  when  comparing  both  results  to  the  new  hybrid  treatment,  the 
hybrid  requires  about  an  order  of  magnitude  less  control  effort  than  the 
ACLD.  It  is  therefore  more  advantageous  to  use  the  new  hybrid  treatment 
than  PCLD,  PZT,  or  ACLD. 

SUMMARY 

The  area  of  active  constrained  layer  damping  treatments  has  been 
briefly  reviewed  and  summarized.  This  area  of  research  combines  the  use 
piezoelectric  and  viscoelastic  materials  to  provide  damping  treatments  for 
suppressing  unwanted  vibrations.  A  variety  of  configurations  have  been 
proposed  and  these  are  summarized  in  figure  1.  Research  in  this  area  is 
focused  on  the  choice  of  configuration,  the  modeling  of  the  viscoelastic 
behavior,  the  mechanics  of  the  various  layers  and  segments,  the  control 
laws  and  comparisons  with  other  methods  of  suppressing  vibration.  Here, 
an  improved  model  of  the  viscoelastic  behavior  of  such  systems  was 
presented  and  a  comparison  of  passive,  active  and  combined  passive  and 
active  responses  was  made  in  the  presence  of  a  thickness  constriants  and 
limitations  on  the  control  gain.  The  various  comparisons  made  here  and  in 
the  literature  have  been  some  what  inconclusive  in  answering  the  question 
of  which  configuration  is  best.  The  answer  to  the  question  of  which 
treatment  works  the  best  depends  entirely  on  circumstances  and  on  design 
constraints.  Most  of  the  treatments  discussed  so  far  are  external  add  on 
systems  and  thus  subject  to  weight  and  size  constraints.  In  this  situation 
it  is  clear  that  combining  active  and  passive  treatments  can  out  perform 
either  treatment  taken  by  itself.  It  is  also  clear  that  passive  treatments  are 
a  lot  less  trouble  then  active  treatments,  and  hence  passive  solutions  are 
more  desirable  and  should  be  used  when  possible. 
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Layered  combinations  of  VEM  and  PZT  have  not  been  examined,  (with 
the  exception  of  [8,13]  as  much  as  add  on  treatments  have  and  may  offer 
different  results  when  comparing  passive  versus  active.  There  is  little 
doubt  however,  that  the  active  cases  have  the  potential  for  resulting  in 
improved  performance.  The  question  of  when  to  use  active  or  hybrid 
systems  then  becomes  centered  on  deciding  if  the  complexity  warranted.  As 
was  shown  in  figure  xx,  certain  performance  requirements  may  demand  that 
active  or  hybrid  systems  be  incorporated.  For  instance  if  high  damping  is 
needed  and  a  thickness  limitation  prevents  the  passive  solution  from  being 
implemented  then  the  an  active  solution  must  be  used.  If  the  electronic 
power  requirements  limit  the  control  can  to  a  lower  value  then  is  called  for 
by  the  performance  specification  then  the  ACLD  solution  must  be  used. 

In  the  preceding  it  was  shown  that  the  GHM  modeling  approach  can 
yield  an  analytical  model  which  agrees  with  experimental  evidence  and 
provides  a  way  around  the  frequency  dependence  of  VEM.  These  models 
as  well  as  those  proposed  by  Lesieutre  [17]  and  used  by  Inman  [23,24,25,26], 
allow  ACLD  treatments  to  be  treated  in  the  transient  case  where  broad 
band  response  is  important.  Further  research  is  encouraged  in  the  areas 
of  modeling  and  configuration  in  order  to  provide  the  broadest  possible 
design  selection  to  the  engineering  community. 
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Abstract 

Within  the  Brite-Euram  Project  "Anrava"  several  active  control 
systems  have  been  evaluated  in  order  to  reduce  the  road  noise  generated  inside 
the  cabin  of  a  mid  size  station  wagon  during  driving  condition  on  different 
road  surfaces.  Different  control  strategies  (feedforward  with  local  and  global 
control,  pure  feedback)  and  different  approaches  (active  structural  acoustic 
control  and  active  noise  control)  have  been  tested  on  the  car  in  laboratory 
conditions  and  the  control  performances  have  been  evaluated. 

The  final  control  strategies,  that  have  been  selected  based  on  the  results 
of  this  study,  are  based  on  an  adaptive  feedforward  control  algorithm:  six 
accelerometers  provide  the  reference  signals  and  4  microphones  placed  inside 
the  cabin  give  the  error  feedbacks.  Two  control  configurations,  each  using  a 
different  kind  of  control  sources,  have  been  retained  :  a  structural  acoustic 
control  system  which  works  with  6  inertial  shakers  positioned  at  the  main 
vibration  transmission  paths  of  the  car  suspension,  an  anti-noise  system  with  4 
loudspeakers  inside  the  cabin. 

The  paper  describes  the  approaches  utilised  to  design  the  different 
control  systems  and  presents  the  results  obtained  during  laboratory  and  road 
tests  comparing  them  with  the  performances  predicted  by  numerical 
simulations. 


1.  Introduction 


One  of  the  main  sources  of  interior  noise  in  modern  passenger  cars  is 
the  noise  generated  by  the  rolling  of  the  wheels  over  the  road  surface  (structure 
borne  road  noise).  Especially  at  higher  speeds  or  on  rough  road  surfaces  the 
contribution  of  the  structure  borne  road  noise  is  dominant  and  determinant  for 
the  comfort  of  the  passengers.  Since  in  modern  cars  engine  noise  is  well  under 
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control,  considerable  effort  is  nowadays  spent  on  the  reduction  of  the  structure 
borne  road  noise. 

Current  techniques  for  structure  borne  road  noise  reduction  rely  mainly 
on  the  use  of  rubber  bushings  at  the  connection  of  the  wheel  suspensions  with 
the  chassis.  The  isolation  capabilities  of  these  connections  are  however 
compromised  because  of  the  need  for  high  stiffness  at  lower  frequencies,  as 
required  for  road  handling  puiposes.  Neither  passive  noise  reduction 
techniques  using  absorbing  or  damping  material  give  full  satisfaction  since 
they  are  only  effective  in  the  higher  frequency  range  (above  400  Hz). 

Moreover  the  frequency  band  below  400  Hz  is  critical  in  car  acoustics 
due  to  the  presence  of  pronounced  acoustic  cavity  resonances  in  the  range  100 
to  200  Hz  and  below.  The  aim  of  the  work  presented  here  is  to  reduce  the 
structure  borne  noise  level  by  using  active  control  systems  and  to  compare  the 
efficiency  of  different  control  strategies  and  different  approaches  for  the 
actuation  schemes.  Acoustical  actuator  (loudspeaker)  systems,  placed  in  the 
car  cavity,  can  be  used  in  order  to  generate  a  sound  field  reducing  the  original 
sound  field.  This  solution  is  known  as  Active  Noise  Control  (ANC).  Vibration 
actuation  systems  can  be  placed  on  the  body  of  the  vehicle  in  order  to  reduce 
the  interior  noise  level  by  modifying  the  vibration  behaviour  of  the  radiating 
structure  or  by  blocking  some  vibration  transfer  paths.  This  is  the  so  called 
Active  Structural  Acoustic  Control  (AS AC),  From  the  control  side  adaptive 
control  based  on  a  feedforward  scheme  combined  with  acoustical  or 
vibrational  feedback  can  be  utilised. 

Active  control  of  road  noise  using  acoustic  control  sources  has  been 
discussed  previously  by  Sutton  et  al.  (study  of  control  performance,  [1],  results 
of  road  tests,  [2]),  Ferren  and  Bernhard  (laboratory  study,  [3]),  Heatwhole  et 
al.  (optimisation  of  control  parameters,  [4]  [5]).  Signal  processing  issues  are 
dealt  with  by  Freymann  et  al.  [6],  an  alternative  (RLS)  controller  is  suggested 
by  Bronzel  [7]  and  Sano  [8],  both  including  simulation  studies  but  without 
road  tests.  The  system  presented  by  Sutton  et  al.  [2]  uses  two  loudspeakers 
located  in  the  front  door  of  a  Citroen  AX.  For  the  experiments,  the  car  was 
driven  at  60  km/h  on  a  coarse  surface.  Reductions  of  about  7  dB  are  apparent 
at  the  major  peaks  of  interest  in  the  range  100-200  Hz.  No  experiments 
involving  vibration  actuators  have  been  reported  in  literature. 

This  paper  presents  the  control  performance  achieved  with  various 
control  configurations  installed  on  a  demonstrator  car  (mid  size  station 
wagon).  The  practical  realisation  of  the  ANC  and  AS  AC  schemes  for  road 
noise  control  is  illustrated  in  figures  I  and  2.  The  actual  design  of  these 
schemes  will  be  discussed  in  detail  in  this  paper.  Results  obtained  during 
laboratory  tests  as  well  as  final  validation  by  means  of  road  tests  are  presented. 
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MICROPHONES 


ACCELEROMETERS  CONTROL  UNIT 

Figure  1.  AS  AC  system.. 


2.  Design  of  the  control  configuration 

2.1  Control  strategies 

Feedback  and  feedforward  schemes  are  the  two  categories  of  strategies 
for  active  control  of  sound.  Feedback  schemes  have  been  successfully  applied 
in  systems  in  which  the  secondary  source  is  close  to  the  sensor  measuring  the 
residual  noise  (such  as  active  headsets).  In  these  cases  the  phase  lag, 
introduced  due  to  the  acoustic  delay,  doesn't  determine  the  instability  of  the 
system  in  the  frequency  range  of  interest.  In  these  cases  a  priory  knowledge  of 
the  primary  noise  is  not  required. 
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A  feedforward  controller  generates  the  control  signal  by  feeding  a 
reference  signal  (e.g.  the  wheel  hub  acceleration),  which  carries  information 
on  the  perturbation  that  is  to  be  controlled,  through  a  control  filter.  The  control 
filter  is  updated  taking  into  account  information  coming  from  an  error  sensor 
(measuring  the  residual  sound  pressure).  Feedforward  control  only  cancels  the 
partial  sound  pressure  correlated  with  the  reference  signal  and  thus  it  does  not 
interfere  with  other  sound  sources  (e.g.  car  hi-fi).  As  a  corollary,  this  solution 
requires  a  good  correlation  between  the  reference  and  the  error  signals  in  order 
to  yield  satisfactory  control  performance.  On  the  other  hand,  feedforward 
control  leaves  more  freedom  in  positioning  of  control  actuators  and  sensors 
because  it  is  not  so  sensitive  to  instability  problems. 

The  feedforward  control  scheme  has  been  selected  for  this  application 
after  verification  on  the  demonstrator  car  which  showed  that  the  feedback 
strategy  is  not  feasible  due  to  instability  of  the  control  loop. 

In  order  to  determine  the  number  and  location  of  the  control  actuators, 
the  nature  of  the  noise  source  is  taken  into  account.  Structure-borne  noise 
generation  involves  three  elements  :  a  noise  source  (or  the  primary 
disturbance),  a  transfer  path  and  a  receiver  system.  Though  it  is  often  not 
possible  to  remove  the  noise  source  without  changing  the  functionality  of  the 
system  (road-tire  contact  cannot  be  avoided),  the  transfer  path  or  the  receiver 
system  can  be  controlled  actively.  The  number  of  actuators,  used  to  realise 
this,  must  be  minimised  (due  to  weight  and  controller  design  constraints),  but 
a  maximal  possible  noise  reduction  must  be  envisaged.  Therefore  it  is 
important  to  understand  which  energy  transmission  paths  from  the  suspension 
elements  to  the  car  interior  acoustics  are  the  most  important  with  respect  to  the 
total  noise  level  in  the  cabin.  This  study  was  done  based  upon  the  transmission 
path  analysis  technique  [9].  For  structure-borne  road  noise,  the  transfer  paths 
are  locations  in  which  the  suspension  elements  are  connected  to  the  car  body 
by  means  of  “bushings”.  The  transmission  path  analysis  technique  is  based 
upon  combining  estimates  of  the  operational  forces  in  each  of  the  transmission 
paths  with  in  laboratory  measured  frequency  response  functions  (pressure  or 
acceleration  to  force  applied  in  each  of  the  transmission  paths).  The 
determination  of  the  operational  forces  can  be  based  upon  the  complex 
dynamic  stiffness  method,  which  combines  measurements  of  the  complex 
dynamic  stiffness  of  the  bushings,  with  relative  operational  displacements  over 
the  mounts.  An  alternative  but  less  well  established  methodology  is  based 
upon  the  inversion  of  a  matrix  of  frequency  response  functions  between 
acceleration  responses  on  the  car  body  and  force  applied  at  the  different 
transmission  paths.  This  matrix  is  combined  with  operational  accelerations  on 
the  car  body,  in  order  to  obtain  estimates  of  the  operational  forces  on  the  body. 

In  total  30  transmission  paths  have  been  considered  from  the 
suspension  into  the  car  body  ;  10  connection  points  (rear  axle,  rear  shock 
absorbers,  2  front  suspension  connection  locations,  front  shock  absorbers),  in  3 
translational  directions  (rotational  degrees  of  freedom  have  not  been 
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considered).  Six  main  transmission  paths  have  thus  been  identified.  In  order  to 
actively  control  the  transmission  of  vibration,  vibration  actuators  have  been 
mounted  in  parallel  with  the  bushings  (figure  3),  connecting  them  to  the  car 
body  and  working  against  an  inertia  mass. 


Figure  3.  Actuator  mounted  at  the  transmission  path. 


2.2  The  control  algorithm 

Most  multichannel  adaptive  feedforward  controllers  in  Active  Noise 
Control  are  based  on  the  LMS  (least  mean  square)  algorithm  of  Widrow  and 
Hoff  [10]  which  is  a  gradient  search  algorithm  optimising  the  control  filters  in 
order  to  minimise  the  sum  of  the  squared  error  signals.  The  algorithm  used 
here  (figure  4)  is  an  alternative  form  of  the  conventional  LMS  algorithm  in 
order  to  ensure  convergence  of  the  algorithm  in  the  presence  of  secondary 
paths  (the  transfer  function  from  the  controller  output  to  the  error  sensor).  It  is 
referred  to  as  Filtered-X  LMS.  The  single-channel  Filtered-X  LMS  algorithm 
was  independently  derived  by  Widrow  in  the  context  of  adaptive  control  and 
Burgess  [11]  for  ANC  applications.  The  multiple  error  Filtered-X  LMS 
algorithm  for  ANC  applications  was  introduced  by  Elliott  et  al.  [12]. 

Extensive  treatment  of  the  algorithm  is  provided  in  literature,  e.g.  by 
Kuo  and  Morgan  [13],  some  basic  equations  are  recapitulated  here.  Assuming 
a  control  system  with  N  control  sources,  M  error  sensors  and  P  reference 
sensors,  the  sound  pressure  measured  at  M  error  sensors  is  expressed  in  vector 
notation  as  : 

t{k)  =  A(k)+X\kfvi{k)  (1) 

where  e(k)  -  [e, (k)  e^_{k) ...  e^,(k)Y , 

6(.k)  =  [d,(k)d,_(k)...d^(k)f  is  the  contribution  of  the  primary  noise 

source. 
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with 


x'"'(A:)  =  [x“(A:)’'  x’"'\kf  ...x“(feff , 

x"""(^:)  =  [x["'“(fe)''  x^"''(kf  ...  x^'"'(fcf]'',and 

4,. -I 

■'cf''(k)=  £a„.„,x, 

1=0 

w(/:)  =  [w,(/:)^  is  the  adaptive  FIR  control  filter, 

with  w„(/:)  =  [w„,(/:)^  ••• 

The  FIR  control  filter  ^w^^k)  and  the  time  vector  x["'"(A:)have  length 

XXk)  is  the  filtered-x  reference  signal  vector,  x^k)  is  the  /7-th  reference  signal 
and  is  the  z-th  coefficient  of  the  FIR  filter  (length  that  models  the 
secondary  path  between  the  n-ih  control  actuator  and  the  77?-th  error  sensor. 
Secondary  path  modelling  is  performed  in  parallel  with  control  as'  shown  in 
figure  4  and  can  be  implemented  both  off-line  or  on-line. 


The  control  filters  w(A:)  are  updated  inversely  directional  to  the  gradient 
of  E{e(/:)^e(^j}.  An  instantaneous  estimate  for  the  gradient  is  used,  resulting  in 
the  update  rule  : 

w(k  +  \)  =  'w(k)- jiXYk)eik)  (2) 

in  which  the  convergence  coefficient  ji  sets  the  step  size  of  the  update. 

The  choice  of  an  appropriate  set  of  references  is  of  fundamental 
importance  to  the  final  controller  performance.  First  of  all  a  high  multiple 
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coherence  between  reference  and  error  signals  is  required.  This  is  necessary 
because  the  information  in  the  reference  signals  must  be  representative  for  the 
noise  at  the  error  sensors.  Secondly  the  causality  constraint  has  to  be  satisfied. 

By  a  proper  choice  of  the  convergence  coefficient,  also  adaptivity  rate, 
fast  tracking  of  time  varying  disturbances  (large  p)  or  accuracy  (small  fj.)  of 
the  algorithm  can  be  given  priority.  However,  an  upper  limit  for  p  must  be 
imposed  to  ensure  stable  convergence  :  as  the  gradient  is  not  determined 
recursively,  but  estimated  per  time  sample,  the  expected  value  of  the  control 
filter  weights  will  only  converge  to  the  optimal  solution  in  a  statistical  sense 
(therefore  this  is  a  so-called  stochastic  gradient  algorithm).  Because  of  these 
considerations,  it  is  important  to  understand  and  to  quantify  the  conditions  for 
convergence  to  the  optimal  solution. 

Convergence  analysis  of  adaptive  systems  generally  involves 
complicated  mathematics  and  can  only  be  accomplished  under  the  assumption 
of  certain  boundary  conditions.  Consequently,  though  the  convergence 
behaviour  is  one  of  the  most  important  aspects  for  any  adaptive  algorithm,  a 
convergence  analysis  for  the  Filtered-X  LMS  algorithm  only  exists  for  some 
special  cases  (Frequency  domain  analysis  for  MIMO  systems  [14]  ;  Time 
domain  analysis  for  SISO  systems  [12],  MIMO  but  limited  to  very  slow 
adaptation  rate  [15],  Bao  deals  with  MIMO  but  secondary  paths  are  pure 
delays  [16]). 

The  analysis  shows  that  the  maximum  step  size  is  limited  by  maximum 
eigenvalue  of  covariance  matrix  E{X^(k)X^(k)^}  on  the  one  hand,  but  may  be 
further  reduced  by  the  eigenvalue  structure  of  the  secondary  path  transfer 
function  matrix  and  the  delays  caused  by  their  physical  separation  of  control 
sources  and  error  sensors  on  the  other  hand.  These  criteria  cannot  always 
directly  be  quantified.  Therefore,  as  a  practical  rule  of  thumb,  it  is  often 
suggested  to  increase  p  until  the  algorithm  becomes  unstable  (if  circumstances 
allow  this),  and  then  to  use  half  of  this  value  for  the  final  implementation. 

One  final  remark  pertains  to  the  type  of  control  filters  and  secondary 
path  model  filters  that  are  used  in  the  algorithm.  Theoretically,  the  algorithm 
derived  here  might  as  well  be  implemented  using  HR  (Infinite  Impulse 
Response  filters  or  recursive)  filters.  Though  the  LMS  algorithm  is  more 
complex  for  recursive  filters  than  in  case  of  FIR  filters,  some  benefit  may 
result  from  the  fact  that  lightly  damped  systems  can  be  modelled  to  the  same 
accuracy  using  shorter  filter  lengths  which  would  in  turn  reduce  the  number  of 
calculations  per  sample  period.  On  the  other  hand,  the  Wiener  optimal  solution 
is  not  unique  for  this  kind  of  filters  and  moreover,  HR  filters  may  become 
unstable  if  some  of  the  poles  lie  outside  the  unit  circle  (which  may  always 
occur  because  the  update  rule  (2)  does  not  check  this).  The  extension  of  the 
Filtered-X  LMS  algorithm  for  HR  filters  may  thus  very  easily  become  more 
complex  and  more  computationally  demanding  than  in  case  of  FIR  filters  and 
above  all,  the  performance  may  depend  very  much  on  how  well  local  minima 
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are  checked  and  avoided.  It  has  been  shown  by  Bernhard  [17]  that  especially 
for  this  reason,  HR  filters  are  not  suitable  for  the  application  in  mind. 

2.3  Control  hard-  and  software 

A  specific  actuator,  based  on  the  moving  coil  inertial  mass  principle, 
has  been  designed  in  order  to  satisfy  the  determined  requirements  of  force, 
bandwidth  and  size,  and  generate  40  N  peak  force  (weight  1.1  kg,  dimensions 
0  80  X  76  mm).  The  loudspeakers  utilised  in  the  ANC  system  have  been 
selected  considering  the  power  spectra  of  the  error  microphones  during  road 
measurements  and  their  locations  have  been  determined  with  the  constraint  of 
causality. 

A  state  of  the  art  DSP-processor  is  used  for  the  implementation  of  the 
control  algorithm.  Control  and  identification  programs  have  been  implemented 
in  C-code  and  run  on  a  DSP  Board  (Loughborough  Sound  Images)  which  is 
hosted  in  an  industrial  PC.  The  DSP  board  hosts  4  Texas  Instruments  TIM 
TMS320C40  DSP  modules.  Three  DSPs  run  in  parallel  for  the  execution  of 
the  control  routines,  the  fourth  communicates  with  the  PC,  e.g.  for  data 
exchange  purposes.  Additionally  an  I/O  board  able  to  manage  up  to  16  inputs 
and  8  outputs  is  linked  to  the  DSP  board. 

A  classic  configuration  of  anti-aliasing  filters  at  the  inputs  (cut-off 
frequency  smaller  than  Nyquist  frequency)  and  reconstruction  filters  at  the 
outputs  (control  signals  sent  to  shakers  or  loudspeakers),  to  avoid  high 
frequency  quantisation  noise,  is  used. 

More  importantly,  all  inputs  signals  are  also  filtered  with  high  pass 
filters  in  order  to  reduce  the  influence  of  low  frequency  components  that 
otherwise  would  saturate  the  outputs,  which  would  cause  distortions  in  the 
actuator  responses.  Moreover,  since  the  human  ear  is  not  sensitive  to  these 
frequencies,  it  makes  no  sense  to  try  and  control  at  these  frequencies.  Low 
pass  filters  have  been  set  at  320  Hz  directly  on  the  I/O  board,  while  the  high 
pass  filters  cut  off  at  60  Hz. 

All  these  filters  introduce  considerable  time  delays  due  to  their  phase 
lags  and  it  is  of  prime  importance  to  fine-tune  the  system  in  order  to  reduce  ail 
delays  introduced  in  the  control  loop  such  that  the  control  performance  is  not 
compromised.  In  the  case  of  road  noise,  a  random  disturbance  signal  is  picked 
up  by  the  reference  sensors  and  since  this  signal  is  of  stochastic  nature  it  is 
impossible  to  predict  the  time  history  of  the  disturbance  signal.  Obviously,  the 
control  action  should  reach  the  error  microphone  at  the  same  time  as  the 
primary  disturbance.  In  other  words,  the  sum  of  the  electrical  time  delay  (the 
time  delay  between  the  measurement  of  the  reference  signal  and  the  control 
action)  and  the  secondary  time  delay  (the  time  required  for  the  control  action 
to  reach  the  error  microphones)  should  not  be  longer  than  the  time  required  for 
the  primary  disturbance  to  travel  from  the  reference  signal  locations  to  the 
error  microphones  (physical  time  delay).  Theoretically,  in  cases  where  this 
time  constraint  is  not  satisfied,  the  optimal  controller  would  have  to  be  non- 
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causal.  However  a  non-causal  control  filter  cannot  be  implemented  in  practice 
and  hence,  any  causal  control  filter  that  is  used  under  these  circumstances  will 
converge  to  a  suboptimal  solution. 

The  electrical  time  delay  from  reference  to  actuator  can  be  estimated 
taking  into  account  the  phase  lag  of  the  single  signal  processing  elements 
(such  as  filters,  DSP  etc...).  It  is  mainly  determined  by  the  sample  frequency  at 
which  the  control  algorithm  runs.  The  time  delay  for  the  secondary  paths  is 
measured  from  the  actuator  locations  to  the  error  microphones  and  can  be 
derived  from  the  secondary  path  model.  The  physical  time  delay  of  the 
primary  disturbance  has  been  measured  on  the  demonstrator  car  [18]  for  all 
possible  delay  paths  (i.e.  from  possible  reference  locations  to  potential  actuator 
locations).  A  range  of  time  delays  from  0.3  ms  to  1.7  ms  have  been  measured. 

2.4  Experimental  systems  implemented 

An  AS  AC  system  (figure  1)  has  been  realised  with  6  references 
(accelerometers  at  wheel  hubs),  6  actuators  (shakers  along  the  principal 
vibration  transmission  paths)  and  4  feedback  errors.  Two  different  kinds  of 
error  signals  have  been  considered: 

•  Feedforward  with  local  feedback  (accelerometers  placed  close  to  the 
vibration  actuators); 

•  Feedforward  with  global  feedback  (microphones  at  the  car  roof). 

An  ANC  system  (figure  2)  has  been  implemented  with  6  references,  4 
actuators  (loudspeakers  at  the  car  doors)  and  4  feedback  errors  (microphones 
at  the  car  roof). 

Two  different  kind  of  references  have  been  considered: 

•  Accelerometers  at  wheel  hubs; 

•  Accelerometers  at  the  car  body  along  the  principal  vibration  transmission 
paths. 

For  the  accelerometers  at  the  wheel  hubs  (AS AC  and  ANC)  a  multiple 
coherence  analysis  has  been  carried  out  considering  the  12  signals  coming 
from  4  triaxial  accelerometers  (one  each  wheel)  and  the  4  signals  of  the  error 
microphones  at  the  car  roof.  The  selection  of  the  best  6  references  has  been 
made  under  the  principle  of  the  highest  multiple  coherence. 

The  accelerometers  at  the  car  body  (ANC)  have  been  placed  along  the 
6  main  vibration  transmission  paths.  This  is  not  applicable  in  the  case  of 
ASAC  since  the  control  input  would  then  be  measured  through  the  references 
which  would  destabilise  the  controller. 

The  references  were  selected  taking  into  account  the  timing  constraints 
imposed  by  each  control  configuration  used. 

Figure  5  presents  a  view  on  the  hardware  installation  in  the  test  car. 
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Figure  5.  Installation  of  the  controller  hardware  in  the  test  car 


4.  Optimisation  of  the  control  configuration  by  means  of 
numerical  simulations 

The  control  performance  of  different  control  configurations  for  a  car 
driven  on  rough  asphalt  has  been  simulated  with  numerical  models  in  order  to 
determine  the  optimal  control  configuration  and  corresponding  controller 
parameters  to  be  implemented  for  the  road  tests. 

Simulations  have  been  performed  in  the  frequency  domain,  as  well  as 
in  the  time  domain.  The  main  difference  between  the  time  and  the  frequency 
domain  lies  in  the  fact  that  in  the  frequency  domain  only  steady  state 
behaviour  can  be  analysed.  In  the  time  domain,  on  the  other  hand,  transient 
effects  can  be  simulated  as  well.  Thus,  in  the  time  domain,  it  is  possible  to 
take  into  account  the  behaviour  of  the  adaptive  control  algorithm.  The 
frequency  domain  simulations  have  been  used  to  determine  the  optimal  control 
configuration  in  terms  of  the  optimal  number  and  location  of  control  actuators 
and  feedback  sensors. 

4.1  Frequency  domain  simulations 

These  simulations  have  been  carried  out  using  experimentally  acquired 
data  (operational  data  taken  on  the  road,  i.e.  acoustical  and  vibrational 
measurements)  as  well  as  in-laboratory  acquired  frequency  response  functions 
in  order  to  compare  the  achievable  performance  of  local  and  global  control  in 
AS  AC  systems.  Using  the  original  (primary)  sound  field,  and  the  pseudo¬ 
inverse  of  the  relevant  FRF  matrix  (viz.  the  transfer  matrix  between  applied 
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actuator  forces  and  the  secondary  sound  field),  a  set  of  control  forces  can  be 
calculated  per  frequency  line  such  that  the  superposition  of  primary  and 
secondary  sound  field  is  minimised  in  a  least  squares  sense.  Once  the  optimal 
control  forces  are  determined,  the  residual  sound  field  (and  thus  the  achieved 
reduction)  can  be  determined  by  superposition  of  the  primary  sound  field  and 
the  secondary  sound  field  obtained  by  applying  the  optimal  control  forces  to 
the  FRF  matrix. 

By  these  simulations  it  was  understood  that  using  microphones  as 
feedback  sensors  is  more  efficient  in  terms  of  interior  noise  reduction 
compared  to  feedback  of  the  vibration  levels  at  the  actuator  locations,  even  if 
the  controller  would  be  able  to  significantly  suppress  these  vibration  levels 
(figures  6-7).  As  a  consequence,  local  feedback  was  not  retained. 


Figure  6.  Vibration  feedback  ; 
dotted  :  with  control,  solid  :  without  control. 


Figure  7.  Microphone  feedback  ; 
dotted  :  with  control,  solid  :  without  control. 


Frequency  domain  simulations  lack  the  constraint  of  causality  and 
assume  stationarity.  Furthermore,  the  effect  of  coherence  between  references 
and  error  signals  is  not  included,  such  that  the  selection  of  the  appropriate 
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reference  signals  is  not  taken  into  account.  Frequency  domain  simulations  may 
indicate  limits  of  performance  for  various  control  actuator  configurations  but 
they  do  not  exactly  predict  the  control  performance  nor  do  they  yield 
information  on  the  transient  behaviour  of  the  controller.  For  these  reasons,  a 
time  domain  simulation  tool  has  been  developed,  which  is  discussed  below. 

4.2  Time  domain  simulations 


The  basic  principle  of  the  time  domain  simulations  is  depicted  in 
figure  8.  The  idea  is  to  "feed"  the  (simulated)  adaptive  controller  with  time 
domain  test  data,  measured  during  road  tests,  and  to  calculate  the  noise  level  at 
the  error  microphone  by  superposition  of  the  control  action  and  the  primary 
noise. 

m  acoustic  responses 
measured  dunng  a  road  tes 


evaluation 


Figure  8.  Time  domain  simulation 

An  FRF  model  of  the  complete  car  (a  30  by  4  FRF  matrix  for  30 
possible  actuator  positions  and  4  possible  error  microphone  positions)  has 
been  composed  to  represent  the  physical  secondary  paths.  The  control 
actuators  can  thus  be  “connected”  to  any  of  the  excitation  points  by  selecting 
the  appropriate  FRF  in  the  simulations.  The  operational  data  are  the  wheel 
centre  vibrations  and  the  sound  pressure  levels  inside  the  car  cabin,  measured 
during  road  tests  performed  on  rough  asphalt.  A  selection  of  wheel  centre 
vibrations  is  used  as  a  reference  set  for  the  feedforward  controller,  which  in 
turn  drives  models  of  the  secondary  paths  (impulse  response  functions,  derived 
from  the  FRFs)  instead  of  physical  secondary  paths.  The  output  of  the 
secondary  path  models  (synthesised  secondary  sound  pressures)  is  delayed  one 
sample  period,  to  account  for  computational  delay  introduced  by  the  DSP, 
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after  which  it  is  added  to  the  primary  sound  pressure  measured  at  the  error 
microphones  during  road  tests.  This  provides  the  error  signal  to  be  used  in  the 
adaptive  loop  of  the  control  algorithm. 

These  simulations  have  been  performed  in  order  to  further  optimise  the 
efficiency  of  the  feedforward  control  and  to  compare  the  performances  of 
AS  AC  and  ANC  implementations.  Figures  9  and  10  present  the  sound  power 
measured  at  the  rear  left  error  microphone  for  the  optimised  ASAC  and  ANC 
control  configurations. 


Figure  9.  Result  of  simulation  of  ASAC  (6x6x4). 


Figure  10.  Result  of  simulation  of  ANC  (6x4x4). 


The  results  have  been  achieved  after  a  time  domain  simulation  that  has  been 
run  until  the  control  filters  had  completely  converged  (data  set  of  120,000  data 
samples).  The  control  systems  achieve  an  average  noise  reduction  of  7  dB  (for 
ASAC)  and  7.5  dB  respectively  (for  ANC)  in  the  frequency  range  from  75  to 
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105  Hz.  Secondly,  at  the  tire  resonance  (from  225  Hz  to  280  Hz),  5.5  dB  noise 
reduction  is  achieved  with  the  ASAC  system  and  5.8  dB  noise  reduction  is 
achieved  with  the  ANC  system. 

5.  Laboratory  tests 

5. 1  The  experimental  set-up 

To  experimentally  validate  the  control  approach,  tests  have  been 
performed  on  a  demonstrator  car  (a  mid-size  station  wagon).  An 
electrodynamic  shaker  (the  primary  disturbance)  excites  one  rear  wheel  of  the 
demonstrator  car  to  simulate  a  random  road  input  to  the  car  suspension  (Figure 
11).  Band-limited  white  noise  is  used  as  an  input  to  the  disturbance  shaker,  to 
reproduce  the  wheel  centre  vibrations  for  normal  operating  conditions 
(measured  during  road  tests)  in  terms  of  frequency  content  and  amplitude. 


Figure  11.  Laboratory  set-up. 


5.2  Single  channel  control 

A  single  channel  controller  (one  control  actuator  and  one  error 
microphone)  was  used  in  a  first  series  of  experiments  to  demonstrate  the  effect 
of  causality.  Figure  12  presents  the  coherence  for  three  different  reference 
sensor  positions  (position  (a)  corresponds  to  the  wheel  hub,  (b),  and  (c)  are 
locations  on  the  suspension  and  closer  to  the  car  body).  The  overall  values 
indicate  that  the  coherence  increases  for  position  (b)  and  (c),  although  this 
effect  is  very  limited  because  the  measurements  have  been  performed  in 
laboratory  conditions  and  thus  the  effect  of  non-linearities  and  other  non¬ 
coherent  noise  sources  is  well  under  control.  Figure  13  presents  the  noise 
levels  inside  the  car  cabin  when  one  error  microphone  and  one  control  actuator 
are  used  to  control  the  structure-borne  noise  level,  for  each  of  the  reference 
sensor  positions.  Although  the  coherence  is  slightly  better,  the  overall 
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reduction  decreases  for  positions  (b)  and  (c),  indicating  that  the  corresponding 
control  configuration  does  not  meet  the  time  constraints  any  more.  The  best 
performance  is  achieved  when  the  reference  sensor  is  located  at  the  wheel 
hub  :  7. 13  dB  overall  noise  reduction  from  50  to  200  Hz,  and  over  10  dB  in  the 
frequency  range  from  1 1 0  to  160  Hz. 


Figure  12.  Coherence  of  the  reference  signal  with  the  error 
sensor  signal  for  three  different  reference  sensor  positions. 
Overall  values  :  position  (a) :  0.91,  position  (b)  :  0.92,  position  (c) :  0.94. 


0  50  100  150  200 

Frequency  (Hz) 

Figure  13.  Controlled  noise  level  in  the  error  microphone  using  one  control 
actuator  and  three  different  reference  sensor  positions.  Overall  reduction  for 
reference  sensor  in  :  position  (a) :  7.13  dB,  position  (b)  :  5.44  dB, 
position  (c) :  2.6  dB. 
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5.3  Multiple  references 

In  order  to  simulate  road  excitation  by  multiple  uncorrelated  forces,  an 
additional  primary  disturbance  shaker  was  connected  to  the  second  rear  wheel 
of  the  demonstrator  car.  The  primary  disturbance  shakers  were  driven  with 
uncorrelated  white  noise  signals. 

The  maximum  achievable  reduction  drops  drastically  when  only  one 
reference  signal  is  used  under  these  circumstances.  This  is  mainly  due  to  the 
fact  that  an  individual  reference  sensor  does  not  pick  up  all  necessary 
information  to  control  both  uncorrelated  sources.  This  is  clearly  indicated  by 
the  ordinary  coherence  of  a  single  reference  sensor  with  respect  to  the  sound 
pressure  at  the  error  microphone,  in  the  case  where  two  uncorrelated  primary 
sources  are  exciting  the  demonstrator  car  (figure  14).  The  reference  sensors 
were  located  on  the  left  and  right  rear  wheel  hub  (figure  14a  and  14b, 
respectively).  Note  that  both  reference  signals  are  complementary,  which 
indicates  the  need  for  two  references  to  detect  both  primary  disturbances. 


Figure  14.  Ordinary  coherence  of  the  sound  pressure  at  the  error 
microphone  with  respect  to  each  of  the  reference  signals  in  the  case  of  two 
uncorrelated  primary  sources. 

The  control  result  for  the  case  where  only  one  reference  signal 
(corresponding  to  figure  14a)  is  used  in  the  presence  of  two  primary 
disturbances,  is  shown  in  figure  15.  Two  control  actuators  have  been  used  to 
reduce  the  sound  pressure  at  two  error  microphones  inside  the  car  cabin.  The 
sound  pressure  at  the  error  microphone  is  only  effectively  reduced  in  the  range 
where  the  ordinary  coherence  is  considerably  high  (cf.  figure  14a).  The 
maximum  achievable  reduction  is  3.83  dB  in  the  frequency  range  from  70  to 
150  Hz. 

Using  both  reference  signals  (located  on  the  left  and  right  rear  wheel 
hub),  two  control  actuators  and  two  error  microphones,  the  overall  reduction  in 
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the  frequency  range  from  50  to  160  Hz  has  been  increased  to  7.8  dB  (Figure 
16). 


Figure  15.  Sound  power  spectrum  of  the  error  microphone  for  two 
uncorreiated  primary  disturbances  when  only  one  reference  signal  is  used 
(solid  :  without  control,  dashed  :  with  control). 

Overall  reduction  in  the  band  from  70-150  Hz  is  3.8  dB. 


Figure  16.  Sound  power  spectrum  of  the  error  microphone  for  two  uncorreiated 
primary  disturbances  (solid  :  no  control,  dashed  :  with  control). 

Overall  reduction  in  the  frequency  band  from  50-160  Hz  is  7.8  dB. 
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6.  Road  tests 


6.1  AS  AC  system 

Road  tests  with  the  full  system  (6  references,  6  actuators,  4  error 
microphones)  have  been  performed  at  a  constant  speed  of  90  km/h.  Special 
care  was  taken  to  prevent  output  saturation,  which  easily  occurs  in 
overdetermined  control  systems  (more  control  actuators  than  error  sensors). 
Figure  17  presents  the  attenuation  obtained  with  the  AS  AC  system  (non- 
calibrated  sound  pressure  levels  are  shown  for  reasons  of  confidentiality). 

ANRAVA  final  road  tests  :  6  actuators,  mixed  references 


(a)  Reduction  at  rear  left  error  microphone 


ANRAVA  final  road  tests  :  reduction  at  passenger’s  ear 


(b)  Reduction  at  the  passenger's  ear  at  rear  left  seat 


Figure  17.  Results  of  the  road  tests  with  the  AS  AC  system. 
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The  reduction  is  sensible  in  particular  frequency  ranges  (60-120,  225-280  Hz) 
that  correspond  to  booms  of  the  car  cavity  and  to  the  tire  resonance 
respectively.  An  average  noise  reduction  of  6.9  dB  reduction  has  been 
achieved  in  the  range  from  75  -  105  Hz  at  the  error  microphone.  This  yields 

6.1  dB  reduction  at  the  passenger’s  ear  in  the  same  frequency  range. 

6.2  ANC  system 

Comparative  road  tests  with  the  ANC  system  have  been  carried  out. 
The  number  of  loudspeakers  used  for  this  control  system  was  limited  to  4  for 
practical  reasons.  The  results  presented  in  figure  18  have  been  achieved  using 
car  body  references.  As  in  the  case  of  ASAC,  the  noise  reduction  is  sensible  in 
particular  frequency  ranges  (60-120,  225-280  Hz).  A  maximum  reduction  of 

10.2  dB  was  achieved  in  the  range  from  75  -  105  Hz  at  the  error  microphone. 
At  the  passenger’s  ear,  this  yields  8.8  dB  reduction. 

The  reason  why  the  loudspeaker  system  achieves  better  performance 
than  the  actuator  system  is  twofold.  First  of  all,  when  using  loudspeakers 
instead  of  actuators,  it  is  possible  to  locate  the  reference  sensors  on  the  main 
transfer  paths  and  thus  to  achieve  relatively  high  multiple  coherence. 
Secondly,  the  sound  levels  that  are  to  be  generated  to  control  the  sound  field 
inside  the  car  cabin  are  within  the  dynamic  range  of  the  loudspeakers  while  the 
control  forces  that  are  to  be  generated  by  the  vibration  actuators  are  very  close 
to  the  maximum  force  that  can  be  generated  by  the  vibration  actuators. 


ANRAVA  final  road  tests  :  4  loudspeakers,  car  body  references 


(a)  Reduction  at  rear  left  error  microphone 
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ANRAVA  final  road  tests  :  reduction  at  passenger’s  ear 


(b)  Reduction  at  the  passenger's  ear  at  rear  left  seat 
Figure  18.  Results  of  the  road  tests  with  the  ANC  system. 

7.  Conclusions 

The  paper  demonstrates  the  feasibility  of  active  structural  and  acoustic 
control  of  structure  borne  rolling  noise  in  a  passenger  car.  A  full  vibro- 
acoustical  analysis  of  the  demonstrator  vehicle  was  carried  out,  in  order  to 
fully  characterise  the  on-road  behaviour  (coherence  analysis,  operational  force 
analysis  and  transfer  path  analysis),  as  well  as  to  derive  the  necessary 
input/output  models.  The  results  of  these  analyses  have  been  used  as  input  for 
the  actuator  design,  the  control  configuration  determination  (reference  signals, 
actuator  number  and  location,  feedback  signal  determination). 

Different  control  configurations  have  been  investigated  and  tested  by 
means  of  numerical  simulations  and  laboratory  tests. 

A  broadband  control  system  based  on  an  adaptive  feedforward  control 
system  using  6  reference  signals,  6/4  actuators  (AS AC/ ANC)  and  4  error 
signals  has  been  implemented  in  the  demonstrator  car.  A  new  inertial  actuator 
based  on  moving  coil  work  principle  has  been  designed  and  realised. 

With  the  ANC  configuration  the  largest  reductions  have  been  obtained. 
This  is  primarily  due  to  the  fact  that  with  reference  sensor  configuration  of  the 
ANC  system  a  higher  multiple  coherence  is  obtained.  Also  the  dynamic  output 
range  of  the  actuators  seems  to  be  a  limiting  factor  for  the  control  performance 
of  the  ASAC  system. 

Though  the  absolute  reduction  at  the  error  microphones  as  well  as  at 
the  monitor  microphone  are  larger  than  with  the  ASAC  system,  the  sound  field 
outside  the  error  microphones  gets  relatively  heavily  distorted.  Because  the 
loudspeakers  act  much  more  as  point  sources,  this  effect  is  easily  recognisable 
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when  the  observer  is  moving  closer  to  the  loudspeakers  (although  the 
reduction  measured  at  the  passenger’s  ear,  presented  in  Fig.  14,  is 
considerable).  Therefore,  there  is  less  sensation  of  acoustic  comfort  with  the 
ANC  system,  compared  to  the  ASAC  system  which  achieves  a  more  uniform 
reduction  in  the  entire  car  cabin. 
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ABSTRACT 

The  equivalent  single  layer  theories,  layerwise  theories,  and  variable  kinematic  the¬ 
ories  of  laminated  composite  plates  and  shells  are  reviewed  and  their  computational 
models  are  discussed.  Examples  of  applications  of  single  layer  theories  for  global  re¬ 
sponse,  layerwise  theories  for  local  response,  and  variable  kinematic  theories  for  global 
local  analysis  of  laminated  plates  and  shells  are  presented  to  illustrate  their  usefulness. 
In  particular,  postbuckling  and  failures  of  laminated  panels  in  compression,  postbuck- 
ling  of  stiffened  cross-ply  cylindrical  shells,  and  free  edge  stress  fields  in  laminates  in 
extension  and  bending  are  studied. 

1.  INTRODUCTION 

The  use  of  composite  materials  in  defense  structures  has  led  to  many  important 
developments  in  the  analysis,  design,  and  manufacturing  of  structures  made  of  such 
materials.  In  recent  years,  composite  materials  are  used  in  all  types  of  civilian  struc¬ 
tures,  e.g.,  automotive  parts,  medical  prosthetic  devices,  electronic  circuit  boards,  and 
sports  equipment.  This  in  turn  generated  interest  in  developing  new  composite  material 
systems,  theories  and  analysis  methods. 

Composite  laminates  are  formed  by  stacking  layers  of  different  composite  mate¬ 
rials  and/or  fiber  orientation.  By  construction,  composite  laminates  have  their  pla¬ 
nar/surface  dimensions  one  to  two  orders  of  magnitude  larger  than  their  thickness. 
Often  laminates  are  used  in  applications  that  require  inplane  and  bending  strengths. 
Therefore,  composite  laminates  are  treated  as  plate  or  shell  structural  elements. 

The  analyses  of  composite  structures  are  based  on  one  of  the  following  theories  [1] : 
(2)  models  based  on  3D  or  quasi-3D  elasticity  theories  [11-17],  and  (3)  multiple  models 
[18-22],  The  equivalent  single  layer  (ESL)  theories  are  derived  from  the  3D  elasticity 
theory  by  assuming  the  form  of  the  displacement  field  or  the  stress  field  through  the 
thickness  of  the  laminate.  These  assumptions  allow  the  reduction  of  a  3D  problem  to 
a  2D  problem.  In  the  3D  and  quasi  3D  theories,  each  layer  is  modeled  as  a  3D  solid. 
In  a  multiple  model  method,  a  combination  of  single  layer  and  3D  elasticity  theories 
are  combined  to  achieve  the  level  of  accuracy  needed  in  different  regions  of  the  same 
problem.  Such  approaches  are  called  global  local  analyses.  Each  of  these  approaches  are 
appropriate  for  ceratin  class  of  problems.  For  example,  the  ESL  theories  are  adequate 
for  global  response  predictions,  3D  theories  are  required  for  the  determination  of  3D 
stress  states,  and  the  mulitple  model  approaches  are  suitable  problems  that  have  regions 
of  both  2D  and  3D  stress  states. 
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In  this  paper  a  review  of  the  three  classes  of  theories  is  presented  and  a  typical 
application  of  each  of  the  three  classes  of  theories  is  discussed.  These  include:  (1) 
postbuckling  and  progressive  failure  analysis  of  laminated  panels  in  compression  using 
an  ESL  theory,  (2)  postbuckling  analysis  of  stiffened  cross-ply  cylindrical  shells  using 
the  layerwise  theory,  and  (3)  a  study  of  free  edge  stress  fields  in  laminates  subjected  to 
extension  and  bending,  using  the  variable  kinematic  finite  element  (VKFE)  model. 

2.  THEORIES  OF  LAMINATED  STRUCTURES 
2.1  Equivalent  Single  Layer  Theories 

The  simplest  ESL  laminate  theory  is  the  classical  laminated  plate  theory  (or  CLPT) 
[1,2],  which  is  an  extension  of  the  Kirchhoff  (classical)  plate  theory  to  laminated  com¬ 
posite  plates.  It  is  based  on  the  displacement  field 

u{x,y,z,t)  =uo{x,y,t)  “ 
v{x,y,z,t)  =^vo{x,y,t)  - 

w{x,y,z,f)  =WQ{x,y,f)  (2.1) 

where  (uq,  are  the  displacement  components  along  the  {x,y,z)  coordinate  direc¬ 

tions,  respectively,  of  a  point  on  the  midplane  {i.e.^z  =  0).  The  displacement  field  (2.1) 
implies  that  straight  lines  normal  to  the  .xy— plane  before  deformation  remain  straight 
and  normal  to  the  midsurface  after  deformation.  The  Kirchhoff  assumption  amounts  to 
neglecting  both  transverse  shear  and  transverse  normal  effects,  ie.,  deformation  is  due 
entirely  to  bending  and  inplane  stretching. 

The  next  theory  in  the  hierarchy  of  ESL  laminate  theories  is  the  first  order  shear 
deformation  theory  (or  FSDT)  [1,6-8],  which  is  based  on  the  displacement  field 

u{x,y,zfi)  =  uoix.yfi,)  zf):j:{x,y,t) 
v(x,  y,  z,  t)  =  t;o{.'r,  y,  t)  +  z(py(x,  y,  t) 

w{x,y,zfi) -wo{x,y,t)  (2.2) 

where  <px  and  -(j)y  denote  rotations  about  the  y  and  x  axes,  respectively.  The  FSDT 
extends  the  kinematics  of  the  CLPT  by  including  a  gross  transverse  shear  deformation 
in  its  kinematic  assumptions,  Le.,  the  transverse  shear  strain  is  assumed  to  be  constant 
with  respect  to  the  thickness  coordinate.  Inclusion  of  this  rudimentary  form  of  shear  de¬ 
formation  allows  the  normality  restriction  of  the  classical  laminate  theory  to  be  relaxed. 
The  first  order  shear  deformation  theory  requires  shear  correction  factors,  which  are 
difficult  to  determine  for  arbitrarily  laminated  composite  plate  structures.  The  shear 
correction  factors  depend  not  only  on  the  lamination  and  geometric  parameters,  but 
also  on  the  loading  and  boundary  conditions. 

Second  and  higher  order  ESL  laminated  plate  theories  use  higher  order  polyno¬ 
mials  in  the  expansion  of  the  displacement  components  through  the  thickness  of  the 
laminate  (see  [23-28],  among  many  others).  The  higher  order  theories  introduce  addi¬ 
tional  unknowns  that  are  often  difficult  to  interpret  in  physical  terms.  For  example,  the 
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third  order  laminate  theory  of  Reddy  [24,28]  with  transverse  inextensibiiity  is  based  on  the 
displacement  field 

u{x,  y,  z,  t)  =  uo{x,  y,  +  z(j):,{x,  y,  t)  +  (4>x  + 

v{x,y,z,t)  =vo(x,y,t)-^z(py{x,y,t)  +  z^ 

w{x,y,z,t)  =wo{x,y,t)  (2.3) 

The  displacement  field  accommodates  quadratic  variation  of  transverse  shear  strains 
(and  hence  stresses)  and  vanishing  of  transverse  shear  stresses  on  the  top  and  bottom 
of  a  general  laminate  composed  of  monoclinic  layers.  Thus  there  is  no  need  to  use  shear 
correction  factors  in  a  third  order  theory.  The  theory  was  generalized  in  [28] .  The  third 
order  theories  provide  a  slight  increase  in  accuracy  relative  to  the  FSDT  solution,  at 
the  expense  of  a  significant  increase  in  computational  effort.  Further,  finite  element 
models  of  third  order  theories  that  satisfy  the  vanishing  of  transverse  shear  stresses  on 
the  bounding  planes  require  continuity  of  the  transverse  deflection  and  its  derivatives 
between  elements.  Complete  derivations  of  the  governing  equations  of  the  third  order 
theories  and  their  finite  element  models  are  presented  in  Chapter  11  of  [1]. 

In  addition  to  their  inherent  simplicity  and  low  computational  cost,  the  ESL  models 
often  provide  sufficiently  accurate  description  of  global  response  for  thin  to  moderately 
thick  laminates,  e.g.,  gross  deflections,  critical  buckling  loads,  and  fundamental  vibration 
frequencies  and  associated  mode  shapes.  Of  the  ESL  theories,  the  FSDT  with  transverse 
extensibility  appears  to  provide  the  best  compromise  of  solution  accuracy,  economy,  and 
simplicity.  However,  the  ESL  models  have  limitations  that  prevent  them  from  being 
used  to  solve  the  whole  spectrum  of  composite  laminate  problems.  First,  the  accuracy 
of  the  global  response  predicted  by  the  ESL  models  deteriorates  as  the  laminate  becomes 
thicker.  Second,  the  ESL  models  are  often  incapable  of  accurately  describing  the  state 
of  stress  and  strain  at  the  ply  level  near  geometric  and  material  discontinuities  or  near 
regions  of  intense  loading  -  the  areas  where  accurate  stresses  are  needed  most.  In  such 
cases,  3D  theories  or  multiple  model  approaches  are  required. 

2.2  Layer  wise  Theories 

In  all  equivalent  single  layer  laminate  theories  based  on  assumed  displacement  fields, 
it  is  assumed  that  the  displacements  are  continuous  functions  of  the  thickness  coordi¬ 
nate.  This  in  turn  results  in  continuous  transverse  strains  and  discontinuous  inplane 
strains.  Hence,  all  stresses  in  equivalent  single  layer  theories  are  discontinuous  at  layer 
interfaces.  More  importantly,  the  transverse  stresses  at  the  interface  of  two  layers,  called 
interlaminar  stresses,  are  discontinuous.  For  thin  laminates  the  error  introduced  due  to 
discontinuous  interlaminar  stresses  can  be  negligible.  However,  for  thick  laminates, 
the  ESL  theories  can  give  erroneous  results  for  all  stresses,  requiring  use  of  layerwise 
theories. 

In  contrast  to  the  ESL  theories,  the  layerwise  theories  are  developed  by  assuming 
that  the  displacement  field  exhibits  only  -continuity  through  the  laminate  thick¬ 
ness.  Thus  the  displacement  components  are  continuous  through  the  laminate  thick¬ 
ness  but  the  transverse  derivatives  of  the  displacements  may  be  discontinuous  at  various 
points  through  the  thickness,  thereby  allowing  for  the  possibility  of  continuous  trans¬ 
verse  stresses  at  interfaces  separating  dissimilar  materials.  Layerwise  displacement  fields 
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provide  a  much  more  kinematically  correct  representation  of  the  moderate  to  severe  cross 
sectional  warping  associated  with  the  deformation  of  thick  laminates. 

The  displacement  based  layerwise  theories  can  be  subdivided  into  two  classes:  (1) 
the  partial  layerwise  theories  that  use  layerwise  expansions  for  the  inplane  displacement 
components  but  not  the  transverse  displacement  component,  and  (2)  the  full  layerwise 
theories  that  use  layerwise  expansions  for  all  three  displacement  components.  Compared 
to  the  ESL  theories,  the  partial  layerwise  theories  provide  a  more  realistic  description 
of  the  kinematics  of  composite  laminates  by  introducing  discrete  layer  transverse  shear 
effects  into  the  assumed  displacement  field.  The  full  layerwise  theories  go  one  step  fur¬ 
ther  by  adding  both  discrete  layer  transverse  shear  effects  and  discrete  layer  transverse 
normal  effects. 

A  more  direct  method  of  achieving  a  layerwise  displacement  field  was  proposed  by 
Reddy  [15],  who  represented  the  transverse  variation  of  the  displacement  components 
in  terms  of  one  dimensional  Lagrangian  finite  elements.  The  total  displacement  field  of 
the  laminate  is  written  as  (see  Robbins  and  Reddy  [16]) 

N 

u(x,y,z,t)  =  Y^Ui{x,y,t)^^(z) 

1=1 

N 

v{x,y,z,t)  =  VT{x,y,t)^^{z) 

l=i 
M 

w{x,y,z,t)  =  Y  Wi{x,y,t)¥{z)  (2.4) 

1=1 

where  (Ui.Vj.Wi)  denote  the  nodal  values  of  {u,v,w),  N  is  the  number  of  nodes  and 
are  the  global  interpolation  functions  for  the  discretization  of  the  inplane  displacements 
through  thickness,  and  M  is  the  number  of  nodes  and  are  the  global  interpolation 
functions  for  discretization  of  the  transverse  displacement  through  thickness.  The  gov¬ 
erning  equations  of  motion  for  the  present  layerwise  theory  can  be  derived  using  the 
principle  of  virtual  displacements. 

The  resulting  strain  field  is  kinematically  correct  in  that  the  inplane  strains  are 
continuous  through  the  thickness  while  the  transverse  strains  are  discontinuous  through 
the  thickness,  thereby  allowing  for  the  possibility  of  continuous  transverse  stresses  as  the 
number  of  layers  is  increased.  The  layerwise  field  proposed  by  Reddy  is  very  general  in 
that  any  desired  number  of  layers,  distribution  of  layers,  and  order  of  interpolation  can 
be  achieved  simply  by  specifying  a  particular  mesh  of  one  dimensional  finite  elements 
through  the  thickness. 

2.3  Multiple  Model  Methods 

To  accurately  capture  the  localized  3D  stress  fields  in  practical  laminated  composite 
structures,  it  is  usually  necessary  to  resort  to  a  simultaneous  multiple  model  approach 
[18-22]  in  which  different  subregions  of  the  problem  domain  are  modeled  using  appro¬ 
priate  kinematic  structural  theories.  The  objective  of  a  simultaneous  multiple  model 
analysis  is  to  match  the  most  appropriate  structural  theory  with  each  subregion  based 
on  the  physical  characteristics,  applied  loading,  expected  behavior,  and  level  of  solution 
accuracy  desired  within  each  subregion.  Thus  solution  economy  is  maximized  without 
sacrificing  solution  accuracy. 
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To  overcome  the  difficulties  encountered  in  the  conventional  global  local  analysis  of 
practical  composite  laminates,  a  hierarchical  finite  element  model  is  developed  by  the 
author  and  his  colleagues  [20-22].  The  hierarchical,  variable  kinematic  finite  element 
(VKFE)  is  developed  using  a  multiple  assumed  displacement  field  approach,  i.e.,  by 
superimposing  two  or  more  different  types  of  assumed  displacement  fields  in  the  same 
finite  element  domain.  In  general,  the  multiple  assumed  displacement  field  can  be 
expressed  as 

Ui{x,y,z)  =  uf^^{x,y,z)^uf^'^{x,y,z)  (2.5) 

where  7;=!, 2,3,  and  uj  —  u,xl2  =  v,  and  U3  =  w  are  the  displacement  components  in  the 
.T,?/,  and  z  directions,  respectively.  The  reference  plane  of  the  plate  coincides  with  the 
T7/-plane.  The  underlying  foundation  of  the  displacement  field  is  provided  by 
which  represents  the  assumed  displacement  field  for  any  desired  equivalent  single  layer 
theory.  The  second  term  represents  the  assumed  displacement  field  for  any  desired 
full  layerwise  theory.  The  layerwise  displacement  field  is  included  as  an  optional,  incre¬ 
mental  enhancement  to  the  basic  ESL  displacement  field,  so  that  the  element  can  have 
full  3D  modeling  capability  when  needed.  Depending  on  the  desired  level  of  accuracy, 
the  element  may  use  none,  part,  or  all  of  the  layerwise  field  to  create  a  series  of  different 
elements  having  a  wide  range  of  kinematic  complexity.  Discrete  layer  transverse  nor¬ 
mal  effects  can  be  added  to  the  element  by  including  Displacement  continuity  is 

maintained  between  these  different  types  of  elements  by  simply  enforcing  homogeneous 
essential  boundary  conditions  on  the  incremental  layerwise  variables,  thus  eliminating 
the  need  for  multipoint  constraints,  penalty  function  methods  or  special  transition  el¬ 
ements.  It  should  be  noted  that  a  conventional  3D  finite  element  displacement  field 
could  be  used  instead  of  the  full  layerwise  field  in  equation  (2.4);  however,  the  2D  data 
structure  of  the  full  layerwise  finite  elements  permits  much  easier  coupling  with  the  2D 
ESL  field. 

3.  POSTBUCKLING  AND  FALILURE  ANALYSES  USING  FSDT 

3.1  Preliminary  Comments 

Because  of  low  moduli  and  strengths  in  transverse  directions  compared  to  that  of 
in-plane  directions,  composite  laminates  may  fail  due  to  transverse  stresses.  Indeed, 
it  is  found  that  (see  [1,29,30])  composite  laminates  loaded  in  compression  fail  due  to 
high  interlaminar  stresses.  Therefore,  shear  deformable  plate  and  shell  elements  are 
needed  to  provide  information  regarding  the  through- thickness  strength  of  composite 
structures.  Insight  gained  by  using  these  elements  may  aid  in  the  characterization  of 
failure  modes  of  composite  panels.  Here  we  discuss  a  study  by  Engelstad,  Reddy,  and 
Knight  [30]  of  the  postbuckling  response  of  several  graphite-epoxy  panels  loaded  in  axial 
compression.  The  study  makes  comparisons  between  the  experimentally  obtained  and 
analytically  determined  postbuckling  response  of  composite  panels. 

3.2  Experimental  Study 

The  postbuckling  and  failure  characteristics  of  flat,  rectangular  graphite-epoxy  pan¬ 
els,  with  and  without  holes,  and  loaded  in  axial  compression  have  been  examined  in  an 
experimental  study  by  Starnes  and  Rouse  [29].  The  panels  were  fabricated  from  com¬ 
mercially  available  unidirectional  Thornel  300  graphite-fiber  tapes  preimpregnated  with 
450° K  cure  Narmco  5208  thermosetting  epoxy  resin.  Typical  lamina  properties  for  this 


50 


graphite-epoxy  system  are 

El  =  131.0  GPa  (19,000  ksi),  E2  =  13.0  GPa  (1,890  ksi) 

G\2  ~  6.4  GPa  (930  ksi),  V12  ==  0.38,  h}.  =  0.14  mm  (0.0055  in.)  (3.1) 

where  hk  denotes  ply  thickness.  Each  panel  was  loaded  in  axial  compression  using  a  1.33 
MN  (300  kips)  capacity  hydraulic  testing  machine.  The  loaded  ends  of  the  panels  were 
clamped  by  fixtures  during  testing  and  the  unloaded  edges  were  simply  supported  by 
knife-edge  restraints  to  prevent  the  panels  from  buckling  as  wide  columns.  Most  panels 
exhibited  post  buckling  strength  and  failed  along  a  nodal  line  of  the  buckling  mode  in  a 
transverse  shear  failure  mode  (see  [29]).  However,  a  different  failure  mode  was  observed 
for  some  of  the  24-ply  panels  with  holes.  These  panels  failed  along  a  transverse  line 
passing  through  the  hole,  and  failed  soon  after  buckling. 

Here  we  discuss  the  results  of  the  panel  without  a  hole,  denoted  C4  in  Reference 
29.  Panel  C4  is  50.8  cm  by  17.8  cm  (20.0  in.  long  and  7.0  in.  wide),  24-ply  laminate, 
[±45/02/ ±45/02/±  45 /0/90]s  (orthotropic).  Panel  C4  was  observed  in  the  test  to  buckle 
into  two  longitudinal  half-waves  and  one  transverse  half-wave. 

3.3  Finite  Element  Model 

Finite  element  models  of  these  panels  were  developed  in  Reference  30  using  nine- 
node  quadratic  shell  elements  of  Chao  and  Reddy  [31],  which  are  based  on  continuum 
formulation  of  a  laminated  3D  shell  element,  denoted  9CR.  The  incremental  equations 
of  a  continuous  medium  are  formulated  using  the  principle  of  virtual  displacements  and 
the  total  Lagrangian  description.  The  continuum  shell  element  is  obtained  from  the 
three-dimensional  solid  element  by  imposing  the  same  two  constraints  as  in  FSDT.  The 
nonlinear  formulation  admits  large  displacements  and  rotations  of  the  shell  element  and 
small  strains,  since  the  thickness  does  not  change  and  the  normal  does  not  distort.  The 
final  incremental  equations  of  equilibrium  for  an  element  are  of  the  form 

{[Kl]  +  [Knl]){6A}  =  {R}  -  {F}  (3.2) 

where  {5A}  is  the  vector  of  incremental  nodal  displacements,  {[Kl],  [K^l])  a-re  the  linear 
and  nonlinear  parts  of  the  stiffness  matrix,  and  {F}  is  the  force  vector. 

The  finite  element  model  of  Panel  C4  consists  of  12  nine-node  quadrilateral  elements 
along  the  panel  length  and  six  along  the  width.  In  order  to  proceed  beyond  the  critical 
buckling  point  in  the  analysis  of  each  panel,  an  initial  geometric  imperfection,  typically 
the  same  shape  as  the  first  linear  buckling  mode,  was  assumed  in  the  finite  element 
analysis.  The  amplitude  of  each  mode  was  selected  to  be  1-5%  of  the  total  laminate 
thickness.  This  allows  efficient  progress  past  the  critical  buckling  point,  but  does  not 
affect  the  results  in  the  postbuckling  range. 

3.4  Failure  Analysis 

The  laminate  failure  occurs  due  to  propagation  of  damage  as  the  load  is  increased. 
To  model  this  effect,  a  progressive  failure  approach  is  used  in  the  nonlinear  finite  element 
analysis.  At  each  load  step.  Gauss  point  stresses  are  used  in  the  selected  failure  criterion. 
If  failure  occurred  at  a  Gauss  point,  a  modification  of  the  lamina  properties  was  made 
at  that  Gauss  point,  which  results  in  reduced  stiffnesses  [A],  [F],  and  [D]  of  the  laminate. 
For  example,  for  the  maximum  stress  criterion,  if  the  ai  stress  exceeds  the  longitudinal 
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tensile  strength.  Xt,  then  the  longitudinal  modulus  Ei  at  that  point  is  reduced  to  zero. 
For  the  Tsai-Wu  criterion,  if  failure  occurs,  then  the  following  expressions  are  used  to 
determine  the  failure  mode: 

Hi  =Fi(Ji  -f-  Fii(jf ,  H2  ~  F2(^2  ■+■  F22<7‘2 

H,=FuC’l  =  H^  =  Fm4  (3.3) 

The  largest  H,  term  is  selected  as  the  dominant  failure  mode  and  the  corresponding 
modulus  is  reduced  to  zero.  Thus  Hi  corresponds  to  the  modulus  Ei,  H2  to  £2,  H^  to 
C?23,  H^  to  Gi3,  and  Hq  to  G23.  As  a  consequence  of  this  reduction,  engineering  material 
properties  are  updated  as  failure  progresses.  An  outline  of  the  steps  used  in  the  analysis 
is  given  below. 

1.  After  the  displacement  convergence  is  achieved,  calculate  stresses  in  the  global 
{x,y,z)  coordinates  at  the  middle  of  each  layer  at  each  Gauss  point. 

2.  Transform  the  stresses  to  the  principal  material  coordinates. 

3.  Compute  the  failure  index,  F. 

4.  If  failure  occurs  (he.,  T  >1),  (a)  identify  the  maximum  i?,;,  (b)  reduce  the  appro¬ 
priate  lamina  moduli  at  that  Gauss  point,  and  (c)  recompute  laminate  stiffnesses 
and  restart  the  nonlinear  analysis  at  the  same  load  step  (he.,  return  to  Step  1). 

5.  If  no  failure  occurs,  proceed  to  the  next  load  step. 

The  end  shortening  of  the  panel  is  monitored  as  in  a  compression  test.  The  failure  load 
is  defined  to  be  that  load  for  which  the  panel  undergoes  large  end  shortening  for  small 
increments  of  load. 

3.5  Discussion  of  the  Results 

Comparison  between  test  results  from  Reference  29  and  finite  element  results  from 
Reference  30  for  Panel  C4  are  shown  in  Figure  3.1,  where  end  shortening  uq,  normalized 
by  the  analytical  end  shortening  Ucr  at  buckling  (Figure  3.1a)  and  out-of-plane  deflection 
wq  near  a  point  of  maximum  deflection,  normalized  by  the  panel  thickness  h  (Figure 
3.1b)  are  plotted  as  a  function  of  the  load  F,  normalized  by  the  theoretical  buckling 
load  Per-  The  circles  in  the  figure  represent  test  data,  and  the  curves  denote  the  results 
of  the  nonlinear  finite  element  analyses.  These  experimental  and  finite  element  results 
agree  well  up  to  failure  of  the  panel.  The  postbuckling  response  exhibits  large  out- 
of-plane  deflections  (nearly  three  times  the  panel  thickness;  see  Figure  3.1b)  and  high 
longitudinal  strains  from  front  and  back  surfaces  (not  shown  here). 

Figure  3.2a  contains  the  distribution  of  the  axial  stress  crr.x.  in  the  third  layer  of 
the  laminate  (a  0°  ply)  at  panel  midlength  for  three  values  of  the  applied  load.  At 
the  buckling  load,  the  axial  stress  is  nearly  uniform  across  the  panel.  Although  the 
axial  stress  is  large,  the  values  are  well  below  the  material  allowable  values  in  tension 
Xt  =  1400  MPa  (203  ksi)  and  compression  Xc  =  1138  MPa  (165  ksi).  The  contour  plot  of 
axial  stress  over  the  entire  panel  in  this  0°  ply  for  an  applied  load  of  2.1Pcr  indicates 
(not  shown  here)  that  high  compressive  axial  stresses  occur  along  the  longitudinal  edges 
of  the  panel. 
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Axial  stress, 


Figure  3.2b  shows  the  distribution  of  the  transverse  shear  stress  in  the  third  layer  of 
the  laminate  (a  0°  ply)  at  panel  midlength  for  three  values  of  the  applied  load.  The  solid 
curves  represent  the  transverse  shear  stress  distributions  obtained  using  the  constitutive 
relations,  and  the  dashed  curves  denote  the  transverse  shearing  stress  distributions 
obtained  from  the  equilibrium  equations.  Both  methods  give  very  similar  results.  At  the 
buckling  load,  the  peak  transverse  shear  stress  occurs  near  the  center  of  the  panel.  After 
buckling,  the  transverse  shear  stresses  axz  redistribute  towards  the  edges  of  the  panel. 
The  peak  values  of  the  transverse  shear  stress  approach  the  material  allowable  value 
of  5  =  T  =  62  MPa  (9  ksi)  for  P  -  2.1Pcr,  indicating  the  panel  failure  due  to  transverse 
shear  stress. 

Figures  3.3a  and  3.3b  contain  the  progressive  failure  results  for  Panel  C4,  using  the 
maximum  stress  and  Tsai-Wu  failure  criteria,  respectively.  In  addition  to  the  strengths 
already  mentioned,  the  other  allowables  used  are  transverse  tensile  strength,  Xt  =  80.9 
MPa  (11.7  ksi);  transverse  compressive  strength,  Xc  =  189.0  MPa  (27.4  ksi);  and  in¬ 
plane  shear  strength,  T  =  69.0  MPa  (10.0  ksi).  At  some  point  in  the  analysis  a  dramatic 
change  in  slope  indicates  an  inability  of  the  panel  to  support  additional  load.  This 
location  is  identified  as  the  failure  load.  Figures  3.3a  and  3.3b  show  that  the  Tsai- 
Wu  criterion  estimates  the  experimental  failure  more  closely  than  the  maximum  stress 
criterion.  This  is  attributed  to  the  presence  of  stress  interaction  terms  in  the  Tsai-Wu 
criterion  failure  index. 
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Figure  3.3:  Progressive  failure  results  of  panel  C4. 


4.  POSTBUCKLING  OF  STIFFENED  CYLINDERS  USING  LWT 
4.1  Introduction 

It  is  generally  accepted  that  the  reduced  load-carrying  capacity  of  axially  loaded 
cylinders  is  strictly  related  to  the  presence  of  simultaneous  or  nearly  simultaneous 
modes.  Reddy  and  Savoia  [32]  have  shown  that  thin  isotropic  cylinders  of  finite  length 
usually  have  more  than  hundred  modes  characterized  by  a  buckling  load  about  10% 
higher  than  the  minimum  buckling  load.  In  this  case,  a  buckling  mode  superposition 
analysis  needs  a  very  large  number  of  terms  to  achieve  good  estimates  of  the  load- 
carrying  capacity  of  thin  isotropic  cylinders.  For  fiber-reinforced  laminated  cylinders, 
the  buckling  maps  are  substantially  different  from  those  of  isotropic  cylinders,  and  usu¬ 
ally  very  few  modes  are  nearly  the  same.  Here  we  discuss  the  results  of  Savoia  and  Reddy 
[33]  on  the  post  buckling  behavior  of  stiffened,  cross-ply  laminated  circular  cylindrical 
shells. 
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4.2  Formulation 

In  the  layerwise  theory  of  Reddy  [34]  the  displacements  {ui,Vi,Wi)  and  the  radial 
imperfection  Wi  of  the  cylinder  are  expressed  as 

N+l 

7:=i 

where  N  is  the  number  of  numerical  layers,  {ui,Vi,Wi)  and  Wi  are  interface  displacements 
and  imperfections,  respectively,  and  are  layerwise  continuous  functions  of  the 

thickness  coordinate.  In  the  present  study,  linear  (finite  element)  interploation  functions 
are  used  for  Here  {x,y,z)  denotes  an  orthogonal  reference  frame,  where  x  is  taken 
along  the  axis  (a)  of  the  cylinder  and  y  along  the  circumferential  (c)  direction.  The 
‘smeared  stiffener’  approach  of  Hutchinson  and  Amazigo  [36]  is  adopted  for  the  stiffeners. 
This  approach  is  very  effective  when  the  stiffeners  have  identical  cross  section  and  their 
spacing  is  small  when  compared  to  the  buckling  wave  length.  In  the  framework  of  a 
stability  analysis  this  means  that  no  skin  wrinkling  before  general  instability  is  assumed 
to  take  place.  The  kinematic  description  of  the  stiffeners  is  based  on  the  Euler- Bernoulli 
beam  theory.  Axial  and  ring  stiffeners  are  assumed  to  deform  in  the  x-  z  and  the  y-z 
planes,  respectively. 

The  total  potential  energy  functional  of  the  stiffened  shell  can  be  expressed  in  terms 
of  the  functions  m.Vi  and  w-i  (see  Reddy  and  Savoia  [32,33]).  The  nonlinear  prob¬ 
lem  derived  from  the  principle  of  minimum  potential  energy  is  solved  by  means  of  the 
Rayleigh-Ritz  method  for  simply-supported  edge  conditions  at  x  ~  0,  A,  where  L  denotes 
the  length  of  the  cylinder. 

4.3  Numerical  Results 

A  three-layer,  cross-ply  laminated  cylindrical  shell  subjected  to  axial  compression  is 
chosen  to  study  the  effect  of  axial  and/or  circumferential  stiffeners  on  the  postbuckling 
behavior.  The  cylinder  has  the  following  geometric  parameters:  length,  L  =  300cm, 
radius,  R  ~  L/tt  =  95.49cm  and  total  thickness,  h  —  1cm.  The  individual  layers  have 
equal  thicknesses  hi  =  h/3,  and  the  elastic  coefficients  are  those  typical  of  a  high-modulus 
graphite-epoxy  composite: 

El  —  150GPa,  E2  =  7GPa,  G12  =  3.5GPa,  G23  —  1.4GPa,  1^12  —  1^23  —  0.3 

The  lamination  scheme  used  is:  [0/90/0].  Since  the  extensional  modulus  in  the  fiber 
direction  Ei  is  large  with  respect  to  that  in  the  transverse  direction  E2,  the  cylinder 
turns  out  to  be  reinforced  in  the  axial  direction.  Moreover,  equally-spaced  outside 
stiffeners  are  considered.  The  geometric  and  material  characteristics  of  the  I-shaped 
steel  stiffeners  adopted  here  are: 

Ea  =  Ec  =  210  GPa,  Ga==Gc  =  80.8  GPa 

Aa  =  Ac  =  1.2  cm^,  Ia  =  h  =  7.2  cm"^,  =  0.004  cm"^,  Za  =  Zc  =  3.5  cm 

where  a  and  c  refer  to  axial  and  cicumferential  directions,  Uniformly  distributed  axial 
loads  are  used  here. 
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The  full  nonlinear  postbuckling  analysis  has  been  performed  for  the  cylinder  in 
order  to  evaluate  the  influence  of  stiffening  on  the  reduced  load-carrying  capacity  due  to 
geometrical  imperfections,  as  well  as  on  the  minimum  postbuckling  load.  The  nonlinear 
system  of  equations  has  been  solved  by  making  use  of  the  Riks-Wempner  incremental 
iterative  method.  The  linearized  eigenvalue  analysis  was  performed  in  order  to  select  the 
modes  that  dominate  the  prebuckling  state  and  those  having  smallest  buckling  loads. 
Up  to  twelve  buckling  modes  have  been  included  in  the  multimode  analysis.  In  all 
the  cases  examined  here,  the  addition  of  more  terms  did  not  change  significantly  the 
results  obtained.  Note  that  the  maximum  load  can  be  reached  for  very  small  geometric 
imperfections  only. 


AXIAL  DEFLECTION 


Figure  4.1:  Plot  of  applied  axial  load  vs.  axial  deflection  (at  x  —  Lf2^y  =  0,z  =  — h/2) 
for  unstiffened  cylinder,  for  different  values  of  the  mode  imperfection  ( —  : 
_  ]^q-5  - —  10“^  cm). 

For  the  unstiffened  cylinder  (see  Figure  4.1),  the  maximum  buckling  load  qm.ax  and 
the  minimum  postbuckling  load  are  almost  coincident,  and  are  approximately  60% 
of  the  linear  buckling  load  gt  obtained  through  eigenvalue  analysis.  The  postbuckling 
path  is  related  to  the  coupling  of  modes  (4,7)  and  (4,8),  and  its  stiffness  in  the  axial 
direction  is  approximately  one-half  of  the  membrane  stiffness.  For  the  axially  stiffened 
cylinder  (figure  not  included  here)  the  reduction  in  the  load-carrying  capacity  due  to 
the  smaller  geometrical  imperfection  is  found  to  be  only  20%.  But  unlike  the  previous 
case,  g^,p6  is  found  to  be  considerably  lower  than  q^ax,  and  the  postbuckling  branch  is 
characterized  by  a  stiffness  which  is  comparable  to  that  of  the  prebuckling  path;  this 
is  essentially  due  to  the  very  high  bending  rigidity  of  the  shapes  involved  during  buck¬ 
ling  (i.e.,  modes  (1,4), (1,5), (1,6)).  The  ring  stiffened  cylinder  (results  not  shown  here) 
showed  the  highest  reduction  of  the  load-carrying  capacity,  namely,  44%  of  the  buckling 
load.  Moreover,  its  deformed  shape  is  almost  axisymmetric,  with  a  high  number  of  axial 
waves  (modes  (14,1),  (14,2)  and  (14,3));  in  this  case,  no  minimum  postbuckling  load  is 
reached.  Higher  values  of  the  maximum  load  have  been  obtained  for  very  small  values  of 
the  geometrical  imperfections  <  lO""^  cm.  Then,  in  this  case  the  linearized  buckling 
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analysis  cannot  yield  any  information  about  the  real  load-carrying  capacity  of  the  cylin¬ 
der.  Moreover,  even  the  b-factor  initial  postbuckling  analyses  (Koiter  [35])  are  valid 
in  the  neigborhood  of  the  maximum  load  for  small  values  of  geometrical  imperfections 
only,  so  that  they  cannot  be  used  to  predict  this  decreasing  behavior.  When  axial  and 
ring  stiffeners  are  used  (see  Figure  4.2),  not  only  the  buckling  load  is  rapidly  increased, 
but  also  a  low  imperfection-sensitivity  occurs,  and  the  reduction  in  the  load-carrying 
capacity  is  approximately  20%. 


AXIAL  DEFLECTION 


Figure  4.2:  Plot  of  applied  axial  load  vs.  axial  deflection  (at  x  =  Lf2,y  =  0,z  =  —h/2) 
for  stiffened  cylinder  with  20  ring  and  40  axial  stiffeners,  for  different  values 
of  the  mode  imperfection  ( — -  :  =  10“^  cm; - =  10“^  cm). 


5.  ANALYSIS  OF  THE  FREE  EDGE  PROBLEM  USING  VKFE 


5.1  Introduction 

The  problem  of  determining  the  free  edge  stress  fields  in  laminates  subjected  to 
inplane  extension  or  bending  is  used  to  illustrate  the  variable  kinematic  finite  element 
(VKFE)  model  methodology.  The  free  edge  problem  is  ideally  suited  for  global  local 
analaysis,  because  the  3D  stress  field  exists  only  in  a  boundary  region  (i.e.,  free  edge) 
of  the  laminate  and  elsewhere  only  a  2D  stress  state  exists.  Thus,  the  LWT2  elements 
can  be  used  in  the  free  edge  (local)  region  and  ESL  elements  can  be  used  everywhere 
else  (global  region)  to  capture  the  stress  fields  accurately. 

To  demonstrate  the  accuracy  and  economy  afforded  by  the  variable  kinematic  finite 
elements,  a  global  local  analysis  is  performed  to  determine  the  nature  of  the  free  edge 
stress  field  in  three  different  laminates  subjected  to  axial  extension:  (45/~45)s,  (45/0/- 
45/90)s,  and  (45/0/  -  45/90/90/  -  45/0/45)s.  The  three  laminates  have  length  2a,  width 
26,  and  thickness  2h.  Each  of  the  three  laminates  has  a  length- to- width  ratio  of  10 
{i.e.,a/b  =  10).  The  material  plies  in  each  laminate  are  of  equal  thickness  hk.  The 
following  geometric  differences  exist  among  the  three  laminates: 
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(45/  -  45)s  laminate: 

(45/0/  -  45/90)5  laminate: 

(45/0/  -  45/90) 2s  laminate: 

Each  of  the  material  plies  in  the  three  laminates  is  idealized  as  a  homogeneous,  or¬ 
thotropic  material;  the  material  properties  (expressed  in  the  principal  material  coordi¬ 
nate  system)  are  defined  below. 

Material  plies  in  the  four-layer  laminate: 

El  =20  X  10^  psi,  E2  =  Es  =  2.1  X  10®  psi 
Gi2  =  G23  =Gi3  =  0.85  X  10®  psi,  1/12  =  1^23  =  1^13  =  0.21  (5.2a) 


^  =  4,  h  =  2hk,  ~  =  8 
h  hk 

=  15,  h  ~  4hfc,  =  60 
h  hk 

t  =  15,  h  =  Shi,,  A  =  120  (5.1) 

h  hk 


Material  plies  in  the  eight-  and  sixteen-layer  laminates: 

El  =19.5  X  10®  psi,  E2  =  Es  =  1.48  x  10®  psi 
Gi2  =  G23  =Gi3  =  0.8  X  10®  psi,  1^12  =  ^23  —  ^13  =  0.3  (5.26) 

The  origin  of  the  global  coordinate  system  coincides  with  the  centroid  of  each  of  the 
3D  composite  laminates.  The  a:-coordinate  is  taken  along  the  length,  the  ^/-coordinate 
is  taken  across  the  width,  and  the  2:-coordinate  is  taken  through  the  thickness  of  the 
laminate.  Since  the  laminate  is  symmetric  about  the  .xy-plane,  only  the  upper  half  of 
each  laminate  is  modeled.  Thus  the  computational  domain  is  defined  by  {-a  <  x  < 
a,-b  <  y  <  b,0  <  z  <  h).  The  displacement  boundary  conditions  for  all  three  laminates 
are: 

ui{a,y,z)  =  uo  ,  'iii(-a,j/,z)  =  ?/.2(-a,0,0)  =  n2(a,0,0)  =  ?/3C^,?/,0)  =  0  (5.3) 

The  slight  differences  in  geometry  and  material  properties  among  the  three  laminates 
allow  comparison  with  solutions  published  in  the  literature.  For  the  (45/ -45)5  laminate, 
Wang  and  Choi  [12]  have  developed  a  quasi-3D  elasticity  solution.  For  the  (45/0/  - 
45/90)s  and  (45/0/ -  45/90/90/ -  45/0/45)s  laminates,  Whitcomb  and  Raju  [13]  obtained 
quasi~3D  finite  element  solution  using  a  highly  refined  mesh. 

The  variable  kinematic  finite  elements  are  used  in  a  simultaneous  multiple  model 
analysis  (global-local  analysis)  of  these  three  laminates  in  order  to  accurately  yet  ef¬ 
ficiently  determine  the  free  edge  stresses  near  the  middle  of  one  of  the  two  free  edges. 
The  global  region  is  modeled  using  first  order  shear  deformable  elements  (FSDT);  the 
local  region,  where  accurate  3-D  stresses  are  desired,  is  modeled  with  LWT2  elements. 

First  the  (45/  -45)s  laminate  will  be  used  to  assess  the  effects  of  subregion  compat¬ 
ibility  type  (SSC  or  RSC)  and  size  of  the  local  LWT2  subregion  on  the  accuracy  of  the 
computed  transverse  stresses  near  the  free  edge.  For  this  purpose,  five  different  finite 
element  meshes  are  created.  The  2-D,  in-plane  discretization  for  all  five  meshes  is  ex¬ 
actly  the  same,  consisting  of  a  5  x  11  mesh  of  eight-node,  quadratic,  2-D,  quadrilateral 
finite  elements  (see  Figure  5.1a).  All  elements  have  the  same  length  (2a/5);  however, 
the  width  of  the  elements  decreases  as  the  free  edge  at  {.t,6,  z)  is  approached.  The 
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widths  of  the  eleven  rows  of  elements,  as  one  moves  away  from  the  refined  free  edge, 
are  hk/16,  hk/16,  hk/S,  hk/2,  hk,  hk,  2/?,^,  Shk,  3hk,  and  5hk  (^-fc=ply  thickness) .  The  five 
meshes  differ  only  in  the  width  of  the  local  region  where  LWT2  elements  are  used.  The 
LWT2  elements  used  in  the  local  region  employ  eight  quadratic  layers  through  the  lam¬ 
inate  thickness  (four  per  material  layer)  as  shown  in  Figure  5.1b.  The  thickness  of  the 
numerical  layers  decreases  as  the  -1-45/  -  45  interface  is  approached.  From  bottom  to 
top,  the  layer  thicknesses  are  0.533/?.^,  0.267h/-,  0.133^^.,  0.083/?.^,  0.083h/c,  0.133hfc,  0.267hfc, 
and  0.533hjt. 


T 


1 


Figure  5.1:  (a)  The  2-D  mesh  of  variable  kinematic  finite  elements  used  to  model  a  (45/  — 
45)s  laminate  under  axial  extension.  All  elements  are  eight-node  quadrilaterals, 
(b)  Discretization  within  the  local  LWT2  region,  on  the  2/2:— plane.  The  eight- 
node  LWT2  elements  in  the  local  region  use  quadratic  layers. 

Table  5.1:  The  global  local  meshes  used  for  the  (45/  — 45)^  laminate  under  axial  extension. 


Remarks 

Mesh  1 

Mesh  2 

Mesh  3 

Mesh  4 

Mesh  5 

Number  of  Elements 
in  Local  LWT2  Region 

3x4 

3x5 

3x6 

3x7 

5  x  11 

Width  of  Local  Region 

hk 

2hk 

Zhk 

I6hk 

Length  of  Local  Region 

h 

h 

2a 

Total  Number  of  Active 
D.O.F.  in  VKFE  Mesh 
(Strict  Compatibility) 

1,986 

2,400 

2,814 

3,228 

9,116 

Total  Number  of  Active 
D.O.F.  in  VKFE  Mesh 
(Relaxed  Compatibility) 

2,354 

2,800 

3,246 

3,690 

9,116 

hk  =  thickness  of  a  single  material  ply.  All  five  VKFE  meshes  have  the  exact  same  inplane 
discretization  (5  x  11). 
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Table  5.1  summarizes  the  five  meshes  used  for  the  (45/  -  45)^  laminate.  Note  that 
mesh  5  is  not  a  global-local  mesh.  Mesh  5  uses  LWT2  elements  throughout  the  entire 
computational  domain,  thus  serving  as  a  control  mesh  for  judging  the  accuracy  of  the 
four  global-local  meshes.  In  meshes  1  through  4,  the  local  region  (LWT2  elements)  is 
adjacent  to  the  free  edge  {x,b,z)  and  is  centered  about  the  plane  {0,y,z).  In  meshes 
1  through  4,  the  length  of  the  local  region  spans  three  fifths  of  the  total  length  of  the 
laminate;  however,  the  width  of  the  local  region  differs  in  each  mesh  ranging  from  hk/2 
to  Zhk.  Two  runs  are  made  with  each  of  the  four  global-local  meshes,  the  first  using 
strict  subregion  compatibility  along  the  FSDT-LWT2  boundary,  and  the  second  using 
relaxed  subregion  compatibility  along  the  FSDT-LWT2  boundary. 

The  stresses  are  computed  via  the  constitutive  relations  at  the  reduced  Gauss  points 
within  the  individual  layers  of  each  LWT2  element.  All  stresses  are  nondimensionalized 
as  follows: 


Xij  — 


20aij 

EqEi 


(5.4) 


where  £o  is  the  nominal  applied  axial  strain  of  tto/(2a). 
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Figure  5.2:  Interlaminar  stress  distribution  through  thickness  of  the  (45/  —  45)s  lami¬ 
nate  near  free  edge.  Results  computed  for  meshes  1  through  5  with  relaxed 
subregion  compatibility. 

Figures  5.2a  and  5.2b  show  the  distribution  of  the  interlaminar  stresses  azz  and 
near  the  free  edge.  The  stress  distributions  were  generated  by  computing  the  nondimen¬ 
sionalized  stresses  at  a  series  of  adjacent  reduced  Gauss  points  near  the  middle  of  the 
refined  free  edge,  i.e.,  along  the  line  (—0.115a,  0.9985,  z),  and  then  connecting  these  points 
with  straight  lines. The  relaxed  subregion  compatibility  conditions  were  used.  All  four  of 
the  global  local  meshes  are  successful  in  identifying  the  spikes  in  <7^2  and  axz  that  occur 
at  the  45/  -  45  interface.  The  results  of  meshes  3  and  4  are  graphically  indistinguishable 
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from  the  results  of  the  control  mesh,  Mesh  5.  While  meshes  1  and  2  exhibit  some  error, 
they  do  capture  the  qualitative  nature  of  the  transverse  stress  distributions  near  the  free 
edge.  In  meshes  1  and  2,  the  transverse  shear  stress  are  predicted  more  accurately  than 
the  transverse  normal  stress.  The  results  also  indicate  that  the  boundary  layer  thickness 
(or  the  width  of  the  local  region)  should  be  at  leeist  2hk  to  capture  both  interlaminar 
stresses  accurately. 

To  illustrate  the  accuracy  of  the  variable  kinematic  elements  in  determining  the  free 
edge  stress  field  for  more  complex  laminates,  a  simultaneous  multiple  model  analysis 
(global-local  analysis)  is  performed  on  an  eight-ply  (45/0/  -  45/90)5  laminate,  and  a 
sixteen-ply  (45/0/-45/90/90/-45/0/45)5  laminate.  Both  of  these  laminates  are  subjected 
to  axial  extension  similar  to  the  previously  examined  (45/-45)s  laminate.  The  in-plane 
discretization  consists  of  a  5  x  11  2-D  mesh  of  eight-node  quadrilateral  elements  as 
shown  previously  in  Figure  5.1.  The  local  region  is  discretized  with  a  3  x  6  mesh  of 
LWT2  elements.  For  the  (45/0/  -  45/90) s  laminate,  the  LWT2  elements  contain  12 
quadratic  layers  (three  per  material  ply).  Within  each  material  ply  the  three  quadratic 
layers  have  thicknesses  of  0.2bhk,0.5hi.,  and  0.25hk  from  bottom  to  top.  For  the  (45/0/- 
45/90/90/ -45/0/45)s  laminate,  the  LWT2  elements  contain  16  quadratic  layers  (two  per 
material  ply).  Within  each  material  ply  both  of  the  quadratic  layers  have  thicknesses 
of  0.5hjt.  The  (45/0/  -  45/90)5  model  contains  4,382  active  degrees  of  freedom  while  the 
(45/0/  -  45/90/90/  -  45/0/45)5  model  contains  5,638  active  degrees  of  freedom. 


Figure  5.3:  Interlaminar  stress  distributions  in  (45/0/  —  45/90)5  laminate  under  axial 
extension,  (a)  Through  the  thickness  near  the  free  edge  (2:  =  “0.115a,  y  == 
0.9985).  (b)  Across  the  width  {x  =  —0.115a). 

The  computed  transverse  shear  stress  and  transverse  normal  stress  distributions  for 
these  two  laminates  are  shown  in  Figures  5.3  and  5.4.  For  both  laminates  the  maximum 
transverse  normal  stress  occurs  at  the  intersection  of  the  90/90  interface  and  the  free 
edge,  while  the  maximum  transverse  shear  stress  occurs  at  the  intersection  of  the  45/0 
and  0/  -  45  interfaces  with  the  free  edge. 
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Both  of  these  laminates  have  enough  distinct  material  plies  to  make  a  full  3-D  anal¬ 
ysis  prohibitively  expensive,  thus  a  sequential  or  simultaneous  multiple  model  analysis 
is  the  only  reasonable  alternative.  Many  laminates  have  a  very  large  number  of  distinct 
material  plies,  thus  even  with  a  multiple  model  analysis,  the  investigator  may  have  to 
resort  to  using  the  sublaminate  approach  {i.e.,  ply  grouping)  within  the  local  LWT2 
region.  In  this  case  the  investigator  would  identify  a  target  group  of  adjacent  material 
plies  that  would  receive  one  or  more  numerical  layers  each,  while  the  remaining  plies  are 
grouped  into  one  or  more  numerical  layers  and  effectively  homogenized.  By  performing 
several  of  these  analyses,  the  investigator  can  gradually  piece  together  a  picture  of  the 
3-D  stress  state  through  the  laminate  thickness  within  the  local  LWT2  region. 


(a)  Stresses  (b)  y/b 


Figure  5.4:  Interlaminar  stress  distributions  in  (45/0/  —  45/90/90/  —  45/0/45)s  laminate 
under  axial  extension,  (a)  Through  the  thickness  near  the  free  edge  {x  = 
— 0.115a, y  =  0.9985).  (b)  Across  the  width  [x  =  —0.115a). 

All  of  the  previous  examples  of  this  section  were  concerned  with  the  determination 
of  free  edge  stress  fields  in  laminates  subjected  to  axial  tension.  To  demonstrate  the 
effectiveness  of  the  variable  kinematic  finite  elements  for  determining  free  edge  stresses 
in  laminates  subjected  to  bending,  consider  a  simply  supported  (45/-45)s  laminate 
subjected  to  a  uniform  transverse  load.  The  physical  dimensions  and  material  properties 
of  the  (45/-45)s  laminate  will  be  the  same  as  in  the  axial  extension  example,  with  the 
exception  that  the  origin  of  the  coordinate  system  will  be  placed  at  the  bottom  center 
of  one  of  the  ends  of  the  laminated  strip.  Thus  the  laminate  occupies  the  domain 
{0  <  X  <  2a,-b  <  IJ  <  b,0  <  z  <  2h)  where  a  =  105  =  405,  =  805^  and  5^  is  the  thickness  of 
a  material  ply.  The  displacement  boundary  conditions  are 

?/,i(a,~5,0)  =U2{0,y,z)  =U2{2a,y,z)  =  77,3(0,  y,0)  =  0 

The  uniform  transverse  load  go  is  applied  to  the  upper  surface  of  the  laminate  and  acts 
in  the  negative  2  direction.  Note  that  there  are  no  planes  of  symmetry  in  this  problem, 
thus  the  computational  domain  consists  of  the  entire  laminate. 
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To  accurately  yet  efficiently  capture  the  free  edge  stresses,  a  global-local  analysis  is 
performed  using  a  2-D  mesh  of  variable  kinematic  finite  elements,  where  FSDT  elements 
make  up  the  majority  of  the  computational  domain  and  a  small  patch  of  LWT2  elements 
is  used  to  resolve  the  free  edge  stress  field  within  a  localized  region  of  interest,  which 
is  one  of  the  free  edges.  To  investigate  the  effect  of  reducing  the  length  of  the  LWT2 
subregion,  four  different  global-local  meshes  are  created.  Each  mesh  has  a  total  in-plane 
discretization  of  9x11  elements  (9  elements  along  the  laminate  length,  11  elements  across 
the  laminate  width).  As  in  the  previous  analyses  of  the  (45/-45)s  laminate  under  axial 
extension,  the  in-plane  mesh  is  highly  refined  over  one  of  the  free  edges  and  is  coarse 
over  the  other  free  edge.  Note  that  the  collective  length  of  the  central  three  rows  of 
equal  length  elements  is  denoted  as  ag.  The  remaining  six  rows  of  elements  are  of  equal 
length  (2a  —  ao)/6.  The  in-plane  discretization  of  the  five  meshes  differ  in  the  value  of 
ao;  specifically  cq  =  2/7,,4h,8^.,  and  16/?.  for  meshes  1  through  4,  respectively.  Each  of 
the  four  in-plane  meshes  is  used  with  both  a  3  x  6  LWT2  subregion  and  5x6  LWT2 
subregion  (?:.e.,  three  or  five  LWT2  elements  in  the  x  direction  and  six  LWT2  elements 
in  the  y  direction).  The  width  of  the  LWT2  subregion  is  h  in  each  case.  Each  of 
the  LWT2  elements  employs  eleven  quadratic  layers  through  the  laminate  thickness: 
three  layers  in  the  bottom  -f*45°  ply,  five  layers  in  the  two  collective  rniddle  -45/-45 
plies,  and  three  layers  in  the  top  -1-45°  ply.  From  bottom  to  top,  the  layer  thicknesses 
are  0.6/?,fc,0.3/?.fc,0.1/?,A;,0.1/?.fc,0.3/?.fc,  l■2/?.^-,  0.3hk,0.1hk,0.1hk,0.^hk,  and  OShk.  By  comparing 
the  results  of  the  3x6  and  5x6  LWT2  subregions  for  each  of  the  four  meshes,  the  effect 
of  LWT2  subregion  length  on  solution  accuracy  can  be  established.  Each  of  the  global- 
local  meshes  uses  relaxed  subregion  compatibility.  Due  to  space  limitations,  only  results 
obtained  with  Mesh  2  are  presented  here. 


Figure  5.5:  Interlaminar  stress  distributions  in  (45/-45)s  laminate  in  bending  (Mesh  2). 

(a)  Through  the  thickness  near  the  free  edge  at  .t  =  a  and  y  —  b.  (b)  Across 
the  width  of  laminate,  near  the  upper  45 /-45  interface. 
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Figures  5.5a,b  show  the  transverse  stress  distributions  for  mesh  2  where  ao  =  4h  and 
the  width  of  the  LWT2  subregion  is  1.5/7.,  and  meshes  of  3  x  7  and  5x7  were  used.  The 
quantitative  difference  between  the  3x7  and  5x7  results  is  small.  In  Figure  5.5b,  the 
disruption  in  the  transverse  shear  stress  distribution  at  the  FSDT/LWT2  interface  is 
barely  detectable.  Further,  the  increased  widths  of  the  LWT2  subregions  are  adequate 
to  show  the  complete  decay  of  azz- 


6.  SUMMARY 

In  this  paper  an  overview  of  the  author’s  recent  research  in  the  theoretical  modeling 
of  composite  plates  and  shells  is  presented  and  applications  of  various  theories  to  post- 
buckling,  progressive  failures,  and  free  edge  stresses  in  composite  panels  and  shells  are 
discussed.  The  layerwise  theory  of  Reddy  [15]  is  based  on  assumed  displacement  field,  in 
which  the  thickness  variation  is  represented  using  one-dimensional  finite  elements  and 
thereby  reducing  the  3D  continuum  to  a  2D  problem.  The  procedure  has  the  advantage 
of  using  independent  approximation  of  thickness  variations  from  inpiane  discretizations. 
Otherwise,  the  layerwise  theory  is  indeed  the  same  as  the  traditional  3-D  displacement 
finite  element  model.  Applications  of  the  layerwise  theory  to  stabilty  and  vibration 
of  cylindrical  shells  and  high  velocity  impact,  and  delamination  in  composites  can  be 
found  in  [36-40]. 

The  underlying  foundation  of  the  variable  kinematic  element’s  composite  displace¬ 
ment  field  is  provided  by  a  two-dimensional  equivalent  single  layer  plate  theory  (e.p., 
the  first  order  shear  deformation  theory).  The  layerwise  displacement  field  of  Reddy 
[15]  is  included  as  an  optional,  incremental  enhancement  to  the  displacement  field  of 
the  two  dimensional  plate  theory,  so  that  the  element  can  have  full  three  dimensional 
modeling  capability  when  needed.  Discrete  layer  transverse  shear  effects  and  discrete 
layer  transverse  normal  effects  can  be  independently  added  to  the  element  by  including 
appropriate  terms  from  the  layerwise  field.  The  variable  kinematic  model  provides  a 
robust  computational  approach  for  the  analysis  of  real-world  problems. 
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Abstract  -  Two  dimensional  boundary  characteristic  orthogonal  polynomials  in  the 
Rayleigh-Ritz  method  have  been  used  to  study  the  transverse  doubly  symmetric 
vibration  of  orthotropic  elliptic  and  circular  plates.  The  first  four  natural  frequencies 
are  reported  here  for  various  values  of  aspect  ratio  of  the  ellipse.  Results  are  given  for 
various  boundary  conditions  at  the  edges  i.e.  the  boundary  may  be  any  of  clamped, 
simply-supported  or  free.  Numerical  results  are  presented  here  for  several  orthotropic 
material  properties.  Most  of  the  results  for  elliptical  plate  reported  here  are  entirely 
new  and  are  not  found  elsewhere  except  a  very  few  results  for  only  the  fundamental 
frequency  for  a  clamped  boundary  and  few  for  a  free  boundary. 

INTRODUCTION 

Application  of  composite  materials  in  engineering  structures  require  information  about 
the  vibration  characteristics  of  anisotropic  materials.  The  free  vibration  of  orthotropic 
plates  is  an  important  area  of  such  behaviour.  Orthotropic  materials  have  extensive 
application  in  modern  technology  such  as  in  modem  missiles,  space  crafts,  nuclear 
reactors  etc.  A  vast  amount  of  work  has  been  done  for  vibration  of  orthotropic  skew, 
triangular,  circular,  annular  and  polygonal  plates  as  mentioned  by  Bert  [1-6]  and  Leissa 
[18-21].  But  the  authors  have  found  very  little  work  on  the  vibration  of  elliptic  and 
circular  plates  with  rectangular  orthotropy. 

For  a  circular  plate  with  rectangular  orthotropy,  only  a  few  results  are  available  in  the 
existing  literature,  namely  Dong  and  Lopez  [14],  Leissa  [18],  Narita  [25],  Rajappa 
[27],  Sakata  [28],  and  also  some  of  the  references  mentioned  therein.  For  elliptic 
plates  with  rectangular  orthotropy  even  less  work  has  been  carried  out.  The  only  two 
references  known  to  the  authors  are  Sakata  [28]  and  Narita  [26].  Sakata  [28]  deals 
with  only  the  fundamental  frequency  for  a  clamped  elliptic  plate.  A  Ritz  method 
analysis  is  carried  out  by  taking  a  complete  power  series  as  a  trial  function  by  Narita 
[26]  to  obtain  the  first  few  natural  frequencies  for  an  orthotropic  elliptical  plate  with  a 
free  boundary.  Numerical  results  are  illustrated  there  by  two  figures  only,  for  two 
types  of  orthotropic  material  properties. 

The  present  study  deals  with  the  use  of  two  dimensional  boundary  characteristic 
orthogonal  polynomials  in  the  Rayleigh-Ritz  method.  Recently  orthogonal  polynomials 
have  been  used  extensively  to  find  the  vibration  characteristics  of  different  types  of 
plate  geometries  with  various  boundary  conditions  at  the  edges.  Some  of  the 

*  Present  address :  Central  Building  Research  Institute,  Roorkee-247  667,  U.P.,  India. 
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references  in  this  connection  are  Bhat  [7,8],  Dickinson  and  Blasio  [13],  Kim  and 
Dickinson  [15,16],  Laura  et  al.  [17],  Liew  and  Lam  [22]  and  Liew  et  al.  [23]. 
Chakraverty  [9]  and  Singh  and  Chakraverty  [29-35]  have  already  applied  this  method 
to  free  vibration  of  isotropic  circular,  elliptic,  annular,  skew  and  triangular  plates  and 
also  elliptic  plates  with  variable  thickness  and  have  obtained  excellent  results.  They 
have  also  reported  the  orthogonal  polynomials  generated  over  all  the  above  mentioned 
domains  in  a  recent  paper  [36].  Chakraverty  and  Chakrabarti  [11]  and  Chakraverty 
[10]  have  also  applied  this  method  to  the  determination  of  the  static  deflection  of 
circular  and  elliptic  plates.  In  a  more  recent  paper  the  authors  [12]  use  this  method  for 
nonhomogeneous  elliptic  plates,  viz.  when  the  modulus  of  elasticity  and  the  density  of 
the  material  are  nonhomogeneous.  Here  the  same  orthogonal  polynomials  generated  by 
Chakraverty  [9]  and  Singh  and  Chakraverty  [29-31,  36]  have  been  used  to  determine 
the  transverse  vibration  of  elliptic  and  circular  plates  with  rectangular  orthotropy 
having  clamped,  simply-supported  or  free  boundary  at  the  edges. 

METHOD  OF  SOLUTION 


Let  us  take  the  domain  occupied  by  the  elliptic  plate  be 

S  =  { (x,y),  xW  +  yW  <  1,  x,y€R  },  (1) 

where  a  and  b  are  the  semi  major  and  minor  axes  of  the  ellipse  respectively. 

The  maximum  strain  energy  Vjnax  of  the  deformed  orthotropic  plate  is  given  by 
Timoshenko  and  Woinowsky  [37]  as 

V„ax  =  (l/2)iJ[D,W'«<+2v,D,W„W^  +  DXyy+4D^WV]dydx,  (2) 

R 

where  W(x,y)  is  the  deflection  of  the  plate,  is  the  second  derivative  of  W  with 
respect  to  x.  The  D  coefficients  are  bending  rigidities  defined  by, 

D,  =  E,hV(12(l-v,v^))' 

Dy  =  E5,h’/(12(l-VyV,)) 

DyV^  =  D^Vy 

and  D,^=G,^hVl2 

where  E^,  Ey  are  Young's  moduli  and  v^,  Vy  are  Poisson's  ratios  in  the  x,y  directions, 
G^y  is  shear  modulus  and  h  is  the  uniform  thickness. 


The  maximum  kinetic  energy  is  given  by, 
T„.,  =  (l/2)phca^|JW%dx, 


(4) 


where  p  is  the  mass  density  per  unit  volume  and  o  is  the  radian  natural  frequency  of 
the  plate.  Now  equating  the  maximum  strain  and  kinetic  energies  we  have  the  Rayleigh 
quotient  as, 


IKD.W^xx  +2v,D„W.^W„  +  DyW^yy  +  4D„W’xy]dydx 


hpjJW^dydx 

R 

Substituting  the  N-term  approximation 
W(x,y)=  ECj<|)j(x,y), 


(5) 


(6) 
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(7) 


and  minimizing  (o^  as  a  function  of  the  coefficients  Cj's  we  have, 

Z(aij-:^\)c-0,i  =  l,2,...N, 

where,  =  [(D,/H)t^r<l>f +  (Dy/H)Or  +  ) 

R' 


+2(l-v,(Dy/H))(t.i^(t.j=^]dYdX,  (8) 

b- Ji  *i<|.,.dYdX,  (9) 

R' 

pho^/H,  (10) 

and  H  =  DyV^  +  2D^,  (11) 


where  are  orthogonal  polynomials  and  are  generated  as  described  in  Chakraverty 
[9]  and  Singh  and  Chakraverty  [29-31,36],  (|)j^  is  the  second  derivative  of  with 
respect  to  X  and  the  new  domain  R'  is  defined  by 
R'={  (X,Y),X^+YVm^<l,  X,Y6R}, 
where,  X  =  x/a,  Y  =  y/a  and  m=b/a. 

When  the  ([)i's  are  orthonormal,  equation  (7)  reduces  to 

E(a.j  -  =  0,  i  =  1,2,...N,  (12) 

j=l 

where,  8^  =  o,  if  i  ^  j, 

=  l,if  i  =  j. 

The  three  parameters  D^/H,  Dy/H  and  define  the  orthotropic  property  of  the 
material  under  consideration.  It  is  to  be  noted  here  that  for  an  isotropic  plate  these 
parameters  reduce  to  Dx/H  =  Dy/H  =  l  and  v^  =  Vy  =  v.  Equation  (12)  is  a 
standard  eigenvalue  problem  and  can  be  solved  for  the  vibration  characteristics. 

To  generate  the  orthogonal  polynomials  we  start  with  a  linearly  independent  set 

Fj(X,Y)  =  f(X,Y){  fi(X,Y)  },  i=l,2,....N.  (13) 

where  f(X,Y)  satisfies  the  essential  boundary  conditions  and  fi(X,Y)  are  taken  as  the 
combinations  of  terms  of  the  form  X"’‘Y”‘  where  mj  and  n^  are  nonnegative  even 
integers.  The  function  f  is  defined  by, 

f(X,Y)  =  (l-X'-Y'/m')P,  (14) 

p  takes  the  value  of  0,  1  or  2  according  as  the  boundary  of  the  elliptic  (or  circular) 
plate  is  firee,  simply-supported  or  clamped.  From  Fi(X,  Y),  we  generate  an  orthogonal 
set  by  the  well-known  Gram-Schmidt  process  as  mentioned  in  [9, 29-31,  36], 

4.  NUMERICAL  WORK  AND  DISCUSSIONS 

There  are  five  parameters  viz.,  /  H,  Dy  /  H,  p  and  m,  and  it  is  not  possible  here 
to  give  the  results  for  all  possible  combinations  of  the  parameters.  We  have  reported 
here  results  for  five  types  of  material  properties  which  we  have  denoted  by  Ml  to  M5 
as  follows : 

i)  Ml  ;  Glass-epoxy  (E^ / Ey  =  4.67,  G^y  / Ey  =  0.50,  =  0.26) , 

ii)  M2  ;  Boron-epoxy  (E,^/  Ey  =  11.03,  G^y  /  Ey  =  0.30,  =  0.23), 

ui)M3  ;  Kevlar  (E,  =  E,,  =  27.579  x  10’N/m\G,^  =3.447  x  10’N/m\v,  =0.14), 
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iv) M4:  Dx/H  =  2,Dy/H  =  0.5,Vx  =  0.3, 

v) M5;  D^/H  =  0.5,Dy/H  =  2,v^  =  0.075. 

For  the  materials  Ml,  M2  and  M3  the  values  of  D^/H  and  Dy/H  can  be  found 
easily  by  applying  the  relations  (3)  and  (11).  In  the  following  subsections  we  will 
discuss  the  results  for  different  boundary  conditions  at  the  edges  of  the  elliptic  and 
circular  plates  with  rectangular  orthotropy. 

Clamped  boundary : 

In  Tables  1  to  5,  the  first  four  natural  frequencies  for  doubly  symmetric  modes  are 
reported  for  various  values  of  m  =  0.2,  0.4,  0.5,  0.6,  0.8  and  1.0  for  the  materials  Ml 
to  M5  respectively.  The  first  row  denoted  by  'C  in  these  tables  for  each  m  gives  the 
results  for  clamped  boundary.  All  the  results  except  for  the  fundamental  mode  for  an 
elliptic  plate  (i.e.  when  1.0)  with  a  clamped  boundary  are  new  and  are  not  found 
elsewhere.  So,  comparison  can  be  made  for  an  elliptic  plate  for  the  fundamental 
frequencies  only.  Few  results  are  available  for  a  clamped  circular  plate  which  are  also 
compared  here. 

Sakata  [28]  has  given  a  formula  for  finding  the  fundamental  frequency  for  a  clamped 
elliptic  plate  as 

(natural  frequency)^  =0)\  =  ^^^{Dx+-|(a/b)^H  +  (a/b)'^Dy}.  (15) 

pha  3 

As  mentioned  by  him,  Rajappa  [27]  indicates  that  an  accurate  value  of  the  numerical 
coefficient  in  equation  (15)  should  be  40.0.  He  also  reported  that  the  coefficient  is 
39.22^  according  to  McNitt's  solution  [24]^  for  the  isotropic  clamped  elliptical  plate 
which  is  obtained  by  the  use  of  Galerkin's  method.  Finally  he  mentioned  that  upon 
taking  the  deflection  function  used  in  each  analysis  and  the  resultant  solution  into 
consideration,  one  should  assume  that  the  more  accurate  coefficient  of  equation  (15)  is 
39.22. 

As  per  the  above  discussions  by  taking  the  numerical  coefficient  of  (15)  as  41.52  due 
to  Sakata^  [28],  40.0  due  to  Rajappa  [27]  and  39.22  due  to  McNitt  [24],  we  have 
computed  the  fundamental  frequencies  for  Ml  to  M5  for  various  values  of  m  and 
report  them  in  Table  6.  In  this  table  Tig,  denote  the  frequencies  computed 

by  the  numerical  coefficients  given  by  Sakata,  Rajappa  and  McNitt  in  (15)  respectively 
and  the  last  column  is  our  results  computed  by  the  present  method.  It  is  clear  from  the 
Table  6  that  by  using  the  coefficient  of  McNitt  the  results  are  more  closer  to  the 
present  results. 

Narita  [25]  has  reported  a  few  results  for  a  clamped  circular  plate.  We  have  compared 
our  results  with  his  in  Tables  4  and  5  for  m=1.0  and  found  them  to  be  in  good 
agreement.  Comparison  of  the  present  results  with  that  of  Dong  and  Lopez  [14],  who 
have  reported  the  results  for  a  Kevlar  (material  M3)  clamped  circular  plate  has  been 
given  in  Table  3  for  m=1.0.  They  have  given  a  table  for  a  factor  K  in  the  frequency 
formula 

co  =  k4-,|%-  (16) 

a  Af  oh 
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Our  present  frequency  parameter  is  given  by  (10).  In  order  to  compare  with  Dong  and 
Lopez  [14]  the  conversion 

has  been  used.  We  have  found  that  the  results  compared  show  good  agreement. 

Simpiy-supported  boundary  : 

Again  in  Tables  1  to  5,  the  first  four  natural  frequencies  for  doubly  symmetric  modes 
are  presented  for  various  values  of  m  for  the  mentioned  material  properties.  The 
second  row  denoted  by  'S'  in  these  tables  for  each  m  gives  the  results  for  a  simply- 
supported  boundary.  The  authors  have  found  no  results  in  the  existing  literature  for 
this  boundary  condition  except  one  for  the  fundamental  frequency  of  a  circular  plate 
with  material  M4  given  by  Rajappa  [27].  This  has  been  reported  in  Table  4  for  m  = 
1.0. 

Free  boundary : 

The  third  row  denoted  by  'F'  in  each  of  the  Tables  1  to  5  (for  Ml  to  M5)  for  each  m 
gives  the  first  four  natural  frequencies  for  doubly  symmetric  modes  for  a  free 
boundary.  Only  one  reference  by  Narita  [26]  is  known  to  the  authors  for  this  boundary 
conditions,  who  has  illustrated  the  results  by  two  figures  for  materials  M4  and  M5. 
The  authors  have  found  approximate  results  from  the  graphs  given  by  Narita  for  m  = 
0.5  and  1.0.  These  are  included  in  Tables  4  and  5  showing  good  agreement  with  ours. 
All  other  results  are  entirely  new  and  not  found  in  the  open  literature. 

Special  case  (isotropic  plate) : 

As  mentioned  in  earlier  sections,  the  present  problem  reduces  to  that  of  an  isotropic 
plate  if  /  H  =  Dy  /  H  =  1  and  Vx  =  Vy  =  v,  for  which  results  are  already  reported  by 
Chakraverty  [9]  and  Singh  and  Chakraverty  [29-31],  where  they  have  already  made 
comparison  with  all  the  existing  results  for  the  isotropic  case.  Using  the  present 
computer  program  taking  Dx/H  =  Dy/H=l  and  Vx  =  Vy  =  0.3,  we  have  again 
computed  the  results  for  various  values  of  m  which  are  given  in  Table  7.  These  are 
found  to  be  exactly  the  same  as  reported  in  earlier  papers  (Chakraverty  [9]  and  Singh 
and  Chakraverty  [29-31]).  Although  it  is  to  be  noted  here  that  the  present  study  gives 
only  the  doubly  symmetric  modes.  So  comparison  can  be  made  with  [9,29-31]  for  this 
special  type  of  mode. 

Discussion  of  the  results : 

It  is  seen  from  Tables  1  to  5  (for  materials  Ml  to  M5),  that  for  any  boundary 
conditions  i.e.  for  clamped,  simply-supported  or  free,  the  frequencies  decrease  as  m  is 
increased.  For  a  clamped  boundary  the  frequencies  are  maximum  and  for  a  free 
boundary  these  are  minimum  for  each  m  for  all  the  materials  considered  here. 

As  mentioned  by  Narita  [26]  for  a  free  boundary,  the  frequencies  for  m=1.0  in  cases 
M4  and  M5  are  identical,  since  one  case  is  just  that  of  a  90  degree  rotation  of  the 
other.  This  is  true  for  all  the  boundarv  conditions  fclamDed.  simnlv-.sunnnrteH  and 
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as  seen  from  Tables  4  and  5  for  m  =  1.0.  Also  rightly  mentioned  by  him  that  as  m  is 
decreased,  both  cases  show  different  variations. 

To  fix  the  number  of  approximations  N  needed,  calculations  were  carried  out  for 
different  values  of  N  until  the  first  five  significant  digits  had  converged.  It  was  found 
that  the  results  converged  to  five  significant  digits  in  about  12  to  15  approximations. 
To  get  a  feel  of  the  covergence,  that  is  how  fast  the  results  converge,  Table  8  gives 
results  for  the  first  two  frequencies  for  free,  simply-supported  and  clamped  (i.e.  p=0,  1 
and  2  respectively)  boundary  and  increasing  N  from  2  to  15.  The  results  of  Table  8 
were  obtained  for  the  material  M4  and  taking  the  aspect  ratio  of  the  ellipse  to  be  0.5, 

CONCLUDING  REMARKS 

Although  this  approach  has  been  extensively  used  in  isotropic  plate  vibration  problems, 
it  has  been  applied  successfully  in  this  study  for  the  first  time  to  the  present  problem  of 
an  orthotropic  plate  with  a  curved  boundary  (especially  for  elliptical).  The  use  of  two 
dimensional  boundary  characteristic  orthogonal  polynomials  in  the '  Rayleigh-Ritz 
method  makes  the  problem  a  computationally  efficient  and  simple  numerical  technique 
for  finding  vibration  characteristics. 
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TABLE  1.  First  four  frequencies  for  Ml  (Glass-epoxy) 


m 

B.C. 

A. 

A. 

C 

136.51 

196.95 

291.55 

466.41 

0.2 

S 

64.107 

117.60 

206.17 

409.55 

F 

13.630 

65.255 

140.94 

173.93 

C 

38.849 

88.032 

175.06 

184.52 

0.4 

s 

18.605 

61.498 

137.37 

142.19 

F 

13.390 

38.493 

60.220 

89.774 

C 

27.376 

76.667 

121.46 

161.41 

0.5 

s 

13.072 

55.477 

90.674 

132.26 

F 

13.073 

25.723 

53.370 

75.552 

C 

21.476 

70.761 

87.569 

143.23 

0.6 

s 

10.229 

52.034 

65.331 

116.75 

F 

12.414 

18.980 

45.614 

70.261 

C 

16.242 

51.940 

67.479 

106.96 

0.8 

s 

7.7392 

38.107 

50.355 

87.232 

F 

9.1133 

14.525 

34.126 

51.391 

C 

14.225 

36.986 

64.880 

76.886 

1.0 

s 

6.8010 

26.488 

48.426 

62.934 

F 

6.1159 

13.667 

26.022 

36.673 
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TABLE  2.  First  four  frequencies  for  M2  (Boron-epoxy) 


m 

B.C. 

X, 

C 

168.53 

259.89 

417.53 

696.00 

0.2 

s 

79.662 

159.90 

309.73 

638.62 

F 

25.786 

121.82 

171.30 

265.60 

C 

50.152 

138.17 

226.22 

296.88 

0.4 

s 

24.296 

100.48 

168.95 

244.19 

F 

24.892 

46.821 

94.403 

131.82 

C 

37.181 

127.35 

150.14 

246.18 

0.5 

s 

18.022 

94.475 

112.24 

200.19 

F 

23.421 

32.225 

75.029 

124.36 

C 

30.966 

106.38 

124.77 

205.10 

0.6 

s 

15.009 

78.933 

93.283 

166.79 

F 

19.551 

26.810 

62.517 

103.92 

C 

25.907 

66.946 

119.38 

142.61 

0.8 

s 

12.545 

48.243 

89.098 

117.49 

F 

11.800 

24.569 

47.020 

63.564 

C 

24,057 

49.722 

97.930 

117.13 

1.0 

s 

11.606 

34.186 

79.308 

87.263 

F 

7.6796 

23.623 

34.689 

48.005 

TABLE  3 .  First  four  frequencies  for  M3  (Kevlar  plate) 

m 

B.C. 

K 

X, 

X. 

X, 

C 

236.43 

295.66 

395.79 

614.13 

0.2 

S 

108.59 

159.70 

248.31 

483.99 

F 

11.327 

54.504 

147.44 

334.94 

C 

63.077 

104.17 

175.08 

297.10 

0.4 

s 

30.141 

66.453 

133.80 

237.03 

F 

11.268 

52.720 

64.491 

108.49 

C 

42.043 

81.320 

152.46 

207.00 

0.5 

s 

20.323 

54.991 

121.91 

154.17 

F 

11.195 

41.805 

51.783 

82.099 

C 

30.666 

69.813 

141.28 

146.10 

0.6 

s 

14.915 

49.238 

108.72 

115.79 

F 

11.077 

30.031 

48.282 

68.153 

C 

19.726 

59.825 

85.039 

126.11 

0.8 

s 

9.6424 

43.998 

63.624 

103.10 

-  V. 

F 

10.611 

18.074 

38.472 

58.262 

C 

15.142 

53.990 

58.822 

101.64 

C[14] 

15.211 

53.877 

57.243 

100.80 

1.0 

S 

7.4094 

40.097 

44.034 

82.883 
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TABLE  4.First  four  frequencies  for  M4  (D^/H  =  2.,Dy  /H  =  0.5, v,,  =  0.3) 


109.24 
51.430 
9.9167 

31.435 
14.789 
9.7549 

22.195 
10.325 
9.5450 

[26]  9.5 

17.358 
8.0119 
9.1259 

12.910 
5.9520 
7.0020 


11.097 

[25]  11.05 

1.0  S  5.1628 

S[27]  5.3591 

F  4.7725 

F[26] _ 4.7 


161.12 

237.51 

378.39 

97.665 

168.77 

328.25 

47.656 

114.02 

128.42 

70.860 

136.290 

148.33 

48.970 

109.09 

110.56 

31.230 

45.286 

77.013 

60.510 

98.269 

'  123.94 

43.171 

73.196 

100.77 

20.771 

42.340 

61.740 

20.89 

- 

- 

54.865 

71.309 

113.27 

39.805 

53.012 

92.290 

15.208 

37.888 

54.813 

41.976 

52.078 

85.964 

30.525 

38.698 

70.016 

11.160 

28.646 

41.995 

30.255 

49.134 

61.971 

30.20 

48.75 

- 

21.585 

36.598 

50.388 

10.385 

21.170 

30.870 

10.9 

21.4 

- 
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TABLE  5.  First  four  frequencies  for  M5  (D^  /  H  =  0.5,Dy  /  H  =  2.,  =  0.075) 


m 

B.C. 

. 

X. 

C 

207.23 

252.19 

330.19 

510.78 

0.2 

s 

95.060 

134.10 

198.58 

374.13 

F 

4.9659 

23.959 

65.277 

213.88 

C 

54.622 

80.560 

118.75 

189.19 

0.4 

s 

25.715 

48.832 

84.387 

164.12 

F 

4.9583 

23.828 

57.010 

64.212 

C 

36.017 

58.970 

94.062 

154.58 

0.5 

s 

17.060 

37.324 

70.030 

135.22 

F 

4.9483 

23.665 

37.499 

62.950 

F[26] 

5.0 

24.0 

38.5 

- 

C 

25.847 

47.096 

80.878 

127.99 

0.6 

s 

12.256 

30.877 

62.271 

95.300 

F 

4.9325 

23.414 

26.687 

54.861 

C 

15.717 

35.430 

68.145 

74.168 

0.8 

s 

7.3947 

24.485 

54.548 

55.281 

... 

F 

4.8774 

15.615 

22.643 

38.506 

C 

11.097 

30.255 

49.134 

61.971 

C[25] 

11.05 

30.20 

48.75 

1.0 

S 

5.1628 

21.585 

36.598 

50.388 

F 

4.7725 

10.385 

21.170 

30.870 

Ff261 

4.7 

10.9 

21.4 
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Table  6.  Comparison  of  fundamental  frequencies  for  clamped  boundary  with 
Sakata[28],  Rajappa  [27]  and  McNitt  [24] 


MAT. 

m 

X 

Ml 

0.2 

147.24 

144.52 

143.11 

136.51 

0.4 

40.383 

39.637 

39.249 

38.849 

0.5 

28.280 

27.757 

27.485 

27.376 

0.6 

22.131 

21.722 

21.509 

21.476 

0.8 

16.742 

16.433 

16.272 

16.242 

1.0 

14.720 

14.448 

14.306 

14.225 

IvI2 

0.2 

180.60 

177.27 

175.53 

168.53 

0.4 

51.841 

50.883 

50.385 

50.152 

0.5 

38.308 

37.601 

37.232 

37.181 

0.6 

31.904 

31.315 

31.008 

30.966 

0.8 

26.823 

26.327 

26.069 

25.907 

1.0 

25.130 

24.666 

24.424 

24.057 

M3 

0.2 

261.08 

256.26 

253.75 

236.43 

0.4 

67.016 

65.778 

65.133 

63.077 

0.5 

44.080 

43.266 

42.842 

42.043 

0.6 

31.880 

31.291 

30.984 

30.666 

0.8 

20.351 

19.975 

19.779 

19.726 

1.0 

15.596 

15.308 

15.158 

15.142 

M4 

0.2 

117.26 

115.09 

113.96 

109.24 

0.4 

32.664 

32.061 

31.747 

31.435 

0.5 

22.932 

22.509 

22.288 

22.195 

0.6 

17.891 

17.561 

17.389 

17.358 

0.8 

13.303 

13.057 

12.929 

12.910 

1.0 

11.466 

11.254 

11.144 

11.097 

M5 

0.2 

229.37 

225.13 

222.93 

207.23 

0.4 

58.630 

57.547 

56.983 

54.622 

0.5 

38.211 

37.505 

37.138 

36.017 

0.6 

27.173 

26.671 

26.409 

25.847 

0.8 

16.332 

16.030 

15.873 

15.717 

1.0 

11.466 

11.254 

11.144 

11.097 
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Table  7.  First  five  frequencies  for  isotropic  case 


m 

'B.C. 

..  ^2. 

C 

149.66 

198.55 

266.25 

414.22 

0.2 

S 

69.684 

112.92 

174.94 

330.50 

F 

6.7778 

32.817 

89.171 

154.72 

C 

40.646 

71.414 

119.63 

200.63 

0.4 

s 

19.514 

46.823 

89.356 

151.01 

F 

6.7321 

32.287 

41.937 

82.041 

C 

27.377 

55.985 

102.79 

132.35 

0.5 

s 

13.213 

38.354 

81.705 

98.790 

F 

6.6705 

27.768 

31.538 

61.919 

C 

20.195 

47.820 

93.804 

93.969 

0.6 

s 

9.7629 

33.777 

70.210 

75.938 

F 

6.5712 

19.921 

30.355 

50.481 

C 

13.229 

39.972 

55.781 

82.921 

0.8 

s 

6.3935 

29.139 

41.677 

67.826 

F 

6.1861 

12.128 

26.454 

40.045 

C 

10,216 

34.878 

39.773 

69.675 

1.0 

s 

4.9351 

25.613 

29.720 

56.910 

F 

5.3583 

9.0031 

21.835 

35.319 

Table  8.  Convergence  for  M4  /  H  =  2.. 

>Dy/H  = 

0,5,v,  =  0.3, 

m  =  0.5) 

p=i 

P=2 

N 

A., 

A, 

A, 

A, 

2 

11.313 

11.037 

22.267 

3 

10.650 

25.206 

10.339 

60.963 

22.199 

64.689 

4 

9.6378 

24.828 

10.331 

45.820 

22.196 

60.815 

5 

9.6195 

23.693 

10.329 

44.120 

22.196 

60.717 

6 

9.5982 

21.029 

10.325 

43.992 

22.195 

60.699 

7 

9.5572 

21.020 

10.325 

43.358 

22.195 

60.530 

8 

9.5483 

20.993 

10.325 

43.211 

22.195 

60.514 

9 

9.5462 

20.941 

10.325 

43.190 

22.195 

60.513 

10 

9.5451 

20.772 

10.325 

43.186 

22.195 

60.512 

11 

9.5450 

20.771 

10.325 

43.175 

22.195 

60,510 

12 

9.5450 

20.771 

10.325 

43.172 

22.195 

60.510 

13 

9.5450 

20.771 

10.325 

43.171’ 

22.195 

60.510 

14 

9.5450 

20.771 

10.325 

43.171 

22.195 

60.510 

15 

9.5450 

20.771 

10.325 

43.171 

22.195 

60.510 
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A  Unified  Approach  for  the  Free  Vibration  Analysis 
of  Circular  Plates  and  Shells  of  Revolution 


Anand  V.  Singh 
Department  of  Mechanical  & 
Materials  Engineering 
The  University  of  Western  Ontario 
London,  Ontario,  N6A  5B9,  Canada 


SUMMARY 

Simplified  Ritz  approach  for  the  free  vibration  analysis  of  a  class  of  geometrically 
axisymmetric  problems  is  presented.  In  particular,  it  is  demonstrated  that  a  single  numerical 
scheme  handles  successfully  the  problems  of  circular  plates,  cylindrical  shells  and  conical  shells. 
Energy  functions  are  derived  from  the  equations  of  the  theory  of  elasticity.  They  are  tailored 
such  that  the  governing  equations  representing  thin  to  moderately  thick  plates  and  shells  come 
out  very  conveniently.  The  shear  deformation  and  rotary  inertia  are  parts  of  the  formulation. 
The  investigation  includes:  comparison  of  the  numerical  results  with  those  obtained  by  finite 
element  methods  and  the  exact  solutions  from  the  classical  techniques.  Numerical  results  for 
the  natural  frequencies  and  associated  three  dimensional  mode  shapes  for  annular  plate  are 
presented.  Symmetric  and  asymmetric  modes  of  vibration  of  cylindrical  and  conical  shells  are 
discussed  in  this  paper. 


INTRODUCTION 

Approximate  numerical  methods  to  solve  problems  in  elasticity  have  been  proposed  by 
many  over  a  cenmry.  Using  the  variational  principles  and  through  the  minimization  of  certain 
energy  functions,  it  is  possible  to  deduce  equations  of  static  or  dynamic  equilibrium  of  elastic 
bodies  and  obtain  state-of-stress  as  well  as  the  namral  frequencies.  Lord  Rayleigh  and  W.  Ritz 
independently  proposed  energy  methods  to  find  the  natural  frequencies  of  vibrating  systems. 
Their  method  was  later  extended  by  such  prominent  mathematicians  as  R.  Courant,  K. 
Friedrichs,  B.  G.  Galerkin,  L.  V.  Kantorovich  and  others.  For  proper  citation  of  the 
publications  by  these  well  known  researchers,  reference  can  be  made  of  the  work  by 
Timoshertko  and  Woinowsky-Krieger  [1].  In  1950,  D.  Young  [2]  solved  the  vibration  problem 
of  rectangular  plates  using  the  Ritz  method.  Functions  defining  the  normal  modes  of  vibration 
of  a  uniform  beam  were  chosen  to  represent  the  deflected  shape  of  the  plate.  Since  the  late 
fifties,  development  of  approximate  numerical  methods  picked  up  momentum  and  prospered 
leaps  and  bounds.  Engineers  and  mathematicians  used  digital  computers  to  solve  complicated 
problems  of  interests  to  the  aerospace  industries.  Finite  elements  methods  were  developed, 
solution  techniques  were  automated,  and  now-a-days  engineers  routinely  use  large  scale 
commercially  available  FE  codes  for  stress  and  vibration  analysis  of  structures.  The  use  of  finite 
element  methods  does  not  appear  to  be  slowing  down  and  very  rapidly  growing  computer 
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technology  is  providing  speed  and  accuracy  to  this  method.  However,  the  size  of  the  FE  model 
of  a  structure  can  grow  very  fast  and  sometimes  become  very  difficult  to  manage.  During  the 
last  twenty  five  years,  Rayleigh-Ritz  method  has  been  used  very  effectively  for  the  free  vibration 
analysis  of  plates  and  shallow  shells,  by  researchers  like:  A.  W.  Leissa  et.  al  [3],  S.  M. 
Dickinson  [4]  and  others.  Rayleigh-Ritz  method  provides  very  accurate  results  for  problems 
with  only  a  few  unknowns. 

Presented  in  this  paper  is  a  simplified  Ritz  approach  for  the  free  vibration  analysis  of 
geometrically  axisymmetric  plates  and  shells.  Governing  equations  are  derived  from  the  basic 
elasticity  equations  in  spherical  coordinate  system.  Equations  are  solved  using  the  method  of 
separating  variables.  Simple  algebraic  polynomials  define  the  displacement  fields  and  the 
boundary  conditions  are  enforced  by  manipulating  the  coefficients  in  the  polynomials.  Validity 
and  the  effectiveness  of  the  present  solution  scheme  are  examined  by  comparing  with  exact 
results  from  the  classical  techniques  and  finite  element  methods.  Both  symmetric  and  asymmetric 
modes  of  vibration  of  annular  plates,  conical  shells  and  cylindrical  shells  are  studied  in  detail. 

BASIC  EQUATIONS  FROM  THE  THEORY  OF  ELASTICITY 

In  this  section  just  the  essential  equations  from  the  theory  of  elasticity  in  spherical 
coordinate  system  (<j),6,T)  are  presented.  Here,  -  angular  coordinate  along  the  meridian,  6 
=  angular  coordinate  along  the  tangent  to  the  horizontal  circles  and  r  =  distance  measured 
radially  outward.  The  displacement  components  are  defined  by  u’,v’,  and  w’  along  0,  8,  and 
r  respectively  at  any  arbitrary  point  in  the  body  of  the  shell.  Also,  r^  and  r2  are  the  radii  of 
curvamre  of  a  surface  containing  the  arbitrary  point  along  <}>  and  6  directions  respectively. 
Strain-displacement  relations  are  (Sokolnikoff  [4]) 

=  (duV#  -t-  w’)/r^ 

=  (dvVdd  +  u’  cos  (^)/(r2  sin  0)  -h  w’/r2 

60^’  =  (du’/dd  -  v’  cos  (^))/(r2  sin  <^)  +  (l/r^jdvVdc/)  (1) 

6^0’  =  duVdt  -  uVr^  +  (l/ri)dw’/d0 

=  dvVd^  -  v7r2  +  (l/r2  sin  0)dw7dd 

Define  strain  and  stress  vectors  by  6^’,  60^’,  ej.0’,  and  {cr}^  = 

0-0^’,  (jj.0’,  respectively.  Also,  introduce  the  energy  expressions  which  are  integral  parts 
of  the  Ritz  method.  The  strain-energy  and  kinetic  energy  expressions  are  given  by 

U  =  (1/2)  {(r}T  {f}  dV  (2) 

and  K  =  (1/2)  p{9A7dt}T  {dAVdt}  dV  (3) 

where,  p  =  mass  density  of  the  material,  and  =  {u’,  v’,  w’}. 
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EQUATIONS  WITH  REFERENCE  TO  THE  SURFACE  OF  REVOLUTION 


In  this  section,  shell  equations  are  derived  by  considering  its  middle  surface  as  the 
reference.  The  formulation  is  divided  into  parts  which  basically  comprise  working  in  the  three 
directions  (}),  d  and  r  one  by  one.  The  first  part  deals  with  integration  over  the  thickness  of  the 
shell.  By  doing  this,  the  three  dimensional  system  is  transformed  into  a  two  dimensional  one 
defined  along  the  reference  surface.  The  radii  of  curvature  can  be  written  as  r^  =  ^  and 

r2  =  R2  +  ^  where  f  represents  the  distance  measured  radially  outward  from  the  middle 
surface  and  Rji  and  R2  are  the  principal  radii  of  curvatures.  Also,  now  it  is  appropriate  to 
express  u’,  v’,  and  w’  in  terms  of  their  counterparts  u,  v,  and  w  at  the  middle  surface  and  the 
components  (3^  and  ^2  rotation  of  the  normal  to  the  middle  surface. 

u’=u  +  ^j3j  v’=v  +  tj(32  w’=  w  (4) 

Theory  developed  using  the  above  variation  is  known  as  the  first-order-shear-deformation-theory 
of  shells  (Reissner  [6]  and  Nagdhi  [7]),  For  higher  order,  one  can  consider  more  terms  with 

additional  parameters  in  equation  (4),  e.g.  u’  =  u  +  V'l  +  9^1  +  .  Substitute 

equation  (4)  into  equation  0)  to  obtain  the  strain  components  in  terms  of  strains  and  curvatures 
on  the  middle  surface. 

(1  +  ^/Rj)  ^ 

(1  -h  f/R2)e^’  =  ^0  + 

(1  +  r/Ri)(l  +  =  (1  +  +  r  5i)  +  (1  +  r/R2)(T2  -*■  ^  §2)  (5) 

(1  +  r/Ri)er0’  =  M 

(1  +  r/R2)er5’  =  ltd 

where,  =  (dn/dcf)  +  v/)/Ry 

eg  =  (dw/dd  +  u  cos  0)/(R2  sin  cf))  +  W/R2 

=  (du/dd  -  V  cos  0)/(R2  sin  0)  ;  72  =  (l/R{)dv/d(l) 

7j^  =  -  u/Rj  +  (l/Ri)aw/a<^ 

(6) 

7r0  ~  ^2  ■  V/R2  +  (I/R2  sin  (^)aw/aa 

=  (1/R^)d(3^id<f> 

Kg  =  {6^2^06  +  /3i  cos  0)/(R2  sin  0) 

=  (dlS^fdd  -  (32  cos  c^)/(R2  sin  (f>) 

82  =  (i/Ri)a/32/a<^> 
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Terms  like  (u’/R^)  and  (VVR2)  in  and  respectively  are  of  minor  significance  in  the  over 
all  picmre.  Therefore,  the  second  terms  of  (1  +  ^/R{)  and  (1  +  f/R2)  are  dropped. 

The  matrix  form  of  the  strain-stress  relation  is 


{cr}  =  [E]{6}.  (7) 

For  orthotropie  materials,  the  non-zero  terms  of  the  fifth  order  matrix  [E]  are  :  E12 

=  £21  =  E22  =  Ejj,  E33  =  G^,  E44  =  E55  =  ksGjj..  Here,  E’s  and  G’s  are  the 

elastic  and  shear  moduli  respectively.  The  shear  correction  factor  kg  is  used  here  to  retain  the 
effects  due  to  the  parabolic  distribution  of  the  transverse  shear  stresses.  Its  value  is:  kg  =  5/6 
(E.  Reissner)  or  'P'112  (R.  D.  Mindlin). 

Substitution  of  equations  (5),  (6)  and  (7)  into  the  strain  energy  equation  (2)  yields 
U  =  (1/2)  fyQi  [  Ell  ^</>  ^2  ^0  ^^12  ^  ^0  ^4>  ^6 

+  ^1  H  +  ^8  V  ^  ■*"  ^22  (^0  %  ^8  ^  ^8  ^8  +  ^2  ^8 

+  E33(bQ  +  2bi  b2  6^  +  aQ  72  72  +  23.^  72  ^2  +  a2  62  §2) 

+  E44  ao  +  E55  bo  7r«  TrS  1  ^1  %  ^in  0  ^<t>  (8) 

where,  dV  =  (1  -i-  ^/R^Xl  +  t/Ri)  ^  parameters  for  m  =  0,  1,  2, 

....etc.  are 


f  m  (1  +  f/Rj)-l(l  +  r/Rj)  dr; 

b„  =  /  r“  (1  +  r/Ri){i  +  w 

c„  =  /  r”  dr;  d,n  =  /  r”  (1  +  f/Rir'd  +  r/Ra)'*  ^r; 


Now  define  the  mid-surface  strain  components  as  a  vector 

{x}’’'  =  {e^  (g  71  72  Tr0  7r«  «,#,  ^9  dj  82}  dO) 

SO  that  the  strain  energy  expression  can  be  written  in  the  following  simple  form. 

U  =  (1/2)  /  (  {xF  [Dq]  {x}  dA  (11) 


Matrix  [Dg]  having  the  order  of  10  in  the  above  equation  is 
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^0^11 

C0E12  0 

0 

0 

0  a^Eii 

01^12 

0 

00^12 

bo%2 

0 

0 

0  CjEj2 

^^1^22 

0 

0  0  bQE23  ^0^3  0  0  0 

0  0  CqE^^  ^^3  0  0  0 

0  0  0  0  aoE44  0  0 

0  0  0  0  0  t>QE55  0 


0 

0  biE33  CJE33 

0  C1E33  a|E33 

0  0  0 

0  0  0 


aiEii 

01^12 

0 

0 

0 

0 

^2Eii 

O2E12 

0 

0 

01E12 

^*1^22 

0 

0 

0 

0 

02^12 

0 

0 

0 

0 

biEss 

O1E33 

0 

0 

0 

0 

^2E33  O2E33 

0 

0 

01% 

aiE33 

0 

0 

0 

0 

C2E33  a2E33 

(12) 


Similarly,  the  kinetic  energy  for  the  shell  under  consideration  is  given  by 

K  =  (1/2)  /  {dA/at}'^  [Zof  [Zo]{aA/at}(l  +  r/Ri)(l  +  ^2  sin<^)  d0  da  (13) 

Here,  {A}"^  =  {u  v  w  ^2} 


[Zq]  = 


(14) 


By  integrating  the  kinetic  energy  expression  over  the  thickness  of  the  shell,  equation  (13)  is 
reduced  to 


K  =  (1/2)  /  {dA/at}'^  [Co]{aA/at}  R2  Sin0  d<^da 


where,  [Cq]  = 


and 


r.  =  / 


^0 

0 

0 

^1 

0 


0 

^0 

0 

0 


0 

0 

To 

0 

0 


0 

0 

^2 

0 


0 

0 
0 

^2  J 


(15) 


(16) 


(1  +  t/Ri)(l  +  r/R2)  for  m  =  0,  1,  2,  ..etc. 


The  above  derivation,  very  typical  to  a  text  book  approach,  is  quite  general  for  the 
analysis  of  shells  of  revolution.  Any  shell  of  revolution  can  be  analyzed  using  the  above,  as 
long  as  the  middle  surface  is  defined  properly  by  its  principal  radii  of  curvature.  Common 
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shells  like  spherical,  conical,  and  cylindrical  can  be  dealt  with  without  any  difficulty.  In  the 
present  study,  a  conical  shell  is  considered  in  detail  because  of  the  reason  that  equations  and 
solution  procedure  derived  for  the  analysis  of  the  conical  shell  can  be  used  directly  to  study  the 
behaviour  of  circular  cylindrical  shells  and  circular  plates.  For  example:  a  circular  cylinder  of 
finite  length  is  a  special  case  of  frustum  of  a  cone  with  zero  cone-angle.  Similarly,  if  the  cone 
angle  is  made  equal  to  7r/2,  equations  and  corresponding  solutions  are  good  for  solid  as  well  as 
annular  circular  plates. 


ANALYSIS  OF  CONICAL  SHELL 


Assume  that  a  conical  shell  shown  in  Figure  1  is  defined  by  the  following  parameters. 

•  a  =  radius  of  the  large  opening;  b  =  radius  of  the  small  opening;  f  =  length  of  the 
cone  along  its  axis;  =  oo,  r  =  R2  sin  (pQ,  ds  =  Rj  dp.  Angle  pQ  can  be  obtained 
from  cot  pQ  =  {2i  -  h)/L  Similarly,  r  =  s  cos  pQ,  R2  =  s  cot  pQ,  s  =  distance 
measured  from  the  apex  (vertex)  of  the  cone  and  h  =  thickness. 

Using  the  above,  the  strain  components  in  equation  (6)  become 


=  du/ds 

-  (u  cos  pQ  -1-  dv/dd)/  r  +  W/R2 

Tl 

=  (du/dd  -  V  cos  pQ)ti 

72 

=  dv/ds 

=  dw/ds  + 

7r^ 

=  -  V/R2  +  (l/r)dw/dd  +  02 

(17) 

=  d)Si/ds 

=  (jSj  cos  pQ  +  d/?2/dd)/r 

h 

=  (d/Sj/dd  -  ^2 

h 

=  d/32/ds 

The  solution  procedure  started  with  the  process  of  separating  variables.  First,  the  radial 
parameter  f  was  taken  care  of.  Next  is  the  mrn  of  the  coordinate  d  which  is  isolated  by  means 
of  the  Fourier  harmonic  functions  cos(n^)  and  sm(n^)  as  follows. 


u  =  u(s)  cos  n6  V  =  V(s)  sin  n0  w  =  W(s)  cos  n6 

/5|  =  Bj(s)  cos  J16  ^2  ~  ^2^^) 

Substitute  equation  (18)  into  (17)  to  get 
{x{s,d}  =  [H(0)]{r(s)} 

Here,  [H(0)]  is  a  diagonal  matrix  of  order  10  having  the  following  terms. 

Hi  =  H2  =  H5  =  H7  =  Hg  =  cos  ne  and 
H3  =  H4  =  Hg  =  H9  =  Hio  =  sin  n^. 


(18) 


(19) 


(20) 
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Figure  1.  Profile  of  a  Conical  Shell  with  Dimensions. 


Components  of  the  strain  vector  {Pfs)}  are  given  by: 


^5 

Tt 

To 


=  au/as 

=  (-nU  -  V  cos  4>q)/v 

=  aw/as  +  Bi 


=  aB^/as 


=  (U  cos  4>q  +  nV)/  r  +  W/R2 

=  av/as 

=  -  V/R2  -  (n/r)W  +  B2 
=  (B^  cos  0Q  +  nB2)/r 


(21) 


(-nBj  -  B2  cos  <^Q)/r  P^o  =  aB2/as 


It  is  seen  that  the  strain-components  given  by  equation  (21)  contains  only  one  variable  (i.e.  s). 
To  work  on  this  variable,  a  dimensionless  parameter  |  is  introduced  such  that 


s  =  1/2(82  +  ^l)  '/2(S2  -  Sj)^ 


(22) 


The  solution  for  displacement  components  U(s),  V(s),  ...etc.  in  equation  (18)  is  assumed  in 
algebraic  polynomial  form.  Therefore,  the  polynomial  for  U(s)  or  U(^)  is  assumed  to  be 
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(23) 


U(?)  =  [  a  o(l  -  ?)P  +  a  i(l  -  +  I)  +  a  2(1  -  |)P-^(1  +  $)2  + - 

+  ap.i(l  +  OP] 

Similarly,  other  displacement  components  and  rotation  of  the  normal  to  the  middle  surface  can 
be  expressed  by  the  same  functional  form  as  above  with  different  sets  of  coefficients,  viz.  b 
c  d  j  and  e  j  for  V(^),  w(0,  and  B2(0  respectively.  Coefficients  a  j,  b  j,  c  j,  d  j  and 
e  j  for  i  =  0,  1,  2,  3,  ....p-1,  are  unknown  quantities  at  this  stage  and  to  be  determined  later. 
If  p  is  the  number  of  terms  in  each  of  the  above  expressions,  then  in  all  there  are  5p  unknowns. 

Selection  of  this  particular  form  of  the  polynomials,  in  the  opinion  of  the  author,  has 
some  distinct  advantages.  Firstly,  the  above  polynomial  is  complete.  Therefore,  adding 
sufficiently  large  number  of  terms  to  the  solution  polynomials  will  result  in  the  exact  solution 
of  the  problem.  Secondly,  the  boundary  conditions  at  the  two  ends  of  the  shell  can  be  enforced 
by  simply  manipulating  these  unknown  coefficients.  For  example:  by  letting  Uq  =  a 
the  condition  of  U(^)  =  d\J(^)/d^  =  0  at  |  =  -1  is  met.  The  same  condition  can  be  obtained 
at  the  other  end  corresponding  to  |  =  +1,  by  letting  =  a  p.2  =  0.  Just  for  simple 

displacement  to  be  zero  at  the  both  ends,  set  the  first  and  last  coefficients  of  the  polynomial  to 
zero. 

By  substituting  equation(23)  into  equation(21),  one  can  write 

{F}  =  mO]  (24) 

where,  =  matrix  of  size  10  x  (5p)  and  {Q}^  =  {a  j,  b  j,  c  j,  d  e  for  i  =  0,  1,2,  .... 
P'l.  Substitute  {T}  from  equation(24)  into  the  strain-energy  function  to  get: 

U  =  (1/2)  {Q}T  (  /  [B]T  /  [H]T[D(J[H]  rd«  [B]  ds  )  {Q} 

=  (1/2){Q}T  [k]  {Q}  (25) 

where,  /  [H]'''[Do][H]  dS  =  a  [Dq]  and  [k]  =  -  Sj)  o-  /  [8]^  [Dq]  [B]  r(f)  d^  The 

integration  limits  are:  from  0  to  lir  for  5  and  -1  to  +1  for 


The  infinitesimal  area  on  the  middle  surface  dA  =  (R2  sin  4>q  d^XR^  dcj))  =  x  dd  ds.  It  can  be 
easily  shown  that  a  —  j  fox  asymmetric  case  and  2t  for  symmetric  case  (i.e.  n  =  0). 

Now,  proceed  to  obtain  the  mass  matrix  of  the  shell  by  following  the  same  procedure  as 
above.  Substitute  equations  (18)  into  the  displacement  vector  {A}  of  equation  (13)  to  get:  {A} 
=  [H  (^)]  [A(|)]{Q}  and  the  kinetic  energy  expression 

K  =  (1/2)  {aQ/at}T  /  [A(0f  [H  {e)f  [Co][h  (6)]  [A(^)f  dA  {aq/at} 

Using  /  [H  (0)]^[Co][H  (a)]  dd  =  a  [Cq],  the  above  equation  reduces  to 
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(26) 


K  =  (1/2)  {aQ/at}^  [m]{aQ/at} 

where,  [m]  =  ¥2(82  -  Si)o;  /  [A(|)]^  [Cq]  [A(|)]^  r(^)d^ 

Matrices  [Cq]  and  [Dq]  have  already  been  obtained  for  a  shell  of  revolution.  Factors  aQ,  a^ ,  a.2, 
bQ,  etc.  for  the  conical  shell  are  deduced  and  given  below. 

ao  =  bo  =  Cfl  =  ro  =  fa;  a,  =  -bi  =  rj  =  (1/12)  h3/(aR2)  and  Cj  =  0; 

(27) 

32  =  b2  =  cj  =  ^2  =  (1/12)  (h^/a^) 

The  strain  and  kinetic  energy  expressions  have  been  derived  in  terms  of  the  geometric 
and  material  properties  of  the  conical  shell.  Also  they  are  quadratic  functions  of  the  unknown 
coefficients  a  b  c  j,  d  j,  and  e  ^  for  i  =  0,  1,  2,  .. ..  p-1.  Applying  the  variational  principles 
to  the  potential  energy  11  =  U  -  K,  one  can  easily  come  up  with  the  matrix  equation:  ([k]  - 
n^[m])  {Q}  =  0,  for  the  free  vibration  analysis  of  the  conical  shell. 

NUMERICAL  EXAMPLES. 

Numerical  computations  are  performed  for  the  symmetric  and  asymmetric  free  vibration 
analysis  of  circular  plates,  cylindrical  shells  and  conical  shells.  These  cases  are  discussed 
separately  in  the  following.  Only  one  program  based  on  the  method  discussed  in  this  paper  is 
used  to  obtain  results.  To  run  the  computer  program,  one  has  to  assign  the  following  geometric 
parameters. 

Circular  Annular  Plate:  a/R^  ==  a/R2  =  0.0,  r  =  s,  =  90®. 

Circular  Cylindrical  Shell:  a/Rj^  =  0.0,  a/R2  =  1.0,  r  =  R2,  0q  =  0°.  (28) 

Conical  Shell:  a/r^  =  0.0,  a/r2  =  a/(s  cot  4>q),  r  =  s  cos  (t)Q. 

Number  of  terms  used  in  the  series  given  by  equation  (23)  for  all  of  the  following  numerical 
results  is  only  eight.  Hence,  there  are  8  x  5  =  40  unknown  coefficients  to  be  determined. 
These  are  numbered  from  1  to  40.  For  example:  coefficients  1  to  8  are  associated  with  U(0, 
9  to  16  with  V(|),  and  so  on.  The  boundary  conditions  are  enforced  by  setting  the  appropriate 
coefficients  to  zero.  If  the  edges  are  freely  supported,  then  the  boundary  conditions  are:  y(^) 
=  w(^)  =  0,  for  s  =  s^  (or  ^  =  -1)  and  s  =  $2  (or  |  =  +1),  This  condition  is  achieved  by 

setting  coefficients  9  and  16  (for  U)  and  17  and  24  (for  W)  to  zero.  Similarly,  the  clamped 

condition  at  s  =  s^  is  achieved  by  setting  coefficients  1,9,  17,  18,  25,  and  33  to  zero.  It  is  to 
be  noted  here  that  to  get  W  =  dW/9s  =  0  at  s  =  s^  one  has  to  equate  coefficients  17  and  18 
to  zero.  The  Poisson’s  ratio  v  is  taken  to  be  0.3.  The  frequency  is  obtained  in  the 
nondimensional  form  defined  by  a^/E. 

I.  Uniform  Annular  Plate.  Irie  et.  al  [8]  published  the  correct  dimensionless  namral  frequencies 
of  uniform  annular  plates  under  nine  combinations  of  boundary  conditions.  Their  analysis  is 
based  on  the  Mindlin  plate  theory  and  solution  of  the  differential  equations  of  motion  using 
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Bessels  functions  of  the  first  and  second  kinds.  For  comparison  purposes,  the  case  of  a 
clamped-free  armular  plate,  for  which  the  numerical  results  are  presented  in  Table  1,  is  selected. 
Numerical  results  include  both  axisymmetric  (n  =  0)  and  asymmetric  (n  =  1  and  2)  modes  of 
vibration.  The  thickness  to  outer  radius  ratio  (h/a)  are:  0.10,  0.20  and  0.30.  The  present 
results  are  obtained  only  with  eighth  order  polynomials.  Results  from  the  two  sources  (i.e.  the 
present  and  ref.  [8])  are  generally  in  good  agreement.  Agreement  is  very  good  for  the  case  of 
h/a  =  0.10  and  not  so  good  for  h/a  =  0.20  and  0.30.  Better  agreement  is  possible,  if  more 
terms  in  the  series  and  high  precision  in  the  digital  computer  are  used.  The  case  with  thickness 
parameter  h/a  =  0.20  or  0.30  is  really  a  very  thick  plate.  It  is  appropriate  to  use  higher  order 
plate  theory  than  the  one  by  Mindlin.  Shown  in  Figure  2  are  the  three  dimensional  plots  of  the 
mode  shapes  for  an  annular  plate  clamped  at  the  inside  radius  and  free  at  the  outside.  The  first 
two  natural  modes  are  shown  both  symmetric  (n  =  0)  and  asymmetric  (n  =  1)  cases. 

II.  Uniform  Circular  Cylindrical  Shell  of  Finite  Length.  For  this  example,  a  cylindrical  shell 
clamped  at  one  edge  and  free  at  the  other  is  considered.  The  various  parameters  taken  are:  v 
=  0.30,  s^/a  =  0,  S2/a  —  1.0,  =  90°,  and  h/a  =  0.05.  Natural  frequencies  fi  are 

calculated  using  the  Ritz  and  finite  element  methods  for  the  sake  of  comparison.  Ten 
geometrically  axisymmetric  shell  elements,  each  with  straight  section  and  two  nodes,  are  used 
in  the  model.  With  each  node  having  10  d.o.f.  namely;  U  U  g  V,  V  ^  W  W  5  B^  5  B2 
and  B2  s  and  eleven  nodes  in  all,  the  size  of  the  global  matrix  is  110.  ’  In  the  Ritz  method,  the 
matrix  size  is  only  40  with  eight  terms  in  the  series  for  each  displacement  and  rotation 
components.  The  comparison  of  results  mrns  out  to  be  very  good.  For  n  =  0,  the  first  five 
values  of  the  natural  frequency  are: 


0.99008,  1.0196,  1.2647,  1.6761,  and  1.9351 
0.98780,  1.0197,  1.2643,  1.6749,  and  1.8744 

Similarly,  for  n  =  1,  the  values  of  the  frequencies  are: 

0.58860,  0.98941,  1.2599,  1.5794,  and  1.6765 
0.58858,  0.98935,  1.2594,  1.5798,  and  1.6760 


(Ritz  Method) 
(FE  Method) 


(Ritz  Method) 
(FE  Method) 


Shown  in  Figure  3  are  the  results  for  the  same  conditions  as  above  plotted  against  (h/a)  to  study 
the  effects  of  thickness  on  the  natural  frequencies  of  the  clamped-free  cylindrical  shell. 


III.  Uniform  Conical  Shell  Freely  Supported  at  Both  Edges.  Initially,  numerical  results  are 
calculated  and  compared  with  those  of  ref,  [9].  Good  agreement  has  been  found.  The  results 
are  not  included  in  this  paper.  However,  some  results  in  the  form  of  the  variation  of  the  namral 
frequencies  (up  to  the  first  five  modes  for  n  =  0  and  1)  with  the  thickness  of  the  plate  (h/a)  are 
shown  in  Figure  4  for  this  problem.  Various  parameters  taken  are:  v  —  0.30,  Sj/a  =  1.2797, 
$2/3  =  2.9238,  00  =  70°,  and  the  cone  angle  a  =  20°. 

The  effect  of  thickness  on  the  first  two  natural  modes  does  not  appear  to  be  pronounced  for  the 
case  of  both  the  symmetric  and  asymmetric  modes.  However,  frequencies  do  increase  with  the 
thickness  of  the  shell.  Considerable  effect  of  the  thickness  on  the  namral  frequencies  is  seen 
only  for  modes  higher  than  2. 
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CONCLUDING  REMARKS 


A  simple  numerical  approach  based  on  the  Ritz  method  is  presented  in  this  paper  for  the 
free  vibration  analysis  of  a  class  of  geometrically  axisymmetric  plates  and  shells.  The 
formulation  is  valid  for  both  symmetric  and  asymmetric  natural  modes  of  vibration.  The 
method,  though  very  simple  and  straight  forward,  is  capable  of  yielding  very  accurate  results 
with  only  few  terms  in  the  series  which  is  used  to  represent  the  displacement  fields. 

Computer  programs  are  written  to  solve  for  the  natural  frequencies  and  associated  mode 
shapes  of  conical  shells,  cylindrical  shells  and  circular  plates.  Only  one  algorithm  is  used  with 
some  minor  changes  in  the  input  data  file  to  accommodate  different  shell  and  plate 
configurations.  Numerical  results  show  very  good  agreement  with  those  obtained  by  means  of 
the  analytical  solutions  for  the  circular  plate  and  conical  shell  problems.  Using  the  case  of 
cylindrical  shell,  it  is  shown  that  both  the  Ritz  and  FE  methods  yield  basically  the  same  results 
for  the  frequencies.  Variation  of  the  natural  frequencies  with  the  thickness  of  the  shell  is  also 
examined  presented  in  this  paper.  Different  combinations  of  the  boundary  conditions  can  be 
applied  very  conveniently  simply  by  manipulating  the  coefficients  of  the  polynomials. 

Numerical  values  of  the  namral  frequencies  are  calculated  using  first  order  shear- 
deformation- theory  of  shells.  The  procedure  can  be  very  conveniently  extended  to  deal  with  the 
higher  order  shell  theory  equivalent  to  the  three  dimensional  elasticity  solution  for  thick-walled 
shells. 
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TABLE  1 .  Non-dimensional  Natural  Frequency  [  r2=coa  V(p/E )  3 
of  a  Clamped- Free  Annular  Plate 


h/a  = 

0.10 

h/a  = 

0.20 

h/a  = 

0^0 

b/a  = 

0.10 

Mode 

Irie  et.  al 

Present 

Irie  et.  al 

Present 

Irie  et.  al 

Present 

[8] 

[8] 

[8] 

n  =  0 

1 

0.12558 

0.12597 

0.23725 

0.23942 

0.326823 

0.33332 

2 

0.69964 

0.70873 

1.15296 

1.19110 

1.407150 

1.47220 

n  =  1 

1 

0.09744 

0.09920 

0.17188 

0.17672 

0.22878 

0.23633 

2 

0.76259 

0.77290 

1.28974 

1.31840 

1.63230 

1.67160 

n  =  2 

1 

0.16462 

0.16542 

0.31593 

0.31711 

0.45210 

0.45303 

2 

1.02737 

1.03350 

1.76302 

1.77330 

2.23150' 

2.24450 

b/a  = 

0.30 

o 

II 

c 

1 

0.19730 

0.19745 

0.37161 

0.37324 

0.51202 

0.51646 

2 

1.14660 

1.15640 

1.80115 

1.84110 

2.11254 

2.17660 

n  =  1 

1 

0.19095 

0.19159 

0.35043 

0.35325 

0.47298 

0.47844 

1 

1.19653 

1.20680 

1.88830 

1.92670 

2.23600 

2.29500 

n  =  2 

1 

0.22847 

0.22942 

0.41700 

0.42006 

0.57012 

0.57527 

2 

1.35661 

1.36760 

2.15945 

2.19270 

2.59188 

2.63780 
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FREQUENCY 


THICKNESS  PARAMETER  (h/a) 


Figure  3.  Variation  of  the  non-dimensional  frequency  fi  with  the  thickness  to  radius  ratio 
(h/a)  for  a  cylindrical  shell  having  clamped- free  boundary  conditions. 
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FREQU 


Figure  4.  Variation  of  the  non-dimensional  frequency  with  the  thickness  to  radius  ratio 
(h/a)  for  a  conical  shell  freely  supported  at  both  ends. 
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Abstract 

The  structural  dynamics  of  an  elastic  body  with  unsteady  aerodynamic 
forces  leads  to  the  classical  dynamic  aeroelastic  instability  of  flutter.  The 
unsteady  aerodynamic  forces  are  expressed  as  differential  equations  in 
state  variable  form,  where  the  induced  flow  expansion  coefficients  are 
used  as  aerodynamic  states.  Although  the  application  of  three 
dimensional  finite  state  aerodynamic  theory  to  flutter  analysis  of  fixed 
wings  has  been  found  in  the  literature,  the  two  dimensional  finite  state 
aerodynamic  theory  is  applied  for  the  first  time  to  flutter  analysis  of  a 
typical  aerofoil  section.  The  resulting  nondimensional  flutter  equations 
for  both  bending  and  torsion  are  hierarchical,  and  their  solution  does  not 
require  any  iterative  procedures.  The  results  from  the  present  method 
(called  the  p-f  method)  are  in  excellent  agreement  with  classical  v-g  and 
p-k  methods.  However,  the  p-f  method  is  computationally  more 
efficient  in  predicting  flutter  boundaries  and  also  it  is  more  accurate  away 
from  the  flutter  boundary  compared  to  existing  methods.  This  method 
provides  an  alternate  and  viable  computational  tool  for  aeroelastic 
analysis  of  wing  sections. 

1  Associate  Professor  and  Director  of  Mechanical  Engineering 

^Graduate  Student 

^Professor  and  Director  of  Center  for  Computational  Mechanics 
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Introduction 


In  general,  a  system  with  two  or  more  degrees  of  freedom  can  be 
unstable  when  the  individual  degrees  of  freedom  interact  causing 
divergent  oscillations  for  certain  phase  differences.  A  typical  example  of  a 
two  degree  of  freedom  system  is  wing  bending-torsion  flutter.  However,  a 
wing  section  with  a  single  degree  of  freedom  in  torsion  may  also  lead  to 
such  instability.  Flutter  is  generally  defined  as  a  dynamic  instability  that 
occurs  at  a  critical  speed,  namely  the  flutter  speed.  At  this  speed,  the 
structural  system  would  experience  catastrophic  failure.  It  is  important  to 
identify  the  flutter  speed  in  the  design  of  an  aerospace  structure  and  to 
optimize  the  design  such  that  this  speed  is  outside  the  flight  envelope  of 
aircraft. 

Investigation  of  flutter  on  a  typical  aerofoil  section  eliminates  the 
complexity  in  modeling  of  a  three  dimensional  wing  structure  and 
enhances  the  understanding  of  the  physics  of  the  phenomenon.  The 
dynamic  equilibrium  of  an  aerofoil  section  with  two  degrees  of  freedom 
leads  to  two  coupled  bending  -  torsion  equations  of  motion  [1].  These  are 
second-  order,  linear  differential  equations.  The  forcing  functions  on  the 
right  hand  side  are  due  to  unsteady  aerodynamic  forces.  Developing  a 
paradigm  for  these  forces  in  finite-state  (differential  equation)  form  has 
always  been  a  challenge  to  the  aeroelastician.  Analytical  representation  of 
unsteady  flow  in  differential  equation  form  as  a  function  of  aerodynamic 
state  variables  is  both  desirable  and  compatible  with  the  structural  model. 
Two-  dimensional,  finite-state  aerodynamic  theory  for  thin  aerofoils  [2] 
provides  such  a  paradigm;  and  hence,  the  classical  flutter  problem  of  a 
typical  wing  section  is  revisited  in  this  paper. 

An  emphasis  is  given  in  this  paper  ,  (i)  to  nondimensionalize  the 
flexural-torsional  equations  of  flutter,  (ii)  to  model  the  unsteady  lift  and 
pitching  moment  with  two  dimensional  finite-state  aerodynamics,  (iii)  to 
compare  the  results  with  v-g  and  p-k  methods,  and  (iv)  to  validate  the 
finite  state  aerodynamic  model  by  comparing  with  Theodorsen 
aerodynamics  [3]. 
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Flutter  Model 


A  rigid  two  dimensional  wing  section  is  suspended  in  an  airstream 
with  a  linear  spring  and  rotational  spring  for  flexural  and  torsional 
stiffnesses  respectively,  as  shown  in  Figure  1.  The  aerodynamic  center  is 
located  at  one  half  of  a  semi  chord  from  the  leading  edge.  The  elastic 
center  (shear  center)  is  at  a  distance  of  ’e’  from  the  aerodynamic  center  or 
at  a  distance  of  'ba'  behind  the  mid-chord,  where  'b‘  is  the  semi  chord. 
The  inertia  center  (center  of  gravity)  is  at  a  distance  of  'Xc.g.'  from  elastic 
center.  The  plunge  (h)  and  pitch  (a)  are  the  two  degrees  of  freedom  used 
in  this  flutter  model.  In  nondimensional  form,  the  flutter  equations  can 
be  written  as. 


(hi)’*+  Xa(ar  +  (&)^  h  +  L  =  0 
x„(h]*'+ra2(ar  +  (^)"a-M  =  0 


where  h  =(h/b). 


Y  -  ^  S  X  T  -  U 

mb  b  0)a  bcDa 


I 

mb^ 


(1) 

(2) 


L=- 


L 


,  M= 


M 


mb^  (U)*'  (JOa 


mbiPcDa 

(■)  =  Ua)„()',()=(Uo>J() 


l2  ,..2 


,  T;=m=(U0)Jt,  QzrA.O’zr 


dt 


Forcing  Functions 


A. 

dx 


The  nondimensional  lift  (L)  and  pitching  moment  (M)  are  the  forcing 
functions  to  be  derived  for  flutter  equations.  The  unsteady  flow  can  be 
modeled  in  several  ways.  One  category  is  defined  as  k-type  aerodynamics 
which  assumes  simple  harmonic  motion  for  the  flow.  For  example, 
Theodorsen  aerodynamics  [3],  [4]  represents  the  influence  of  wake 
circulation  as  a  complex  function  C(k),  where  'k'  is  the  reduced  frequency 
and  is  a  measure  of  unsteadiness  in  the  flow. 


C(k)  = 


Hf>(k) 


Hf>(k)  +  iH®(k) 


HP  =  J„-iY„ 


(3) 
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where  'Hn'  are  Hankel  functions,  and  'Jn  &  Yn*  are  Bessel  functions. 
When  the  reduced  frequency  is  zero,  the  lift  deficiency  function  C(k)  is 
equal  to  unity,  which  gives  quasi-steady  aerodynamics  in  which  the 
influence  of  wake  vortices  are  neglected.  As  'k'  increases  from  zero  to 
infinity,  the  real  part  of  C(k)  decreases  from  one  to  one-half. 

Two  classical  solution  methods  has  been  developed  based  on  k-type 
aerodynamics.  One  method  assumes  a  simple  harmonic  (k-type)  solution 
for  both  the  structures  and  the  aerodynamics.  It  is  referred  to  as  the  v-g 
(or  k-k)  method.  It  is  a  simple  method  and  efficient  in  predicting  the 
critical  flutter  speed  where  the  structural  damping  is  zero.  Away  from  the 
flutter  point,  the  results  are  considered  to  be  unreliable  because  an 
artificial  structural  damping  'g'  is  added  to  the  system  to  ensure  the 
undamped  motion.  A  second  method  assumes  exponentially  damped 
harmonic  solution  (p-type)  for  the  structure  while  the  aerodynamics 
remains  as  k-type.  This  hybrid  method  is  referred  to  as  the  'p-k'  method, 
and  it  provides  accurate  results  if  the  damping  is  not  too  high.  However, 
this  method  requires  many  iterations  on  the  assumed  reduced  frequency 
to  converge. 

The  second  category  of  aerodynamics  is  based  on  p-type  or  Laplace 
domain  aerodynamics  in  which  the  flow  undergoes  exponentially  damped 
harmonic  motion.  A  flutter  method  based  on  p-type  solutions  to  both  the 
structure  and  the  aerodynamics  is  defined  as  a  'p-p'  method.  In  such 
methods,  an  iteration  on  ’p’  (a  complex  eigenvalue)  is  performed  for 
evejy  eigenvalue  of  interest.  However,  this  method  is  not  considered  as 
viable  for  flutter  analysis  due  to  its  complexity  in  application  and 
numerical  computation. 

The  third  category  of  unsteady  flow  models  is  indicial,  in  which  a 
Green’s  function  is  used  with  a  convolution  integral  to  give  arbitrary 
motion  response.  With  this  method,  one  must  time  march  and  look  for 
instability  to  find  the  flutter  boundary.  A  comparison  of  v-g  ,  p-k  ,  and 
indicial  methods  is  given  in  References  [5]  and  [6].  In  principle,  k-type,  p- 
type,  and  indicial  aerodynamics  can  be  derived  from  one  to  another 
through  Laplace  or  Fourier  Transforms  [2],  [7]. 

The  fourth  category  of  unsteady  flow  model  is  based  on  a  finite-state 
representation.  Classical  methods,  such  as  vortex-lattice  and 
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computational  fluid  dynamics  (CFD)  models  may  be  described  as  finite 
state  because  the  number  of  states  may  be  interpreted  as  number  of  lattice 
nodes  or  CFD  grid  points.  However,  these  methods  require  large  number 
of  states  which  is  not  viable  for  aeroelastic  analysis.  The  Reduced  Order 
Model  (ROM)  technique  [8]  describes  a  method  to  minimize  the  number  of 
nodes  based  on  eigen-analysis  of  unsteady  flow.  The  disadvantage  of  this 
technique  is  that  the  computation  of  the  eigenvalues  is  cumbersome. 

Another  type  of  finite  state  model  has  been  developed  [2],  [9]  based  on 
potential  flow  equations.  In  these  models,  the  states  represent  induced 
flow  expansion  fields  rather  than  velocities  at  discrete  nodes  as  found  in 
CFD  or  vortex  lattice  methods.  As  a  result,  the  states  are  hierarchical  and 
the  number  of  states  required  is  significantly  reduced  compared  to  other 
methods.  Based  on  this  new  finite  state  model  [2]  one  can  do  either:  (i)  a 
'v-g'  analysis  with  assumed  simple  harmonic  motion;  (ii)  an  eigen-value 
(p-p)  analysis  by  the  use  of  Laplace  transform,  or  (iii)  time  march  as  with 
indicial  methods.  With  finite  state  models,  an  assumed  complex 
frequency  (  analogous  to  Laplace  transform )  makes  the  aero-dynamics 
p-type,  and  hence  there  is  no  need  for  p-k  iterations.  However,  unlike  the 
p-p  method  no  iterations  on  the  complex  eigenvalues  are  required.  In 
order  to  distinguish  it  from  classical  p-p  method,  this  finite  state  approach 
will  be  called  the  "p-f  method. 

Finite-State  Paradigm 

The  finite  state  paradigm  is  found  in  the  literature  as  early  as  1945,  in 
which  Jones  [10]  uses  a  two  state  approximation  to  the  Theodorsen 
function.  Single  state  models  are  also  available  in  references  [11]  and  [12]. 
Later,  these  models  were  replaced  by  a  hierarchical  finite  state  inflow 
models  for  helicopter  rotors  [13].  Application  of  the  three  dimensional 
inflow  model  to  fixed  wing  flutter  analysis  is  found  in  References  [14]  and 
[15].  A  true  'p-f  formulation  for  the  flutter  of  a  typical  aerofoil  section 
with  two  dimensional  inflow  model  is  presented  here. 


The  differential  equation  for  the  induced  flow  (k),  at  a  point  "x"  along 
the  aerofoil  (-b<x<b)  can  be  written  as  [16]; 


^+u£^=_l_dr7dt 
dx  2jc  (b-x) 


(4) 
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where  T  is  the  total  bound  vorticity  on  the  aerofoil  and  X  includes  the 
velocity  due  to  shed  wake  and  gusts.  The  induced  flow  (X)  can  be  expressed 
in  terms  of  expansion  coefficients  (kn)  as, 

X~^  >wnCOs(n(|))  (5) 


where  '(j)'  is  the  Glauert  variable  (x  ==  b  cos  (|)).  A  set  of  differential  equations 
for  the  induced  flow  expansion  coefficients  (kn)  can  be  derived  from 
equations  (4)  and  (5),  and  they  can  be  written  in  non-dimensional  form  as. 


K.iK.n.E 


n>l  (7) 


where. 


1  ■  p  —  r 

boJa  b^COa 


Reference  [2]  shows  that,  for  a  flat  wake,  an  additional  constraint  must 
hold  on  Xq  : 


^0  ^  bn^-n 

n=l 

b„  =  (.ir>  JiitlldlL.;  l<n<(N-l);  bN=(-l)N"* 
(N-n-l)!(n!)^ 

The  nondimensional  circulation,  T  can  be  expressed  in  terms  of 
aerofoil  motions  as. 


r  =  2n[u  h '  +  Ua  -  -  Xo  +  i(ua*-X.i) 


Therefore,  equations  (6)  and  (7)  can  be  expressed  as. 
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4U  (h) **  +  4U  (1-e) (a')**+  4U  (a)*  -  3  ^  bn  Rn  -  2(^1  +  (^2  -  2(?3i 

n=l 


=  0  (9) 


These  induced  flow  equations  in  terms  of  aerodynamic  states  (k^), 
represent  the  unsteady  flow  in  finite  state  (differential  equations)  form. 
These  equations  are  hierarchical,  and  the  number  of  equations  required 
corresponds  to  the  number  of  states  chosen. 


The  total  nondimensional  lift  and  pitching  moment  relations  can  be 
expressed  as  a  function  of  aerofoil  generalized  coordinates  (h,a)as[16]. 


L  =  f  [(h)“+ (a) "+  (a)*]  +  m  ©*  +  (1-e)  (a)*  +  «  '  ^ J 


(11) 


M  =  ^ 


e-i)(h)"-(^-e+|)(a)“  +  2e(h)'  -(2e2-3e+l)(ar  +2ea  -2e 


!2. 

U  J 
(12) 


where,  e  =  -,  m  =  — ,  =  ^ 

These  generalized  forces  reduce  to  the  quasi-steady  case  for  the  condition, 

Xq  =  0.  The  unsteady  aerodynamic  forces  in  equations  (1)  and  (2)  can  be 
replaced  by  equations  (11)  and  (12).  The  resulting  flexural  and  torsional 
flutter  equations  can  be  simplified  as  given  below: 


(l+a)(hi)“  +{xa  +  ^(l-5')}(a)“  +(ifl)(h)'  + 
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The  flutter  equations  (13)  and  (14),  combined  with  the  inflow  equations 
(9)  and  (10),  provide  a  complete  set  of  hierarchical  equations  to  solve  for 
flutter  boundaries.  These  nondimensional  equations  are  first  expressed  in 
state  variable  form  and  then  solved  for  the  eigenvalues. 

The  structural  states  can  be  defined  as, 

yi  =  ii ,  y2  =  a ,  y3  =  (h)*  =  y* ,  y4  =  a'  =  yj 

The  aerodynamic  states  are  given  by  the  inflow  expansion  coefficients,  Xn. 
All  these  equations  can  be  expressed  as  functions  of  state  variables  in 
matrix  form  as  [17], 


where. 


1 - 1 

X 

3 

[ jnlxn2 

!.  [  0  ]n2xnl 

[M]n2xn2  . 

[  0  ]nlxnl 

[  -I  ]nlxn2 

c 

K 

rA 

[C]n2xn2  . 

(15) 


n=nl+n2;  nl=^;  n2  =  nl  +  na  ;  where  ’Os’  represent  the  number  of 
structural  states,  and  ha'  represent  the  number  of  aerodynamic  states. 


Results  and  Discussions 


The  flutter  equations  with  various  aerodynamic  models  are  solved 
and  the  results  are  presented  here.  The  non-dimensional  input 
parameters  for  the  computation  of  flutter  boundaries  in  Reference  [18]  are 
given  below; 

frequency  ratio,  R=0.3 

dimensionless  mass,  in  =0.1 

dimensionless  radius  of  gyration,  rct=0.5 

location  of  center  of  gravity  from  elastic  axis,  Xct=0.2 

location  of  elastic  axis  from  the  aerodynamic  axis,  S’  =0.4 
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Reference  [2]  shows  that  eight  inflow  states  are  the  optimum  number 
of  aerodynamic  states  to  predict  the  flutter  boundary.  The  damping  and 
frequency  plots  for  this  case  are  given  in  Figures  2  and  3.  The  flutter 
boundary  is  the  point  at  which  the  damping  becomes  negative.  A 
comparison  of  flutter  boundary  with  other  methods  is  given  in  Table  1. 
Damping  and  frequency  comparisons  are  given  in  Figures  4  and  5.  The 
percentage  error  is  calculated  based  on  the  results  given  in  Reference  [18]. 
The  flutter  speed  predicted  by  p-f  method  is  in  excellent  agreement  with 
that  found  in  the  Reduced  Order  Model  method  [18].  In  the  v-g  and  p-k 
methods,  the  Bessel  functions  to  compute  Theodorsen's  lift  deficiency 
function  are  approximated  by  a  series,  which  may  be  the  cause  of  the  5% 
numerical  error  in  flutter  speed.  With  a  consistent  numerical  model,  it  is 
anticipated  that  all  the  methods  would  give  the  same  flutter  speed. 
However,  v-g  results  are  reliable  only  at  the  flutter  point  where  damping 
is  zero. 


Table  1.  Comparison  of  Flutter  Speed 


METHOD 

FLUTTER  SPEED 
(non-dimensional) 

ERROR 

v-g 

1.92 

5% 

p-k 

1.92 

5  % 

p-f;  n=8 
(Finite  State) 

2.07 

0% 

In  comparison  of  the  computational  effort,  the  classical  v-g  and  p-k 
models  have  a  smaller  matrix  size;  however  the  solution  procedure 
requires  several  iterations.  In  the  finite  state  (p-f)  model,  no  iterations  are 
required;  but  the  computational  matrix  size  is  large  due  to  additional 
aerodynamic  states.  It  has  been  observed  that  the  computational  time 
required  for  p-f  analysis  is  relatively  less  compared  to  other  models. 

A  parametric  study  also  has  been  carried  out  to  study  the  effect  of 
different  parameters  on  flutter  control.  The  parameters  are  varied  one  at  a 
time.  In  practice,  the  wing  is  designed  such  that  the  flutter  speed  is  beyond 
the  operating  flight  envelope  which  will  prevent  the  flutter  during 
various  flight  operations.  For  flutter  control,  the  following  classical 
solutions  are  observed  as  practical: 


(i)  add  or  redistribute  the  mass  such  that  is  minimum  or  even  negative 
if  possible; 

(ii)  increase  torsional  stiffness  (decrease  'R')  and  hence  Oa ; 

(iii)  decrease  e ; 

(iv)  increase  Ta ; 

(v)  decrease  fn. 


As  there  is  no  unique  solution  to  prevent  flutter,  each  of  the  above 
methods  can  be  used  for  possible  control  of  flutter  phenomenon.  The 
finite  state  model  provides  an  efficient  procedure  to  choose  the 
aerodynamic  states  in  a  hierarchical  manner. 

Conclusions 

The  flexural  and  torsional  flutter  equations  for  a  typical  aerofoil  section 
are  nondimensionalized  in  both  space,  and  time.  The  well  documented 
hierarchical  set  of  equations  with  two  dimensional  finite  state 
aerodynamic  model  provide  an  alternate  and  viable  method  to  predict  the 
flutter  boundaries.  Comparison  with  v-g  and  p-k  methods  shows  that  the 
present  (pT)  method  is  fast,  accurate,  and  does  not  require  iteration.  Two 
dimensional  finite  state  representation  of  unsteady  forces  on  a  wing 
section  provides  an  excellent  paradigm  for  aeroelastic  flutter  analysis.  The 
parametric  study  reaffirms  the  classical  conclusion  that  flutter  can  be 
controlled  when  the  aerofoil  section  is  mass  balanced. 

Appendix 

Comparison  with  Theodorsen  Aerodynamics: 

The  lift  force  can  be  expressed  as  a  sum  of  circulatory  (Lc),  and  non- 
circulatory  (Lnc)  components; 

L=Lc  +  Lnc 

In  Theodorsen  model  the  circulatory  lift,  U  =  C(k)LQ 

where,  Lq  is  the  quasi-steady  part  of  the  circulatory  lift.  For  a  typical 
aerofoil  section,  Theodorsen  lift  (Lr)  is  expressed  as  a  function  of  aerofoil 
motions  as  given  below: 
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(A2) 

(A3) 


Lj  =  C(k;)  jipSU  l^h  +  Ua  +  aj  h — ^ — [h  +  Ua  -  baa] 

=  C(k)LQ+  Lnc 

In  finite-state  model,  the  lift  (Lrf  is  expressed  as  a  function  of  downwash 
velocity  expansion  coefficients  (Wn),  and  induced  flow  expansion 
coefficient  (>^o) : 

Lp  =  JtpSU  [wo  +  ^  -  ^ 

where,  wq  =  ti  +  Ua  -  (ba)  a ,  Wi  =  ba  ,  Xq  =  (^o+^j '{ l-C(k)} 

With  these  transformations,  it  can  be  easily  verified  that,  Lf=Lt  . 
Similarly,  the  moment  equation  is  expressed  as, 

M  =  (^+ba)L+MQc  (A5) 

In  Theodorsen  model,  L^Lt  ;  and  the  moment  about  quarter  chord  (Mqc)  ; 


Mqc  =  -  +  (|-  ba|)  ct  +  2Ua] 

In  finite-state  model,  L=  Lp  ,  and  the  quarter  chord  moment 


(A6) 


Mqc  -  ■ 


jtpSb^ 


(w)o  +  ^wi  + 


(A7) 


The  moment  about  quarter  chord  is  identical  for  either  of  the  models  with 
the  application  of  transformation  parameters.  Since  the  lift  is  same  for 
both  models,  the  resulting  moment  relations  are  also  equivalent.  When 
>.0=0,  the  finite  state  aerodynamic  forces  reduce  to  quasi-steady  forces 
which  are  equivalent  to  Theodorsen  quasi-steady  [  C(k)  =  1]  aerodynamic 
forces. 


Non-Dimensional  Flutter  Equations  for  "v-g"  and  "p-k"  analysis: 


J 


(A8) 
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where. 


ji*fj 

5fr((^+(l-^)C(k))}' 

m(l  -^l{^-eC(k)} 

{mC(k)} 
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Abstract 

The  influence  of  heat  conduction  and  thermal  relaxation  on  the 
propagation  of  the  surface  wave  polarized  in  the  sagittal  plane  along 
the  heat-insulated  surface  of  a  thermoelastic  sphere  is  investigated. 
The  modified  Maxwell  law  is  used  as  the  law  of  heat  conduction, 
what  allows  one  take  a  finite  speed  of  heat  propagation  into  account. 
The  nonstationary  surface  wave  is  interpreted  as  the  line  (a  diverging 
or  converging  circumference)  on  which  temperature  and  the  compo¬ 
nents  of  the  stress  and  strain  tensors  experience  a  discontinuity.  The 
discontinuity  fine  propagates  with  a  constant  normal  velocity  across 
the  free  from  stresses  and  heat-insulated  surface  of  the  sphere  along 
the  line  of  curvature  and  is  obtained  by  the  exit  onto  the  sphere’s 
surface  of  the  three  strong  discontinuity  complex  wave  surfaces  inter¬ 
secting  along  this  fine:  quasi-thermal,  quasi-longitudinal  and  quasi- 
transverse  volume  waves.  Applying  the  theory  of  discontinuities,  the 
velocities  and  the  intensities  of  the  surface  wave  have  been  found. 
It  has  been  shown  that  attenuation  of  the  surface  wave  intensity  is 
determined  by  the  two  factors:  a  consideration  of  the  related  strain 
and  temperature  fields  and  the  change  in  curvature  of  the  surface 
wave  with  time. 


INTRODUCTION 

Nayfeh  and  Nemmat- Nasser  [1]  pioneered  considering  the  problena  of  the 
propagation  of  a  harmonic  Rayleigh  wave  along  the  boundary  of  an  isotropic 
thermoelastic  half-space  with  allowance  made  for  thermal  relaxation.  The 
half-space  boundary  was  perceived  to  be  free  from  stresses  and  thermally 
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insulated.  The  equations  for  determining  the  Rayleigh  wave  velocity  and 
its  coefficients  of  attenuation  both  with  depth  and  in  the  direction  of  prop¬ 
agation  were  obtained. 

The  harmonic  and  nonstationary  Rayleigh  waves  propagating  along  the 
free,  from  stresses,  surface  of  an  elastic  sphere  were  studied  by  Petrashen 
[2]  and  Rossikhin  [3],  respectively,  without  regard  for  thermal  effects.  The 
Sobolev  method  [4]  suggested  by  the  author  for  harmonic  waves  was  used 
in  [3]  for  investigating  the  nonstationary  wave.  This  method  lies  in  the  fact 
that  the  nonstationary  surface  wave  is  interpreted  as  a  line  of  strong  or 
weak  discontinuity,  which  is  obtained  as  a  result  of  the  exit  onto  the  free, 
from  stresses,  sphere’s  surface  of  two  complex  wave  surfaces  of  strong  or 
weak  discontinuity  (quasi-longitudinal  and  quasi-transverse  volume  waves) 
intersecting  with  each  other  and  simultaneously  with  the  surface.  This 
approach  allows  one  to  use  the  technique  of  the  theory  of  discontinuous 
functions  (Thomas,  1961)  whereby  both  the  velocity  of  the  surface  wave 
and  its  intensity  are  calculated. 

In  the  present  paper,  this  approach  is  used  for  the  investigation  of  the 
nonstationary  Rayleigh  waves  propagating  along  the  free  and  heat-insulated 
surface  of  a  thermoelastic  sphere. 

PROBLEM  FORMULATION 

Assume  that  the  surface  wave  polarized  in  the  sagittal  plane  propagates 
in  the  form  of  the  line  of  strong  discontinuity  (the  line  on  which  the  compo¬ 
nents  of  the  stress  and  strain  tensors  change  abruptly,  in  the  given  case  it  is 
a  diverging  or  converging  circumference)  across  the  free  and  heat-insulated 
surface  of  a  sphere  along  the  geodesic  line  (Fig.l). 


Fig.i.  A  scheme  of  a  sphere 

The  dynamic  behaviour  of  a  linear  thermoelastic  material,  from  which 
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the  sphere  is  made,  in  the  curvilinear  systems  of  coordinates  is  described 


by  the  following  set  of  equations: 

+  c,0  +  To'yv]^  -  0  (1) 

qi  =  -XoQ,i-roqi  (2) 

d  (3) 

9ij  -  (4) 


where  and  (Ji,  are  the  contravariant  and  covariant  components  of  the 
stress  tensor,  respectively,  and  Vi  are  the  contravariant  and  covariant 
components  of  the  displacement  velocity  vector,  respectively,  and  qi  are 
the  contravariant  and  covariant  components  of  the  heat  flow  vector,  respec¬ 
tively,  gij  are  the  covariant  components  of  the  metric  tensor  of  'the  space, 
0  =  r  —  To  is  the  relative  temperature  of  the  body,  Tq  is  the  body’s  tem¬ 
perature  at  the  natural  state,  p  is  the  density,  A  and  p  are  Lame’s  elastic 
constants,  is  the  Kronecker’s  symbol,  Cc  is  the  specific  heat  at  constant 
strain,  7  =  (3A  +  2p)at^  at  is  the  thermal  linear  expansion  coefficient,  Aq  is 
the  thermal  conductivity,  tq  is  the  thermal  relaxation  time,  a  Latin  index 
after  a  comma  denotes  a  covariant  derivative  with  respect  to  the  correspond¬ 
ing  spherical  coordinate  =  p,  x'^  =  9  or  (see  Fig.l),  an  overdot 

indicates  a  partial  derivative  with  respect  to  time  L  and  Latin  indices  take 
on  the  values  1,  2,  and  3. 

The  boundary  conditions 

(Jn  —  0,  (Tv2  =  0  (5) 

q^  =  0  (6) 

should  be  added  to  the  set  of  Eqs.(l)-(4),  where  an  and  (0-13  =  0  due 
to  the  symmetry  of  the  problem  under  consideration)  are  the  components  of 
the  stress  tensor  on  the  boundary  surface  of  the  sphere,  since  the  coordinate 
x^  =  p  is  perpendicular  to  the  boundary  surface  at  each  of  its  points  (see 
Fig.l),  and  is  the  projection  of  the  heat  flow  vector  on  the  normal  to  the 
boundary  surface. 

PROPAGATION  AND  ATTENUATION 
OF  NONSTATIONARY  VOLUME  WAVES 
OF  STRONG  DISCONTINUITY 

In  the  subsequent  discussion,  we  shall  interpret  the  nonstationary  vol¬ 
ume  wave  of  strong  discontinuity  E  as  a  limiting  layer  of  the  thickness  h 
at  h  0,  which  surrounds  the  geometric  surface  E  and  within  which  the 
values  Vi,  v\  qi,  q\  and  0  change  monotonically  and  continuously 

from  the  magnitudes  qi^ ,  q^'^,  and  0+  to  the  magnitudes 
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cr-  -,  (7j  ,  and  0  on  the  front  and  back  boundaries  of  the 

wave  layer,  respectively. 

Within  the  wave  layer  the  following  relationships  are  fulfilled  for  a  certain 
function  Z{x^,t): 


•  dZ  DZ 
^  +  Tt 


where  dZIdn  —  Z^ii/"  is  the  derivative  with  respect  to  the  normal  to  £, 
i^i  are  the  covariant  components  of  the  unit  normal  vector,  are  the 
contravariant  components  of  the  metric  tensor  of  the  wave  surface,  = 
dx^/du^,  and  are  the  curvilinear  coordinates  on  the  wave  surface, 
Greek  indices  take  on  the  values  1  and  2,  a  Greek  index  after  a  comma 
denotes  a  covariant  derivative  with  respect  to  the  corresponding  surface 
coordinate,  G  is  the  normal  velocity  of  the  propagation  of  the  surface  E, 
D/Dt  is  the  invariant  derivative  with  respect  to  time  [5]  which  for  the 
CO  variant  and  contravariant  components  of  the  unit  normal  vector  to  the 
wave  layer  has  the  form 


where  S/6t  is  the  Thomas-derivative  [5],  and  are  the  Ghristoffel  symbols 
in  the  space. 

Noting  that  at  A  ^  0  the  second  terms  in  (7)  may  be  neglected  as 
compared  with  the  first  ones,  from  Eqs.(i-4)  we  obtain 

dq'  de  dv'  de  dqt 

—  Ui  -  Gc<  —  +  Ta'1-r-Vi  =  0,  qi  =  -A03— //,  +  roG  — , 
dn  dn  dn  dn  dn 

d(j'>  dv'  fa) 

-q—i'j  =  -pG—,  (yj 

dn  dn 

,  dcT;,  ^  dv  ( dvi  dvj  \  ^dQ 


~G—^  =  \—yi9ij  +  M  +  -r-^A  +  'yG--g^J 

dn  dn  \  dn  dn  J  dn 

Integrating  relationships  (9)  with  respect  to  n  from  ~h/2  to  /i/2  and 
going  to  the  limit  at  /i  ^  0,  we  find  that  the  following  relationships  should 
take  place  on  S: 

[q%  -  Gc,[0]  -k  Toilv.y  =  0,  0  =  -Ao[0]/>.  +  roGfe], 

=  -pG[vi],  -G[c7ij]  =  gij+ tJ.{\vi\vj  +  [vj\i/i)-\-fG[Q]g.j,  (10) 

where  [Z]  =  Z^  —  Z~ . 

Considering  that 


[u,]  =  uJUi  +  bT  =  Ct;  =  [Vi]iy\ 

from  Eqs.(lO)  we  obtain  at  a;  ^  0 

(Cb  -  -  Gl)  -  GVTo(pc,)-^  =  0, 


VW  =  bd:r*, 
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[^u]  =  —  6?  ^  {2^UiUj  +  A<7ij  +  p[G'^  —  Gl)g^j}^o 
<  [i;,]  =  uui,  =  0,  [0]  =  {-fG)~^p{G'^  -  Gl)ijj 

.  lqi]  =  Xo{To7G-^)-^p(G-^~Gl)uju. 

where  —  Xo(toC^)~^,  and  pG\  ==  A  +  2/i, 
and  at  oj  =  0 

pG'^  =  pCi\  =  M, 

[(j,j\  ==  -G-^  p[x\^uigii  +  x[^yjgiiW^,  N  = 

=  [q^]  =  [0]  -  0 

Equation  (11)  defines  the  velocities  and  of  two  types  of  the  vol¬ 
ume  waves  of  strong  discontinuity:  quasi-termal  Ei  and  quasi-longitudinal 
E2,  formulas  (12)  determine  the  relationships  which  are  fulfilled  on  these 
waves.  Equation  (13)  governs  the  velocity  G^^^  of  the  quasi-transverse  wave 
of  strong  discontinuity,  and  formulas  (14)  are  responsible  for  the  relation¬ 
ships  which  are  valid  on  this  wave.  Hereafter  an  upper  index  in  brackets 
denotes  an  ordinal  number  of  the  wave. 

To  determine  changes  in  the  intensities  of  the  three  waves  during  their 
propagation,  we  write  Eqs.(l)-(4)  on  the  different  sides  of  the  each  wave  sur¬ 
face  and  take  the  difference  of  the  corresponding  equations  written  ahead  of 
and  behind  the  wave  front.  Having  regard  for  the  conditions  of  compatibility 
for  discontinuities  in  the  first-order  derivatives  [5]  in  arbitrary  coordinates 

[Z,i]  =  [ZjW<'.  +  IZ]  =  -G[Z,i]A  +  D[Z]/Dt  (15) 

as  a  result  we  obtain 

[<•/,-]  =  -Xohui  -  +  ToGQi  -  (IT) 

=  -pGV  +  (18) 

-GS„  +  ^  =  Xg.,  [Lp/  +  g^^giAvXc'pp) 

'\-lALiPj  Pr  LjUi gji\vi\^c*x ^0-\- g  7i?ii  ^^Gh  )  ,  (19) 

where 

Si,  =  [(7, 5=^  =  [Aj]y\  Li  =  [vi,i]v\ 

L’  =  h  =  [0 ,(])/',  Qi  = 

Eliminating  the  values  Qi  from  Eqs.(16)  and  (17)  and  the  values  Sij 
from  Eqs.(18)  and  (19)  and  taking  formulas  (11)-(14),  and  the  relationships 

DizJDt  =  DvQDt  =  0  (20a) 


(12) 

(13) 

(14) 
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(206) 


into  account  yields 

for  the  two  quasi-longitudinal  waves  (cu  ^  0) 

Du  a^(G^  — 

— -acu -f  GUcj,  ^  =  7i — ttTa - 

Dt  2ro{G^-a^Gl) 

^ix  \y  “  U^y 

,  p(G-^  -  Gj)  P(G^  +  Gl)  Du;  2pGl  ^ 

and  for  the  quasi-transverse  wave  wave  (a;  =  0) 

DW 

—  =  GDW, 


GDW^  +  GW^b^, 


DW 

^  =  GDW,  -  GW,b^ 


Lii/  = 


where  H  is  the  mean  curvature  of  each  wave  surface,  b^^  a-^e  the  coefficients 
of  the  second  quadratic  form  of  these  surfaces,  and  6^  = 


EQUATIONS  OF  STRONG  DISCONTINUITY  WAVE 
SURFACES  AND  THEIR  GEOMETRIC  CHARACTERISTICS 

The  velocities  of  the  three  volume  waves  and  equations  describing  changes 
in  their  intensities  during  propagation  were  obtained  in  the  preceding  sec¬ 
tion  in  arbitrary  spatial  and  surface  coordinate  systems.  However  further 
investigation  of  the  Rayleigh  waves  calls  for  specific  definition  of  the  spatial 
and  surface  curvilinear  systems  of  coordinates.  To  obtain  the  equations  of 
these  surfaces  in  the  spherical  coordinate  system,  it  is  necessary  to  take  into 
account  that  the  volume  waves  and  cropping  out  at  the  free 

and  heat-insulated  surface  of  a  sphere  and  crossing  there  each  other  gen¬ 
erate  the  line  of  strong  discontinuity  T,  i.e.,  the  surface  wave  propagating 
along  the  line  of  curvature  (in  our  case  this  line  is  the  circle  of  the  radius  R) 
with  the  constant  velocity  g\  in  so  doing  the  normal  velocities  of  the  volume 
waves  G^^\  G^'^\  and  are  greater  than  the  velocity  g.  The  equations 
of  the  volume  waves,  due  to  the  symmetry  of  the  problem,  lack  the  variable 
=  q?,  but  depend  only  on  the  coordinates  =  p  and  =  0  (Fig.l). 

Let  us  deduce  the  equations  of  the  line,  which  represents  the  envelope  of 
the  volume  waves;  the  wave  surface  is  obtained  when  the  generator  rotates 
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around  the  sphere.  For  this  purpose,  we  invoke  formulas  (8)  and  (20a).  As 
a  result  we  have 

^  (23a) 

^  (236) 

The  index  denoting  the  ordinal  number  of  the  volume  wave  is  omitted 
in  the  following. 

To  formulas  (23)  must  be  added  the  relationship  [5] 


(24) 


Considering  that  for  the  spherical  coordinate  system  —  0^  gu  =  I, 
922  =  p\  r2.2  =  -p,  and  r'^.2  =  =  p~^  (other  Christoffel  symbols 

involving  only  the  indices  1  and  2  are  equal  to  zero),  from  Eq.(23b)  at  i~2 
we  hnd 

^  =  (25) 

Adding  Eq.(24)  at  z=l 

l-o-'  (“' 

to  formula  (25),  and  eliminating  the  value  from  Eqs.(25)  and  (26),  we 

have 

(/;^)"^d//^  =  -2p-\\p  (27) 

Integrating  Eq.(27)  yields 


=  cp  ^ 


(28a) 


//■2  =  c  (286) 

where  c  is  an  arbitrary  constant  which  can  be  put  equal  to  Gg~^R.  As  it 
would  be  seen  from  the  following  discussion,  such  a  choice  of  the  value  c 
causes  the  velocity  of  the  surface  wave  on  the  thermal-insulated  and  free 
from  stresses  surfaces  of  the  sphere  to  be  in  line  with  the  Rayleigh  wave 
velocity  on  the  free  and  heat  insulated  boundary  of  a  thermoelastic  half¬ 
space. 

Further  we  use  the  relationship  (23a)  at  z=l 

^  =  p~'-GiPi/2  (29) 


Substituting  (28)  into  (29)  and  considering  that 

^  _  111  ^  _  ^,2  C  --C 
6t  dp  St  dp  ^  ^  ^  2  dp 
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after  integration  we  obtain 


i/i  =  Vci 


where  Ci  is  an  arbitrary  constant  which  we  put  equal  to  unit  in  order  to 
fulfill  the  identity 
Thus, 

=  p~Wp^ 


Ip^  - 


i.e.,  the  value  i/i  is  the  imaginary  value,  and  hence  the  wave  surfaces,  which 
generate  the  real  line  (surface  wave)  at  intersections,  are  found  to  be  com¬ 
plex  surfaces. 

If  now  we  substitute  (30)  into  Eq.(26)  and  integrate  the  resulted  equa¬ 
tion,  then  as  a  result  we  shall  have 

x^  =  p  =  +  (C2  +  Gty  (31) 

where  co  is  an  arbitrary  constant  which  we  denote  as  [l\=  —  gG~'^ 

=r  The  value  will  be  taken  as  one  of  the  surface 

p=R 

coordinates  (this  coordinate  is  measured  along  the  generatrix),  the  other 
surface  coordinate  coincides  with  the  curvilinear  coordinate  x^.  The  con¬ 
stant  value  A“^  is  introduced  in  Eq.(31)  only  for  the  modulus  of  the  vector 
k{x\,  ditected  tangentially  to  the  volume  wave  generator  to  be  equal 
to  unit. 

Note  at  once  that  the  surface  coordinates  y}  and  v?"  chosen  in  such  a 
manner  remain  constant  along  the  normal  trajectories  to  the  wave  surfaces 
(along  the  lines  at  every  point  of  which  the  tangent  unit  vector  coincides 
with  the  normal  unit  vector  to  the  wave  surface),  i.e.,  8u^  j 8t=Su^ j 8t=^. 

Thus, 

x^  =  p  =  +  (32) 

Since  on  the  surface  S  of  the  sphere  p—R,  then,  as  it  follows  from  (32), 
the  following  condition  is  fulfilled  on  S 

=  {-CA RiR^)/\  (33) 

Putting  2=2  in  (24),  substituting  (28a)  in  the  resulted  expression,  and 
in  doing  so  having  regard  for  (32),  we  are  led  to  the  equation 


+  (u^A-^  -f  Gty 


Integrating  (34)  yields 


X  —  6  —  arctan 


u^A-'  -f 
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where  C3  is  an  arbitrary  constant  which  is  decided  such  that  on  the  sphere’s 
surface  S  the  condition 

s  =1  RO  =  g  (35) 

is  fulfilled. 

Thus, 


x'^  =z  0  :=  arctan 


-t-  GT)g 


GR 


+ 


(36) 


The  fulfillment  of  the  condition  (35)  is  easily  verified  if  one  substitutes 
formula  (33)  into  Eq.(36)  and  then  integrates  the  resulted  expression  with 
respect  to  time. 

Hence  the  equations  of  the  wave  surfaces  (32)  and  (36)  meet  all  require¬ 
ments  for  the  complex  waves  generating  the  surface  wave  at  their  exit  onto 
the  surface  of  a  body. 

Based  on  the  formulas  presented,  one  can  obtain  the  main  relationships 
of  the  theory  of  moving  surfaces  which  are  in  use  in  the  subsequent  discus¬ 
sion. 

Having  regard  in  the  spherical  coordinate  system  for  the  expressions  for 
the  spatial  components  of  the  metric  tensor  =  1,  Qz-i  "  p^->  933  =  sin^  0 
and  the  nonzero  spatial  Christoffel  simbols 

=  -p,  r33  =  -psin'^  9,  r33  =  -~sin2^ 


p2  _  _ 

^  21  —  1 


*  Tl,  =  cot  0,  =  - 

P  P 

as  well  as  formulas  (32)  and  (36),  we  arrive  at  the  following  relationships 
for  the  complex  wave  surfaces  generating  the  Rayleigh  wave  on  the  surface 
of  a  sphere: 


//I  ;/2 

//fR’ 


=  -A 


4  =  1. 


gu  = 


.0\2  ’ 


g-i-i  =  p^  sin'^  I 


1^2 


('^f) 


Fjj  =  '(2sin^  B  —  P\pv2  ’  sin2fl), 


'pv,i2°r: 


i^2 


p.OR^ 

p/q 


= 


%  ~  ^^2p  ^  cot  (9  -f  P  ^  , 


-1 , 


pz/OR’ 


hu  =  - 


(zqOR) 


2  ’ 


^2-2  =  ~:y^^2  sin  29  —  p/q  sin^  9, 

4U 


^  1  '^2 
2n  = - r  cot  9^ 

pi^l  p 


(37) 
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1  pu{  2  _  ^^1^2 

•^,11  —  /  Qr>\'2'>  f  oo\2’ 

(/yfi?)  p(u\R) 

a;^22  =  -p^^l  sin^  B  -  j/2  sin  2^,  :c^22  =  sin’^  9  -  ]:i4p~^  sin  29, 

Z  Zi 

^  =  -G-^,  ^  =  G-^.  ^  =  G(i/2p-^cot«  +  i/,p-'). 

Dt  piy^R  Dt  piy^R  Dt 

Note  that  only  nonzero  values  are  presented  in  (37). 

RAYLEIGH  WAVES 

The  following  discussion  resulting  in  the  investigation  of  the  surface 
wave  characteristics  is  associated  with  the  boundary  conditions  (5)  and  (6). 
Since  the  volume  waves  cropping  out  at  the  free  thermal-insulated  sphere’s 
surface  cross  each  other  generating  a  surface  wave,  then  the  stress  tensor 
and  heat  flow  vector  components  of  each  of  the  three  volume  waves  should 
be  added  together  on  the  surface  wave.  As  a  result  from  the  conditions  (5) 
and  (6)  on  the  surface  wave  can  be  written  as 

=  0,  Ekial'-’  =  0,  (38) 


=  0.  (39) 

t=l 

Considering  Eqs.(l  1)-{14)  and  formulas  (28),  (30),  and  (37)  at  p  =  77, 
from  the  conditions  (38)  and  (39)  we  have 


2ii  1 


_  2Gl)  4-  2p  1  - 


-  2Gl)\ -  g-^2p.  1  -  =  0 


^2 


-hG.j'  1-2-^  = 


c; 


From  Eq.(42)  we  find  the  connection  between  and 


G'P)2(G’(')2  _  G'?)^!  - 
G(i)2(G'M2  -  Gl)Jl  -  G(2)V- 
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Substituting  formula  (43)  in  Eqs.(41)  and  (42)  yields 

4-  xG'^'^)(l  -  2Glg-'^)Lo^^^  -  -  Glg-'^  =  0  (44c 


2g-^  (^^l-Gin2g-2  +  I  „  G(2)2^-2j  +  ^^-'(l  -  2Glg-‘^)W^^^^  =  0 

(446) 

Equating  the  determinant  of  the  set  of  homogeneous  Eqs.(44)  to  zero, 
we  arrive  at  the  relationship  [1] 


Gp(l-2Gt5-^)'(G’''>+xG'C^») 

+45-^  +  X\A4?WV^)  v'i-G1<7-2=0  (45) 


When  x  =  0^  when  heat  conduction  is  absent, 

Eq.(45)  goes  over  into  the  classic  Rayleigh  equation. 

Since  Eqs.(44)  subjected  to  the  condition  (45)  are  linear  dependent,  then 
dropping  one  of  them,  the  second  as  an  example,  yields 


^1(3)  ^ 


,^{G^^^  +  xG^^m-2Glg-^)g 
2GlJl-Glg-^ 


To  determine  the  differential  equation  describing  the  change  in  the  strong 
discontinuity  surface  wave  intensity  during  its  propagation,  we  proceed  from 
the  boundary  conditions  (5)  and  (6)  differentiated  with  respect  to  time, 
which  take  the  following  form  on  the  Rayleigh  waves 

=  0,  =  0,  (47) 


=  0.  (48) 

i=l 

Based  on  the  compatibility  condition  (15)  and  considering  Eqs.(21b), 
(21c),  and  (22c),  as  well  as  the  geometric  characteristics  (37),  we  find  from 
(47)  and  (48)  that 


I  V  3 


V  9  ’ 


\Gl 

Tjr  1(3)  .  (3)0 \ 2 TT/«f3)l  I  t'l  ^2  tjtIO)  ^  / 


+2^1  =  0, 


G  +  2(^1-  2^)  fiw.'r'  - 
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=  (50) 

*“"'**  “  2n<“>4w<“>| ,  (51) 

where  Li  =  Lk^^Vi  +  gijLix^gg^'^x^,^^  an  index  after  a  comma  denotes  that 
the  corresponding  value  is  calculated  on  the  sphere’s  surface,  i.e.,  at  p  =  i?, 


(G(«)2  +  Gf) 

(GP)'2  _  Gf) 


.  ic.  = 


(G(»)2  -  Gf)  G( 


-  (it  KiUUi/. 


cv),.C^)0‘ 


Substituting  Eq.(51)  into  Eqs.(49)  and  (50)  with  allowance  made  for 
formula  (21c)  yields 


(l  -  26':^- 


Gi)o^i-(i)o 


=  F, ,  (52) 

2G’-^^g-'R  (;P>°  +  +  (l  -  2Glg-'^)  RL^^^°{xf^f  =  Fj, 

(53) 

where 


F  =  x;  { -  Ml  -  2Gig-^)G<'^y^,]  (Jr’)“ 

[2/>G’<">  -p(1  -2G^i7-'')GC^)i„] 

-  [2^1  (G‘"''i~'^F"’  (4"’°)"'*  + 

-  2M1  -2G'^<7-'^)G<''>"n<">rf„]a;(")“} 

-2MGMffF)-'M/'<-’'>''  -  2fi  \Glg-^  (VK,f  >)“  - 

^2  =  E  (-2«  [(1  -  2G‘">'<?-")  +  GW(7-G/f*“6„]  (ip)" 

cv=l 

-2Gl^)  </-’  «;/{'"’“«„  /  £)i)  “ 

+2  [G^^lg-'^  +  2G<'^>s'’i2p’°n<“>'’M„) 

+  ('2p’“)’'  (1  -  2Glg-'^)  +  2G'2(/-’a/{'*>“  [(Hq<-0)°  +  (VFp^’)"  . 
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Multiplying  Eq.(52)  by  R{1  —  'IG'lg  and  Eq.(53)  by  2gG2g 
adding  them  and  having  regard  for  Eq.(45)  yields 

F,R.  (l  -  2Glg-'^)  +  =  0.  (54) 


From  the  relationship  (54)  one  can  obtain  the  equation  for  determining 
the  intensities  of  the  Rayleigh  waves  during  their  propagation  along  the  free 
and  heat-insulated  surface  of  the  thermoelastic  sphere.  For  this  purpose 
we  substitute  the  derivatives  DujIDI  and  DW"^ j Dt  for  cj  and  by  the 
formulas  (21a)  and  (22b),  respectively,  express  and  in  terms  of 

by  formulas  (43)  and  (46),  introduce  the  derivative  in  the  direction  of 
the  tangent  to  the  line  of  curvature  on  the  body’s  surface 


d  <5  1  Q  d 

ds  St  g  ^  ^  du^  ’ 


(55) 


and  take  the  relationship 


into  account. 

As  a  result  we  obtain 


dw^ 


(56) 


-f  =  0,  a  =  — ,  7=—,  <5=—,  (57) 

ds  H  7o  70  70 


where  70,  71 , 72,  7.3,  4,  and  /i  are  the  coefficients  depending  on  the  geometric 
characteristics  and  the  wave  velocities,  and  an  upper  ’’zero”  index  denotes 
that  the  given  value  is  calculated  on  the  surface  of  the  body,  i.e.,  at  p  =  i?. 

The  analysis  of  the  expressions  for  a,  7,  and  S  shows  that  a  is  a  real 
value,  7  is  an  imaginary  value,  and  <5  is  a  complex  value.  With  allowance 
made  for  the  aforesaid,  the  solution  to  Eq.(57)  has  the  form 


cjF)  =  Q  pxp  —as  exp  (— 17'“— ,s)  exp  j  6{s)ds^ ,  (58) 

where  C  is  an  arbitrary  complex  constant,  and  7*  = 

Reference  to  Eq.(58)  shows  that  the  connectedness  of  the  strain  and 
temperature  fields  (the  value  a  characterize  the  connectivity  of  the  fields) 
results  in  the  exponential  attenuation  of  the  nonstationary  Rayleigh  wave 
intensity,  the  curvature  of  the  sphere’s  surface  R~^  along  which  the  surface 
wave  propagates  governs  the  oscillatory  character  of  the  behaviour  of  its 
intensity  (at  R  00  the  oscillation  is  disappears),  but  the  function  of 
the  Rayleigh  wave  curvature  of  the  distance  .s  measured  along  the  line  of 
curvature  (this  dependence  is  contained  in  ^(-s))  can  involve  the  attenuation 
and  oscillation  of  its  intensity  at  a  time  (as  it  would  be  shown  later,  the 
attenuation  has  not  an  exponential  but  a  power  nature). 
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Using  expression  (58),  having  regard  for  formulas  (37),  and  putting  5  = 
R6,  we  obtain  the  relations  for  the  Rayleigh  wave  intensities  propagating 
along  the  free  and  heat-insulated  surface  of  the  thermoelastic  sphere: 

aj(U  =  Cexp  [—aR9)  exp  +  /cj  +  k^)!!  sin  (59) 

where 

/v-j  —  /v2 


Ki  —  <  — 


-  X 


h  —  ifi  {  I  — 

U  —  4/i  (  1  —  +  2/5^2 

/i  -  4^  I  1  -  2^^  4-  2/?di 


,(1)0 


,4*  („»»)-}  ±, 


,(1)0 


-  X 


^3  —  i  “ 


-  X 


\ 

/2  —  4/x  (  1  —  4*  2/5<i2 

/i  —  4/z  I  1  —  +  2/?di 

U  —  4/i  [  1  —  2/3^2 


,(2)0  ,  1 


<7^  j  70 


^  +  2/z— ^  -  2/i?/^-^  )>  — , 


<7 

(7(2) 


+  2ii 


,/,  sn  1 


Knowing  the  value  all  characteristics  of  the  nonstationary  Rayleigh 
wave  can  be  determined,  and  the  discontinuity  in  temperature  on  this  wave 
among  other  factors.  Having  regard  for  formulas  (12),  (43),  and  (59),  for 
[0]  we  find 


[0]  =  A  exp(~aR^)|  sin  6\  [C  cos  ^(7*  -f  /Cj  +  /k:^) 

4-C”  sin  ^(7*  +  «:*  +  ^c^)] ,  (60) 

where  A  =  (7^^'^)"  +  (7G^^''^)“V((^^'^^^  C"  -  ,  and 

C”  = 

The  angle  ^  (7r/2  <  ^  <  tt)  dependence  of  the  value  0*  =  [01/[0]o 
([0]o  =  [0]|^_,r/2)  is  presented  in  Fig.2  for  a  polycrystalline  copper  sphere 
at  C  —  C^’’  =  1.  Reference  to  Fig.2  shows  that  the  generation  of  the  tem¬ 
perature  discontinuity  at  the  equator  results  in  the  nonstationary  Rayleigh 
waves  converging  to  the  poles,  on  which  the  initial  jump  of  temperature 
increases  without  bounds  as  the  waves  approach  the  poles.  This  involves 
warming  up  of  the  material  surrounding  the  poles  and  its  transition  into  a 
plasma  condition. 
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CONCLUSIONS 

The  investigations  carried  out  show  that  during  the  propagation  of  non¬ 
stationary  Rayleigh  wave  (line  of  discontinuity)  across  the  free  and  heat- 
insulated  surface  of  a  thermoelastic  sphere  along  the  line  of  curvature  the 
intensity  of  the  wave  attenuates  by  exponential  and  power  laws  at  a  time; 
in  so  doing  the  exponential  attenuation  occurs  due  to  the  connectedness 
of  the  strain  and  temperature  fields,  but  the  attenuation  by  the  power  law 
is  caused  by  the  presence  of  the  time-dependent  curvature  of  the  surface 
wave.  Besides  the  attenuation,  the  surface  wave  intensity  oscillates  with 
the  time,  in  so  doing  the  oscillation  connects  only  with  the  curvature  of  the 
thermoelastic  body  surface. 
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Abstract 

Multistage  resilient  mounting  system  of  machinery  is  an  effective  measure 
to  attenuate  unwanted  vibration  and  structurebome  sound  transmission.  In  the 
present  paper,  the  approach  of  mechanical  impedance  synthesis  under  modal 
coordinates  has  been  developed.  The  basic  idea  of  the  approach  is  to  use 
modal  coordinates  instead  of  physical  ones,  and  physical  parameters  are 
represented  in  terms  of  modal  coordinates.  The  whole  impedance  matrix  of 
the  system  can  be  obtained  by  superposition  of  that  of  each  composed 
component  and  isolator.  This  approach  is  available  to  calculate  the  dynamic 
characteristics  and  vibrational  power  flow  transmission  of  the  multistage 
vibration  isolation  system  with  nonrigid  subframe  and  nonrigid  foundation. 
The  experimental  test  results  agree  favorably  with  the  predicted  analytical 
value. 


1.  Introduction 

Resilient  mounting  system  of  machinery  is  an  effective  measure  to 
attenuate  unwanted  vibration  and  structureborme  sound  transmission.  It  is 
widely  accepted  and  adopted  for  many  engineering  installations.  With  the 
advent  of  increasingly  requirement  for  the  reduction  of  vibration  transmission 
from  the  machinery  to  the  seating  structures,  the  technique  and  measur-e  of  the 
multistage  vibration  isolation  system  have  been  successfully  applied  to  some 
engineering  practices.  For  the  past  decades  the  theoretical  and  experimental 
study  on  its  dynamic  characteristics  has  been  intensively  pursued  by  a  number 
of  workers,  in  which  the  subframe  and  the  foundation  were  generally 
considered  as  rigid  bodies  and,  the  purpose  was  concentrated  upon  analysis  of 
natural  frequencies  and  vibration  transmission  of  system  in  order  to  avoid 
resonance  that  would  seriously  impair  its  isolation  performance  and  to  assess 
its  isolation  effectiveness  1^-3].  The  advantage  of  above  analytical  and 
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calculation  models  gives  practical,  economical  and  convenient  means  of 
obtaining  solutions  and  is  suitable  for  many  engineering  practices. 

In  some  cases  however,  it  is  not  always  true  to  treat  the  subframe  and  the 
foundation  as  the  rigid  bodies,  especially  in  transport  vehicle  and  on  board 
ships.  For  this  situation,  a  considerably  more  precise  and  detailed  form  of 
analysis  is  required  in  order  to  predict  the  isolation  afforded  by  the  mounting. 
The  problem  of  vibration  isolation  system  with  a  nonrigid  subfi'ame  and  a 
nomigid  foundation  has  been  investigated  by  many  other  workers  and  various 
methods  have  been  developed.  These  methods  can  be  probably  divided  into 
several  kinds.  For  the  sake  of  simplicity,  thi'ee  main  methods  are  reviewed 
briefly  below. 

The  first  one  was  transfer  matrix  method  based  on  four  pole  parameters 
according  to  the  analysis  method  of  Soliman  and  Hallam  who  derived  an 
equation  governing  the  response  of  nonrigid  machine  mounted  by  any  number 
of  isolators  on  a  nomigid  foundation  and  excited  by  any  number  of  input 
forces  [4],  Applying  this  method  to  analysis  of  isolation  system,  the  machine, 
the  subframe  and  the  foundation  were  considered  as  multi-input  and  multi¬ 
output  components  whose  dynamic  characteristics  can  be  represented  by 
mobility  equation  of  the  component  respectively.  The  isolators  can  also  be 
represented  by  their  mobility  equation  derived  from  its  four  pole  parameters 
equation.  Then  according  to  the  condition  for  force  equilibrium  and  motion 
compatibility  at  the  junction,  the  relationship  of  force  and  response  of  the 
whole  system  can  be  given  out.  However,  the  method  was  valid  to  single 
stage  vibration  isolation  system,  and  was  available  for  multistage  isolation 
system  while  both  of  the  number  of  points  of  input  and  output  for  each 
subframe  were  the  same  only. 

The  second  was  the  dynamic  stiffiiess  coupling  teclinique  proposed  by 
Sainsbmy  and  Ewinsl^I  that  can  be  used  to  analyze  a  complex  mechanical 
structure.  That  method  was  based  on  building  block  approach  to  structural 
dynamics  developed  by  Klosterman  et  aU^l,  whose  basic  idea  was  to  consider 
the  structure  as  an  assembly  of  connected  components  and  to  perform  a 
detailed  analysis  of  each  component  individually.  In  [5]  a  theoretical 
dynamic  analysis  of  a  machinery  vibration  isolation  system  with  damped 
subfi'ame  that  consists  of  damped  sandwich  beams  was  described  in  detail. 
That  method  was  basically  also  feasible  for  complex  multistage  isolation 
system.  The  key  problem  was  to  obtain  mechanical  impedance  data  of  each 
component  of  system,  hi  some  cases  it  was  not  easy  to  get  that  data  because  its 
calculation  or  measurement  had  to  satisfy  a  certain  constraint  condition,  hi 


130 


addition,  that  method  just  gave  out  vibration  response  of  the  junctions 
between  components  only. 

The  third  was  a  finite  element  method  that  has  gradually  been  applied  to 
analysis  and  calculation  of  machinery  isolation  system.  Masao  and  Miyoshi 
gave  out  a  detailed  solution  of  two  stage  vibration  isolation  system  of  a  diesel 
generator  set  using  finite  element  method[7-8].  However,  it  relies  upon  the 
computer  capacity  and  calculating  technique. 

It  is  the  purpose  of  this  paper  to  develop  a  new  approach  that  is  referred  to 
as  the  approach  of  mechanical  impedance  synthesis  under  modal  coordinates. 
The  basic  idea  of  the  approach  is  to  use  modal  coordinates  instead  of  physical 
ones,  and  physical  parameters  are  represented  in  terms  of  modal  coordinates. 
The  whole  impedance  matrix  of  the  system  can  be  obtained  by  superposition 
of  that  of  each  composed  component  and  isolator.  This  approach  can  be  used 
to  calculate  the  natural  ftequencies  and,  vibration  responses  of  an  arbitrary 
point  of  the  system  as  well  as  vibrational  power  flow  transmission  of  the 
multistage  vibration  isolation  system  with  nomugid  subframes  and  nonrigid 
foimdation.  The  experimental  test  is  carried  out,  consisting  of  two  steel  plates 
mounted  upon  a  thin  steel  plate  via  four  vibration  isolators  respectively,  which 
in  turn  resiliently  moimted  upon  two  simply  supported  beams.  The  objective 
of  the  test  is  to  verify  the  analysis  method.  The  experimental  test  results  agree 
favorably  with  the  predicted  analytical  value. 

2.  Analysis  Method 

hi  general  the  multistage  vibration  isolation  system  consists  of  several 
rigid  (or  nomigid)  machines,  nonrigid  subframes  and  rigid  (or  nomigid) 
foundation  that  are  connected  together  by  vibration  isolators  at  different  link 
points  respectively.  The  most  general  case  of  a  multistage  isolation  system  is 
schematically  shown  in  figure  1. 

2.1.  The  basic  theory  of  impedance  synthesis 

According  to  the  modal  theory,  there  is  a  principle  that  at  any  frequency 
the  mechanical  impedance  of  a  structure  composed  of  two  components 
connected  together  can  be  obtained  by  adding  the  mechanical  impedance  of 
each  component  at  the  connection  point.  Therefore  the  mechanical  impedance 
of  properties  of  the  assembled  structure  may  be  expressed  in  terms  of  the 
corresponding  properties  of  the  individual  components.  This  basic  principle 
can  be  explained  with  the  aid  of  the  specific  example  in  figure  2. 
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In  figure  2,  the  subsystem  A  has  n  points  and  Fj  and  Uj  denote  the  input 
force  and  the  response  at  point  i,  and  the  subsystem  B  has  m  points  and  f-  and 
Vj  denote  the  input  force  and  the  response  at  point  j.  Two  components  are 
rigidly  coimected  at  point  n  of  A  and  point  1  of  B. 


00.3 

X03' 


Fig.  1  Diagram  of  multistage  resilient  mounting  system 


The  motion  equation  governing  the  subsystem  A  can  be  expressed  as 

F=ZU  (1) 

in  which  Z  is  a  n  x  n  square  impedance  matrix,  U  and  F  are  column  vectors  of 

the  response  (  displacements  and  angular  displacements  )  and  force  (  forces 
and  moments  )  acting  on  each  pole  of  system  A  respectively.  The  equation  (1) 
can  further  be  rewi'itten  in  the  following  form 


n  which  Z;;  is  a  (n-1)  x  (n-1)  square  impedance  matrix,  Zy^^  and  2„,  are  (n-1) 
X  1  and  1  X  (n-1)  impedance  column  respectively.  Fy  and  Uj  are  1  to  (n-1) 

column  vectors,  representing  the  input  force  and  response  of  1  to  (n- 1 )  poles 
in  system  A.  Similarly  the  motion  equation  governing  the  sub-system  B  is  as 
the  same  as  equation  (2),  i.e. 


(3) 
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N 

1 
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(b) 

Fig.  2  Typical  system  consisted  of  subsystems  A  and  B 

where  is  a  (m-1)  x  (m-1)  square  impedance  matrix,  and  are  (m-1) 

X  1  and  1  X  (m-1)  impedance  column  respectively./,^  and  F,„  are  1  to  (m-1) 

column  vectors  representing  the  input  force  and  response  of  2  to  m  poles  in 
system  B. 

Combining  equations  (2)  and  (3)  gives  out 
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According  to  impedance  equations  of  subsystems  A  and  B,  the  dynamic 
performance  of  the  whole  system,  in  the  case  of  rigid  connection  at  pole  n  of 
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A  with  pole  1  of  B,  can  be  described  from  the  conditions  for  force  equilibrium 
and  motion  compatibility  as  follows 


f  F  =  F  +f. 

[u  =v.=u 

Thus  it  can  be  expressed  in  the  form  of  matrix  equation  as 


(5) 


(6) 


where  Ij  and  4  are  (n-1)  x  (n-1)  and  (m-1)  x  (m-1)  unit  matrices  respectively. 

Substituting  these  conditions  into  equation  (4),  the  equation  of  the  whole 
system  can  be  obtained 


_ 1 

~u: 

F 

= 

Zil  2nii  T  Zl  1  Zl”‘ 

u 

Z'xi  Z""" 

v,„ 

(8) 


2.2.  The  approach  of  mechanical  impedance  synthesis  under  modal 
coordinate 

The  basic  idea  of  this  new  approach  is  to  use  modal  coordinates  instead  of 
physical  ones,  and  physical  parameters  are  represented  in  terms  of  modal 
coordinates.  It  is  veiy  common  that  the  multistage  vibration  isolation  system 
consists  of  several  components,  including  nomigid  subframes  and  nonrigid 
foundation,  which  are  comiected  together  by  isolators  at  different  link  points 
respectively.  The  performance  of  these  components  can  be  represented  by 
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their  modal  impedance  matrixes  according  to  modal  analysis,  and  tlie 
impedance  matrix  of  each  isolator  can  be  derived  using  modal  parameters  of 
the  junction.  Then  the  whole  modal  impedance  matrix  of  the  system  can  be 
obtained  by  superposition  of  that  of  components  and  isolators.  The  analysis 
procedure  is  described  in  detail  below. 


Figure  3  shows  a  coupled  system  consisting  of  two  components  A  and  B 
that  are  connected  by  isolator  I  at  point  s  of  A  and  point  p  of  B.  The  modal 
coordinates  of  two  components  A  and  B  are  q^,  q2---%  and  q^',  q2'...qj4’,  the 

eigenvector  columns  are  4^  2---  ^  n  ^  i  ’  ^  z'*--  ^  M’  modal  forces  of 

A  and  B  are  f^,  and  f/,  fV-fj^',  and  the  modal  stiffiiess,  modal  masses 
and  modal  damping  of  two  components  are  K^,  K2...Kj^,  M^,  M2...M^,  C^, 
C2...CN  a«d  K/,  K2 -Km’,  Mp  MV  ...Mm',  0^,02  ...Cm’  respectively.  N  and  M 
are  the  selected  modal  numbers  of  two  components.  Therefore  the 
performance  of  component  A  can  be  specified  by  N  modal  impedance 
equations,  i.e. 

fi^Ziqi  (i=l,2...N)  (9) 

in  which  Z,]=K[  -  w  -  Mj  +  j  ^  Cj . 

Equation  (9)  can  also  be  written  in  terms  of  matrix  form 


K,-co^M,+jC 


(10) 
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The  modal  impedance  matrix  of  A  is  the  diagonal  one.  Similarly,  that  of  B 
has  the  same  form  of 


’q/" 

f2' 

= 

K,'-arM.'+jC,’ 

^2 

f  ' 

L^m  j 

qM'. 

Now  the  problem  is  how  to  derive  the  impedance  matrix  of  isolator  I  under 
modal  coordinates.  For  isolator  I,  its  two  ends  s  and  p  are  connected  with 
subsystem  A  and  B  respectively,  seeing  figure  3,  the  impedance  equation  of 
isolator  I  at  point  s  can  be  written  as 

Fs  =  Zi(Us-Vp)  (12) 

where  Zj  is  the  impedance  data  of  the  isolator  that  is  given  by  manufactures  or 
from  measurement.  According  to  modal  superposition  theory,  there  exists 
following  relation 


(13) 

j=i 

hi  order  to  fliither  deduce,  a  set  of  equivalent  modal  force  of  isolator,  that 
means  all  each  modal  force  acting  on  components  A  to  be  equivalently  acting 
on  point  s,  could  be  defined  as  follows 

Fi  =  fi/  ^si  (i=l,2-.N)  (14) 

Substituting  equations  (14)  and  (13)  to  equation  (12)  N  set  of  impedance 
equations  in  terms  of  modal  parameters  of  components  of  A  and  B  can  be 
obtained 

N  M 

(i=l,2...N)  (15) 

j=!  j=l 

Similarly,  at  point  p,  there  exist  M  set  of  impedance  equations  under 
similar  circumstances 

M  N 

(i=1^2...M)  (16) 
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Combining  equations  (15)  and  (16),  the  impedance  equation  of  isolator  I 
under  modal  coordinates  of  its  cormected  components  can  be  obtained 

{f,}  =  [z]{q;}  (17) 

in  which  {f.}  =  [f,  f,  f,'  fj’-'-fM'f 

{qi}  =  [qiq2---qN  qi'q2'---qMT 
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[Z]  is  the  impedance  matrix  of  the  isolator  I  under  modal  coordinates  of  its 
connected  components,  and  a  symmetric  one. 

From  impedance  equations  of  each  component,  i.e.  equations  (10)s  (11) 
and  (17),  using  the  principle  of  “  dynamic  stiffiiess  coupling  technique” 
mentioned  above,  we  can  synthesize  the  impedance  matrix  equation  of  the 
whole  system 

{f}  =  [Z^]{q}  (18) 


in  which  {f}  =  [f|  f,  f/ 

{q}=[qiq2---qN  qi'q2'---qM'f 


[Z-r]  is  supeiposition  of  impedance  matrix  of  each  component. 


It  will  be  seen  from  above  analysis  that  the  approach  of  mechanical 
impedance  synthesis  imder  modal  coordinates  considers  the  modal  coordinates 
of  each  composed  component  as  unknown  parameters,  and  the  motion 
equation  of  system  is  derived  by  using  impedance  synthesis.  Here  the  modal 
coordinates  denote  local  one,  i.e.,  the  modal  parameters  of  component 
vibrating  alone.  After  getting  the  modal  coordinates  solution  by  using  equation 
(18),  the  response  at  any  arbitrary  point  of  component  should  superpose  result 
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of  corresponding  modal  coordinates.  For  inherent  frequency  solution,  we 
decompose  the  impedance  matrix  into  a  diagonal  mass  matrix  and  a 
symmetrical  stif&iess  matrix,  then  solve  eigenvalue  problem  easily.  Therefore, 
the  dynamic  characteristics  analysis  of  multistage  vibration  isolation  system 
can  easily  be  executed  by  using  above  approach.  This  approach  can  be  used  to 
calculate  the  natural  frequencies  and,  vibration  responses  of  an  arbitrary  point 
of  the  system  as  well  as  vibrational  power  flow  transmission  of  the  multistage 
vibration  isolation  system  with  nomigid  subfirams  and  nonrigid  foundation. 

3.  Experimental  verification  of  the  theory 

3.1  Experimental  rig 

The  experimental  work  is  carried  out  to  measure  the  natural  fi-equency, 
transfer  frmction  and  power  flow  of  two  stage  vibration  isolation  system  in  the 
laboratory  in  order  to  verify  the  preceding  analysis  of  the  characteristics  of  the 
multistage  isolation  system. 


Fig.  4  Experimental  rig 


Experimental  rig  was  shown  in  figure  4,  which  comprises  five  components: 
a  pair  of  small  size  steel  plates  (designated  by  1  and  2),  a  large  steel  plate  (3) 
and  a  pair  of  steel  beams  (4  and  5).  The  size  of  two  plates  1  and  2  is  150  ^  232 
mm  and  thickness  8  mm,  representing  two  machinery  sets.  The  plate  3, 
representing  nonrigid  subfi-ame,  has  width  524  mm  and  length  624  mm  with  5 
mm  thickness.  Two  identical  steel  beams  4  and  5  of  width  59  mm  and 
thiclaiess  6  mm  with  1000  mm  length  are  simply  supported  at  both  ends  of  the 
beam  representing  nomigid  foundation.  Here  each  machinery  set  was 
resiliently  mounted  via  four  JZN-15  rubber  isolators  on  a  subfi*ame  which,  in 
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turn,  was  supported  by  four  BL-2  elastic  elements  on  the  beams.  Therefore, 
the  measurement  system  can  be  considered  as  two  stage  isolation  system  with 
nomigid  subframe  and  nonrigid  foundation.  Table  1  lists  the  stiffriess  of 
isolators. 


Table  1 .  Stiffriess  of  isolator  (kl^ 

7m) 

Type 

Vertical 

Longitudinal 

Lateral 

JZN-15 

20.0 

17.0 

17.0 

BL-2 

7.74 

12.1 

12.1 

3.2  Experimental  instrumentation 


Fig.  5  Block  diagram  of  instrumentation 
1  electric  shaker,  2  power  amplifier,  3  signal  source,  4  force  transducer 
5  electric  charge  amplifier,  6  accelerometer,  7  electric  charge  amplifier 
8  CF-350  dual  channel  FFT  analyzer 

Figure  5  shows  the  instrumentation  used  to  measure  the  inlierent 
characteristics  of  the  system.  The  subframe  is  excited  by  a  shaker  via  force 
transducer  that  is  placed  at  the  center  point  of  subfinme.  The  signals  of  white 
noise  excitation  and  acceleration  response  are  measured  simultaneously  by  a 
dual  chamiel  FFT  analyzer.  Changing  exciting  and  receiving  points,  the 
natural  fi'equencies  of  the  system  at  different  directions  can  be  measured  in  the 
same  way  respectively. 

3.3  Experimental  results  and  comparison 
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Figures  6  (a-b)  show  two  representative  measured  frequency  response 
frinctions. 


(a) 


(b) 

Fig  6.  Measured  fi-equency  response  cui*ve 


The  pictures  clearly  show  that  the  system  has  natural  fi'equencies  of  8  ^ 

1 1.75  and  17.25  Hz  etc.  Summing  up  ail  measured  value,  we  get  first  eighteen 
natural  frequencies.  In  order  to  compare  measured  value  with  predicted  one, 
table  2  list  as  follows 

In  calculation  procedure  of  experimental  rig,  the  mechanical  impedance 
parameters  of  plate  3  and  beams  4  (5)  are  obtained  by  using  finite  element 
method,  and  thirty  natural  frequencies  are  calculated,  hi  table  2  we  just  list 
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first  eighteen  natural  frequencies.  From  table  2,  it  can  be  seen  that  measured 
results  agree  basically  with  the  predicted  one. 

Table  2 

Comparison  of  natural  frequency  between  measured  and  predicted  value(Hz) 


Order 

Predicted 

Measured 

error(%) 

1 

7.52 

8.0 

6.0 

2 

9.78 

10.25 

4.6 

j 

10.84 

11.75 

7.7 

4 

12.57 

13.25 

5.1 

5 

17.81 

17.25 

-3.2 

6 

18.58 

19.25 

3.5 

7 

20.36 

21.25 

4.2 

8 

22.14 

22.50 

1.6 

9 

23.32 

22.75 

-2.5 

10 

25.54 

24.75 

-3.2 

11 

26.59 

25.25 

-5.3 

12 

27.41 

26.00 

-5.4 

13 

27.92 

29.00 

3.7 

14 

28.16 

30.25 

6.9 

15 

29.62 

31.75 

6.7 

16 

30.69 

32.75 

6.3 

17 

35.42 

35.00 

-1.2 

18 

36.88 

38.25 

3.6 

In  order  to  estimate  the  isolation  effectiveness  of  multistage  isolation 
system,  the  vibrational  power  flow  transmitted  by  the  isolator  is  calculated  and 
measured  respectively.  The  power  flow  measurement  is  made  by  using  the 
method  developed  by  Pimiington[^].  Figure  7  shows  four  cuiwes  of  the 
vibrational  power  flow  from  machinery  (plate  1)  to  subframe  (plate  3)  through 
upper  two  isolators,  in  which  —  and  ~  lines  denote  predicted  amd  measured 

value  via  isolator  1  respectively,  ~  and  —lines  denote  predicted  and  measured 
value  via  isolator  2  respectively.  In  same  way  figure  8  displays  the  power  flow 
fr*om  subframe  to  foundation  (beam  4)  through  lower  two  isolators.  From 
both  figures,  it  can  be  seen  that  transmitted  power  between  predicted  and 
measured  is  agreement,  there  by  confirming  the  fesibility  of  above  approach. 
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Fig.  7  Vibrational  power  flow  from  machinery  to  subframe 


Fig.  8  Vibrational  power  flow  fi*om  subframe  to  fondation 

4.  Conclusions 

An  approach  of  mechanical  impedance  synthesis  under  modal  coordinates 
has  been  developed.  The  approach  incoiporates  finite  element  method  to 
obtain  the  inlierent  behaviour  and  the  dynamic  characterestics  of  multistage 
vibration  isolation  system  with  nomigid  subframe  and  nomigid  foundation. 

An  experimental  investigation  of  a  double  stage  vibration  isolation  system 
has  been  performed  which  provided  favorable  agreement  between  measured 
and  predicted  results.  This  experiment  demostrates  that  the  proposed  approach 


is  available  for  predicting  accurately  the  dynamic  behaviour  of  multistage 
isolation  system. 
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PASSIVE  AND  ACTIVE  CONTROL  I 


DESIGN  OF  A  WIDEBAND  VIBRATION 
NEUTRALISER 


MJ.  BRENNAN 

Institute  of  Sound  and  Vibration  Research,  University  of  Southampton, 
Southampton,  Hampshire,  S017  IBJ,  UK. 

1.  INTRODUCTION 

Since  its  inception  by  Ormondroyd  and  Den  Hartog  in  1928  [1],  the  vibration 
absorber  has  been  used  in  many  applications.  It  is  usually  employed  in  one 
of  two  ways;  either  to  suppress  a  troublesome  natural  frequency  of  the  host 
structure  or  to  reduce  vibration  at  a  problematic  excitation  frequency.  It  is  the 
latter  that  is  of  concern  in  this  paper  and  to  distinguish  it  from  the  former  it 
is  called  a  vibration  neutraliser  [2].  This  device  has  a  narrow  bandwidth  and 
acts  like  a  notch  filter,  reducing  the  vibration  of  the  host  structure  over  a 
restricted  frequency  range.  Its  effectiveness  depends  upon  two  parameters, 
namely  its  mass  and  internal  damping.  If  the  damping  is  small  then  it  is  more 
effective,  but  its  bandwidth  is  also  small.  At  frequencies  outside  the  narrow 
bandwidth  of  the  neutraliser  the  vibration  of  the  host  structure  can  be 
amplified  due  to  the  presence  of  the  neutraliser.  Although  many  machines 
operate  nominally  at  a  single  speed  (frequency),  they  generally  drift  around 
this  speed.  Thus  a  narrow  bandwidth  neutraliser  can  be  inappropriate  as  the 
neutraliser  may  increase  the  motion  of  the  machine.  To  overcome  this 
problem  tunable  neutralisers  have  been  designed,  for  example  [3][4],  which 
can  operate  effectively  when  fitted  to  a  machine  whose  speed  fluctuates  with 
time.  However,  such  devices  need  a  control  system  and  are  thus  much  more 
complicated  than  a  simple  passive  device.  The  neutraliser  discussed  in  this 
paper  offers  a  way  of  increasing  the  bandwidth  by  grouping  several 
neutralisers  together  in  parallel  with  each  device  having  a  slightly  different 
natural  frequency  than  its  adjacent  partners.  This  device,  which  is  called  a 
wideband  neutraliser,  is  studied  analytically  and  its  performance  is  compared 
with  a  single  neutraliser.  By  making  some  approximations,  several  simple 
formula  that  describe  the  important  characteristics  of  the  device  are  derived. 
Experimental  results  are  also  presented  to  validate  the  theoretical  model.  It 
should  be  noted  that  other  investigators  have  studied  similar  devices  for  the 
attenuation  of  flexural  waves  on  a  plate  [5]  and  the  addition  of  damping  to  a 
structure  [6]. 

2.  CHARACTERISTICS  OF  A  VIBRATION  NEUTRALISER 

Before  discussing  a  wideband  vibration  neutraliser  it  is  necessary  to  recall  the 
characteristics  of  a  single  neutraliser.  Consider  first  the  system  shown  in 
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Figure  1,  which  depicts  a 
machine  with  a  neutraliser 
fitted  which  has  a  mass 
and  a  complex  stiffness 
k'^  =  k{\+]ri).  The 

frequency  domain  equations 
describing  the  system  are: 

/l  "  -^11^1  ^12^2 

A  “  ^1*^1  ^  ■^2*^2 

fa  -  ^aK  (1^) 

where  all  the  variables  are 
complex  functions  of 
frequency.  The  z’s  are 
mechanical  impedances  [6]. 


■^1 


^2 


/. 

machine  of 
impedance  Z 

^  1 

I/2 

neutraliser  of 
impedance 


Figure  1  A  machine  of  impedance  z  with  a  neutraliser 
fitted 


If  we  first  consider  the  machine  alone  in  the  absence  of  the  neutraliser,  then 
can  be  set  to  zero  in  equation  (lb),  and  noting  that  x  =  j<io;c  we  get: 

^2 (free)  ^  ^2) 

^1  ^2 

where  the  subscript  Tree’  denotes  that  the  neutraliser  is  not  fitted.  When  the 
neutraliser  is  fitted  it  applies  a  force  to  the  machine,  and  the  conditions  at  the 
interface  between  the  machine  and  the  neutraliser  dxtfo^-fa  and  because 
of  force  equilibrium  and  continuity  of  motion.  In  this  case  equations  (lb)  and 
(Ic)  combine  to  give: 

^2  (fitted)  _  ^21 

^2  ^ 


where  the  subscript  ‘fitted’  denotes  that  the  neutraliser  fitted.  Equations  (2) 
and  (3)  combine  to  give  the  ratio  of  the  machine  displacement  at  the 
neutraliser  attachment  position,  with  and  without  the  neutraliser  fitted: 


'^2  (fitted)  _ 


1 


^2  (free) 


1  + 


(4) 


^2 


Equation  (4)  shows  that  the  displacement  of  the  machine  can  only  be 
substantially  reduced  if  the  impedance  of  the  neutraliser  is  much  greater 
than  the  impedance  of  the  machine  Z22-  The  impedance  of  a  neutraliser  is 
frequency  dependent  and  is  given  by  [7]: 
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jcom^(l  +jTi) 


(5) 


1  -  +  jti 

where  r]  is  the  loss  factor  and  Q=w/aj,,  where  w,  is  the  tuned  (natural) 
frequency  of  the  neutraliser.  The  neutraliser’s  impedance  becomes  very  large 
when  its  natural  frequency  is  the  same  as  the  forcing  frequency,  i.e.,  ^  =  1. 
If  we  impose  this  condition  and  assume  that  7]<<l,  then  equation  (5) 
becomes: 


(tuaed) 


n 


(6) 


It  can  be  seen  that  the  neutraliser  is  more  effective  if  its  internal  damping  is 
low,  if  its  mass  is  large  or  if  the  tuned  frequency  is  high.  To  visualise  the 
effect  of  such  a  neutraliser,  we  assume  that  the  machine  shown  in  Figure  1 
is  working  in  a  mass  dominated  region  and  has  a  neutraliser  fitted.  The 
resulting  change  in  displacement  due  to  the  neutraliser  is  shown  in  Figure  2. 
It  can  be  seen  that  the  displacement  of  the  machine  is  only  substantially 
reduced  over  a  small  frequency  range.  Above  this  there  is  a  resonance,  and 
the  displacement  of  the  machine  at  frequencies  close  to  this  resonance  is 
increased  by  the  presence  of  the  neutraliser. 


Figure  2  Change  in  the  displacement  of  a  machine  operating  in  the 
mass-controlled  region  and  fitted  with  a  neutraliser 


It  is  convenient  to  define  an  operational  bandwidth  Acn,  of  the  neutraliser, 
which  is  the  frequency  range  over  which  the  neutraliser’s  impedance  is  within 
3  dB  of  the  maximum.  In  this  frequency  range  the  resulting  displacement  of 
the  machine  to  which  the  neutraliser  is  attached  is  a  minimum,  and  this  can 
be  seen  in  Figure  2.  The  bandwidth  is  related  to  the  neutraliser’s  loss  factor 
and  the  tuned  frequency  by  the  following  expression  [4]: 
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Aco  =  T]  COj 


(7) 


It  is  clear  from  the  above  discussion  that,  for  a  given  tuned  frequency,  a  wide- 
bandwidth  neutraliser  must  have  a  large  loss  factor.  If  this  is  so  then  the 
maximum  impedance  will  be  small  as  can  be  seen  by  examining  equation  (6). 
The  only  way  of  increasing  the  neutraliser’s  maximum  impedance  and  hence 
its  effectiveness,  but  without  reducing  the  bandwidth,  is  to  increase  the  mass 
of  the  neutraliser.  If  the  tuned  frequency  is  to  remain  invariant  then  this  will 
also  require  a  proportionate  increase  in  the  neutraliser’s  stiffness. 

3.  CHARACTERISTICS  OF  A  WIDEBAND  VIBRATION 
NEUTRALISER 

As  shown  in  equation  (4),  if  the  impedance  of  a  neutraliser  is  known  in 
addition  to  that  of  the  host  structure  then  the  vibration  of  the  host  structure 
can  be  predicted  when  a  neutraliser  is  fitted.  Thus  we  can  characterise  the 
dynamic  behaviour  of  a  wideband  neutraliser  by  the  single  complex  quantity 
of  input  mechanical  impedance  (input  force/velocity),  and  it  is  this  quantity 
that  is  discussed  in  this  paper  specifically  for  wideband  neutralisers. 

Consider  the  array  of  N 
neutralisers  shown  in 
Figure  3  that  make  up 
the  wideband 
neutraliser.  The 
impedance.^  =flx,  of 
the  device  is  the  sum  of 
the  impedances  of  the 
individual  neutralisers,  and  is  given  by: 

Z  =  y  JCJOT(1  -HJTI)  (9) 

where  ol  is  the  spacing  between  the  natural  frequencies  of  the  neutralisers. 
The  normalised  modulus  of  the  impedance  of  the  wideband  neutraliser  is 
plotted  in  Figures  4a  and  b  for  arrays  of  different  numbers  of  neutralisers 
with  oL-riH  and  The  normalising  factor  is  the  maximum  impedance  of 
a  single  neutraliser  given  by  equation  (6).  In  order  that  a  comparison  can  be 
made  between  wideband  neutralisers  which  contain  a  different  number  of 
neutralisers,  the  total  mass  of  each  wideband  neutraliser  is  kept  constant,  i.e., 
m— m^/N.  A  number  of  observations  can  be  made  with  regards  to  Figure  4. 

(a)  At  the  lowest  natural  frequency  of  the  neutraliser  array,  the  impedance 
is  approximately  the  maximum. 

(b)  Because  the  total  mass  is  kept  constant  the  normalised  maximum 


m  m 

m  ^  1  1 

^  1 

/ 

1 

Figure  3  A  wideband  neutraliser  consisting  of  an  array  of  N 
neutralisers 
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impedance  reduces  with  an  increasing  number  of  neutralisers. 

(c)  The  bandwidth  of  the  device  increases  with  the  number  of  neutralisers. 

(d)  As  the  spacing  between  the  individual  neutraliser  natural  frequencies 
is  increased  the  ripple  in  the  impedance  increases.  It  appears  that  a 
frequency  spacing  greater  than  rj  will  result  in  a  ripple  which  is  greater 
than  3  dB,  and  this  will  probably  be  unacceptable. 


(a)  The  normalised  natural  frequencies  of  adjacent  neutralisers  differ 
by  tj/2 


(b)  The  nomialised  natural  frequencies  of  adjacent  neutralisers  differ 
by  7] 

Figure  4  Nomialised  modulus  of  the  impedance  of  a  wideband  neutraliser  consisting  of  an 
array  of  1-10  neutralisers  for  different  spacing  of  the  neutraliser  natural  frequencies 
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The  approximate  maximum  value  of  the  impedance  can  be  determined  by 
IvaluXg  equation  (9)  at  Q  =  l.  If  P<  <1.  if  P-ducts  of  small  quantmes  are 
neglected  and  the  total  mass  of  the  system  is  kept  constant  we  g  . 

.  1  1  (10) 

^  ~  N  ;^U(”  '  1)“ 

The  modulus  of  equation  (10)  normalised  by  the  tuned  impedance  of  a  single 
neutraliser  given  in  equation  (6)  can  be  written  as. 


1 

l^maxCnonn)  1  ~  jy  S 


1  -i^(n  -  1) 


To  check  the  validity  of  the  approximations  made  m  the  derivation  of  equation 
(11)  it  is  plotted  in  Figure  5a  for  an  array  of  1  to  10  neutralisers  with  a  v 
Ind  a=i),  rogether  with  the  maximum  impedance  calculated  numerically  using 
equation  (9)  with  a  normalised  frequency  increment  of  0.00001. 

It  can  be  seen  that  equation  (11)  gives  a  reasonable  estimate  of  the  maximum 
impedance  of  a  wideband  neutraliser.  This  graph  also  shows  quite  clearly  that 
there  is  a  penalty  of  a  reduction  in  the  maximum  impedance  when  an  array  of 
neutralisers  is  used  to  increase  tlie  bandwidth  of  the  vibration  control  device. 

“.“  5.  if  ..n  «eu.,.li««  .r.  in  .•>.  .my  »»  —  "S! 

as  the  sinffle  neutraliser,  and  with  a  frequency  spacing  of  i)/2,  then  the 
maSLmImpedance  is  reduced  by  about  10  dB.  If  the  frequency  spacing  is 
p  then  the  maximum  impedance  is  reduced  by  about  14  dB. 
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(a)  Nomialisecl  maximum  impedance  of  die  array  of  neutralisers  with 
natural  frequency  spaciiigs  of  rj  and  rjI2. 


1 

rO 


calculated  numerically 
calculated  using  formula 


a=Ti 


a=TL 

2 


miinber  of  neutralisers 


(b)  Normalised  bandwiddi  of  die  array  of  neutralisers  with  natural 
frequency  spacings  of  rj  and  rjH. 


Figure  5  Comparison  of  the  maximum  impedance  and  bandwiddi  of  a  wideband  neutraliser 
consisting  of  an  array  of  tuned  neutralisers 


The  approximate  bandwidth  of  an  array  of  N  neutralisers  normalised  to  the 
bandwidth  t?  of  a  single  neutraliser  can  be  determined  by  simply  summing  the 
bandwidths  of  the  individual  neutralisers  and  correcting  for  the  overlap 
between  adjacent  neutraliser  bandwidths.  This  is  given  by: 

1  +  -  1)  (12) 

Uj  T| 

where  cui  is  the  lowest  natural  frequency  of  the  neutraliser  array.  The  3  dB 


bandwidth  is  also  calculated  numerically  using  equation  (9)  with  a  normalised 
frequency  interval  of  0.00001,  and  is  plotted  in  Figure  5b  together  with 
equation  (12)  for  1  to  10  neutralisers  when  a=r}!2  and  rj.  It  can  be  seen  that 
equation  (12)  provides  a  reasonable  estimate  of  the  actual  bandwidth. 

The  quantity  that  combines  the  properties  of  maximum  impedance  and 
bandwidth  discussed  above  is  the  maximum  impedance-bandwidth  product. 
For  a  single  neutraliser  this  is  obtained  by  multiplying  equation  (6)  by 
equation  (7)  and  is  simply  This  shows,  that  at  a  given  frequency,  the 
only  way  of  increasing  the  effectiveness  of  a  single  neutraliser  whilst 
maintaining  its  bandwidth  is  to  increase  its  mass.  For  the  wideband 
neutraliser,  the  approximate  maximum  impedance-bandwidth  product  can  be 
calculated  by  multiplying  equation  (11)  by  equation  (12).  To  see  how  this 
compares  with  a  single  neutraliser  it  is  normalised  to  the  maximum 
impedance-bandwidth  product  for  a  single  neutraliser.  This  is  plotted  in 
Figures  6a  and  b  together  with  maximum  impedance-bandwidth  product 
calculated  numerically.  It  can  be  seen  that  the  errors  in  this  approximation 
are  larger  than  in  previous  cases.  This  is  because  the  errors  in  approximations 
of  (11)  and  (12)  are  compounded.  Nonetheless  the  approximations  are 
considered  to  be  reasonable  estimates  and  are  attractive  because  they  are  much 
simpler  to  calculate.  Examination  of  Figures  6a  and  b  shows  that  the 
normalised  maximum  impedance-bandwidth  product  are  greater  than  unity 
when  more  than  one  neutraliser  is  used  in  the  array.  This  means  that  if  the 
bandwidth  of  a  single  neutraliser  is  too  small,  then  to  increase  it,  it  is  more 
beneficial  to  use  an  array  of  neutralisers  configured  to  form  a  wideband 
neutraliser  as  shown  in  Figure  3,  than  it  is  to  either  add  mass  or  increase  the 
damping  in  a  single  neutraliser. 
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(a)  The  iiomialised  iiacural  frequencies  of  adjacent  neutralisers  differ 
by  y]l2 


(b)  The  nomiaiised  natural  frequencies  of  adjacent  neutralisers  differ 
by  y] 


Figure  6  Gain-bandwidth  product  for  a  wideband  neutraliser  consisting  of  an  array  of  tuned 
neutralisers 

If  we  compare  Figure  4a  with  Figure  4b,  we  can  see  that  the  ripple  in  the 
impedance  increases  as  the  normalised  frequency  spacing  between  the 
individual  neutralisers  in  the  array  is  increased.  In  the  same  way  as  an 
approximate  expression  for  the  maximum  impedance  was  derived,  it  is 
possible  to  derive  an  expression  that  gives  the  approximate  size  of  the  ripple. 
The  ripple  in  dB  is  given  by: 
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ripple(dB)  =  20*logio|z^(^„^)|  -  20*log,o|z^„„^,|  (13) 

As  the  normaiise(d  maximum  impedance  |Zinax(nomi)|»  has  already  been  calculated 
in  equation  (11)  it  remains  to  calculate  the  normalised  local  minimum 
|^(notm)|that  occurs  within  the  3  dB  bandwidth  of  the  wideband  neutraliser. 
If  there  is  an  even  number  of  neutralisers  in  the  array  then  the  minimum 
occurs  approximately  when: 

0=1+  (14) 


If  we  set  fi  to  this  value  in  equation  (9)  and  assuming  that  r}<<l  and 
neglecting  products  of  small  quantities  we  get: 

_  (  1  '1 


N  U2n  -  1  -  i^)a  +  jTl 


The  modulus  of  equation  (15)  normalised  by  the  tuned  impedance  of  a  single 
neutraliser  given  in  equation  (6)  can  be  written  as: 

|^min(noim)|even  ~  2.^  ~  (16) 

n=i  I  -  j±(2n  -  1  -  N) 

V  'H 

If  there  is  an  odd  number  of  neutralisers  in  the  array  then  the  local  minimum 
within  the  3  dB  bandwidth  occurs  approximately  when: 

0=1+  (17) 


This  can  be  substituted  into  equation  (9)  to  give  the  minimum  impedance  and 
this  can  be  written  in  an  approximate  form  similar  to  equation  (16)  to  give 


1 


1  -  j^(2n  -  N) 


Thus,  equations  (11)  and  (16)  or  (18)  can  be  substituted  into  equation  (13)  to 
give  the  ripple.  This  is  plotted  in  Figure  7a  together  with  the  numerically 
calculated  ripple  for  a=riI2  and  oL=^y]. 
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+  calculated  mmiericaliy 
»  calculated  using  formula 


Figure  7  Comparison  of  some  characteristics  of  wideband  neutralisers  consisting  of  an  array 
of  tuned  neutralisers 


It  can  be  seen  that  the  ripple  is  dependent  primarily  upon  the  frequency 
spacing  between  the  neutralisers,  and  there  is  also  a  dependency  upon  the 
number  of  neutralisers  used  in  the  array.  It  increases  as  the  frequency  spacing 
increases  and  as  the  number  of  neutralisers  in  the  array  increases.  For  up  to 
10  neutralisers  the  ripple  is  less  than  1  dB  for  a=))/2  and  less  than  3.5  dB  for 

Oi=7}, 


One  final  characteristic  of  the  wideband  neutraliser  that  is  worthy  of 
consideration  is  the  shape  factor".  The  neutraliser  can  be  thought  of  as  a 
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filter  of  certain  bandwidth  and  gain  (maximum  impedance).  The  ideal 
characteristic  for  such  a  filter  is  that  it  should  have  a  rectangular  shape, 
bounded  by  the  3  dB  bandwidth  cut-off  frequencies.  To  calculate  the  shape 
factor  we  determine  the  area  under  the  curve  between  the  cut-off  frequencies 
and  divide  it  by  the  area  of  the  ideal  filter.  Thus  a  shape  factor  of  one  would 
denote  a  perfect  filter.  The  shape  factors  have  only  been  calculated 
numerically  as  no  simple  formulae  could  be  derived,  and  they  are  shown  for 
a =71/2  and  n  in  Figure  7b.  It  can  be  seen  that  when  a=rj  the  shape  ot  the 
filter  is  generally  worse  than  when  a  single  neutraliser  is  used,  but  when 
a=ril2  then  the  shape  factor  is  improved.  In  the  latter  case  it  appears  to  peak 
when  there  are  seven  neutralisers  in  the  array. 


4.  experimental  work 


To  validate  the  theory  discussed  in  the  previous  section  and  to  test  the 
feasibility  of  making  a  wideband  neutraliser  using  an  array  of  neutralisers, 
experimental  work  was  conducted.  A  wideband  neutraliser  was  designed  that 
could  accommodate  1  to  10  neutralisers.  It  consisted  of  a  central  bolt  to 
which  up  to  ten  thin  aluminium  beams  were  attached  as  shown  in  Figure  8. 
Each  beam  was  20  mm  wide  and  2  mm  thick  and  differed  in  length  from 
adjacent  beams  by  I  mm.  The  longest  beam  was  220  mm  l^ong  and  the 
shortest  21 1  mm  A  25  mm  strip  of  thin  damping  tape  was  fixed  close  to  the 
root  of  each  beam  as  shown  in  Figure  8.  Each  beam  acted  as  a  double 
cantilever  and  it  was  calculated  that  the  natural  frequency  of  the  longest  beam 
(100  mm  active  length)  would  be  about  164  Hz.  The  natural_frequen^^ 
shortest  beam  (95.5 


mm  active  length)  was 
calculated  to  be  180 
Hz.  The  normalised 
spacing  between  the 
natural  frequencies  of 
adjacent  neutralisers  in 
the  array  is  given  by: 


a  =  1  - 


'n  *  1 

L 


(19) 


where  I  is  the  active 
length  of  the  individual 
neutralisers  and  the 
index  commences  with 
the  largest  beam 


n 


i 

‘t 


damping 

material 


4 


plan  view 


1  mm  — ^  [— • 


,1 
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side  view 


Figure  8  Diagram  showing  die  neutraliser  array  used  in  die 
experimental  work 


the  largest  oeam  r  u 

(smallest  natural  frequency).  Because  the  natural  frequency  of  a  beam  is 
proportional  to  P,  a  is  not  constant;  it  ranges  from  0.01  to  0.0104  m  the  array 
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with  10  neutralisers.  The  loss  factor  was  calculated  using  the  half  power 
point  method  on  the  longest  beam  and  was  found  to  be  0.0217,  therefore 

The  wideband 
neutraliser  was  fitted  to 
a  Derritron  type  VP4 
shaker  and  was 
instrumented  with  a  B 
&  K  type  4393 
accelerometer  and  type 
8200  force  gauge  as 
shown  in  Figure  9. 


A  Hewlett  Packard 
frequency  response 
analyser  type  35  66 A 
was  used  to  generate  a  band  limited  random  signal  between  126  and  226  Hz 
which  was  used  to  drive  the  shaker.  The  frequency  response  function  of  force 
divided  by  velocity  (impedance)  was  computed  by  using  a  1600  line  FFT 
giving  a  frequency  resolution  of  0.0625  Hz.  The  experiment  was  repeated  for 
1  to  10  beams  used  in  the  wideband  neutraliser. 

Because  the  measured  impedance  was  effectively  a  mass-spring-mass  system 
rather  than  a  spring-mass  system  because  of  the  central  bolt,  washers  and 
constrained  section  of  beam  in  the  vicinity  of  the  bolt,  the  measured 
impedance  had  to  be  post-processed  to  remove  the  effects  of  this  mass.  This 
involved  subtracting  the  impedance  of  the  attached  mass  (which  was  0.0944 
kg  for  the  bolt  and  0.0017  kg  for  the  constrained  section  for  each  beam).  The 
measurements  were  also  normalised  to  the  maximum  impedance  of  the  single 
neutraliser  with  the  lowest  natural  frequency.  The  experimental  results  are 
plotted  in  Figure  10  for  a  selected  number  of  neutralisers  in  the  array.  This 
figure  should  be  compared  with  Figure  4  where  it  can  be  seen  that 
experimental  results  follow  the  general  trends  predicted  by  the  theoretical 
model. 


wideband 


I  shaker 


power  amp 


Figure  9  Experimental  set  up  to  measure  the  impedance  of  a 
wideband  neutraliser 
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Figure  10  Experimental  results 


5.  CONCLUSIONS 

This  paper  has  described  a  wideband  neutraliser  which  consists  of  an  array  of 
neutralisers  that  are  all  tuned  to  slightly  different  natural  frequencies.  This 
has  the  effect  in  the  frequency  domain  of  smearing  the  impedance  of  a  single 
neutraliser.  However,  if  the  total  mass  of  the  neutralisers  in  the  array  remains 
constant,  then  although  the  bandwidth  increases  the  maximum  impedance 
decreases.  It  is  shown  that  it  is  possible  for  the  product  of  these  two 
quantities  to  be  increased  in  comparison  with  a  single  neutraliser,  and  this  is 
considered  to  be  the  main  advantage  of  the  device.  Simple  expressions  have 
been  derived  for  the  maximum  impedance  and  bandwidth  of  the  wideband 
neutraliser  when  some  simplifying  assumptions  were  made,  and  the 
approximate  solutions  have  been  compared  with  numerical  simulations. 
Finally  some  experiments  have  been  conducted  to  validate  the  theoretical 
model  of  the  wideband  neutraliser  and  to  investigate  the  practical  difficulties 
in  fabricating  such  a  device. 
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ON  THE  TUNED  VIBRATION  ABSORBER  FOR  THE 
SUPPRESSION  OF  A  PARAMETRIC  RESONANCE 
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Abstract:  A  tuned  vibration  absorber  which  suppresses  a  parametric 
resonance  in  mechanical  systems  is  addressed.  The  principal 
domain  of  the  parametric  instability  is  shown  to  be  markedly  shifted 
by  a  proper  choice  of  the  absorber’s  parameters. 

1.  INTRODUCTION 

Tuned  vibration  absorber  (TV A),  also  known  as  tuned  mass  damper 
and  dynamic  vibration  absorber,  is  an  important  engineering  tool 
for  vibration  suppression.  This  simple  mechanical  device  which 
usually  consists  of  a  mass,  a  spring  element  and  a  dashpot  has 
proven  very  effective  for  reducing  severe  vibrations  of  machinery 
and  many  other  mechanical  systems  with  relatively  low  cost.  Over 
the  years,  many  TVA  design  configurations  have  been  developed. 
Numerous  examples  of  passive,  active,  semi-active  and  adaptive 
TVAs  in  civil  and  mechanical  engineering  can  be  found  in  a 
detailed  survey  of  the  recent  developments  and  applications  of  the 
linear  TVAs  [1]  wherein  some  hundred  papers  are  cited.  The 
operating  conditions  and  the  mechanical  properties  of  the 
controlled  systems  and  the  attached  TVAs  often  change  with  time, 
that  is  the  linear  TVAs  lose  effectiveness  and  may  even  increase  the 
systems'  vibration.  One  of  the  successful  applications  of  nonlinear 
TVA  is  nonlinear  centrifugal  pendulum  TVA,  cf.  [2]. 

In  what  follows  we  offer  an  idea  of  the  tuned  vibration 
absorption  of  the  parametric  instability  in  the  column.  To  the  best  of 
the  author's  knowledge,  paper  [3]  remains  the  only  application  of 
TVA  to  suppression  of  the  parametric  instability.  It  is  known  that 
pipelines  conveying  pulsatile  fluids  experience  parametric 
instability.  In  [3]  a  pinned-pinned  pipe  is  considered  and  the  TVA 
which  consists  of  a  mass,  a  spring  and  a  dashpot  is  attached  at  the 
midspan  and  acts  in  the  lateral  direction. 

The  main  intent  of  the  present  study  is  twofold:  (i)  to  reveal 
the  regions  of  dynamical  stability  of  a  potentially  unstable  beam 
with  an  attached  TVA  and  (ii)  to  show  how  the  parameters  of  an 
optimum  TVA  can  be  chosen,  for  a  given  range  of  the  excitation 
magnitude  and  frequency. 
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2.  CONCEPT  OF  THE  TVA  FOR  SUPPRESSION  OF  PARAMETRIC 
INSTABILITY  AND  THE  GOVERNING  EQUATIONS 

Conceptually,  a  TVA  for  suppression  of  parametric  resonance 
consists  of  a  bar  attached  to  a  potentially  unstable  beam,  cf.  Figure  1. 


unstable  beam 


^0  +  ^ 


lent 


X=:l 


Figure  1.  Schematic  of  a  tuned  vibration  absorber  for  unstable  beam. 


We  model  a  potentially  unstable  member  by  a  simply  supported 
Bernoulli-Euler  beam  0<x<l  on  which  a  periodic  force 


P{t)  =  +  is  imposed  at  the  end  x=l  The  beam  is  attached  to 

the  TVA  at  the  end  x=0.  TVA  is  assumed  to  be  dynamically  stable, 
i.e.  it  does  not  exhibit  any  lateral  instability. 

The  nonlinear  partial  integro-differential  equations  for  the 
beam  vibrations  are  given  as  follows  (for  details  see  [4]) 


(  „d\d^u  ,  f 


X 

f 

dw 

^  d^w 

J 

0 

j 

d^,0<x<l  (1) 


d\d‘^ 


w 


dw 


d\du 


=0 


,  0  <  X  <  /  (2) 


dt)  3xJ 

Here  El  and  EA  are  the  flexural  and  axial  rigidities,  respectively,  u 
and  w  are  the  axial  and  lateral  deflections,  respectively,  p  is  the 
mass  density  and  A  is  the  cross-sectional  area.  To  account  for 
material  damping  in  the  beam,  a  viscosity  is  introduced  by  means  of 

an  operator  p  ^ .  Equation  (1)  describes  the  axial  vibration  of  the 


beam  while  eqn  (2)  describes  the  bending  vibration. 

In  order  to  find  the  boundaries  of  the  instability  zones,  one 
can  neglect  the  non-linear  terms  in  the  right-hand  side  of  eqn  (1),  cf. 
[4],  to  have 


d\d^u  1  d^u 


=  (3) 

where  c  is  the  velocity  of  sound.  The  absorber  is  assumed  to  be 
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undamped  so  its  longitudinal  vibration  is  governed  by  the 
following  differential  equation 

-y-4-/  =  0,  0<x^<l,,c,=  J  f  (4) 

dx^  c  V  Pa 

a  a 

where  is  the  axial  displacement  of  the  absorber,  and  is  the 

velocity  of  sound.  Sub-index  a  is  referred  to  the  absorber.  Boundary 
conditions  and  the  conditions  of  the  beam-absorber  interaction  are 
given  by 

;c^  =  0.  «^  =  0;  x  =  l,  +  +  (5) 


^  ^  ”  ^cAt 


Solution  of  the  boundary  value  problem,  eqs  (3)-(6),  is  given 


..  Pq  . 

u^(x^,t)-H  a.  a 

P  P 

/  (rr _ '1  „  iCOf  ,  ^  ^  ; 


«fcO  =  {/?cos^  +  2sinX*y  +  — ^  + 

where  X  and  are  the  wave  numbers  of  the  beam  and  the 
absorber,  respectively.  Besides, 


cos  XI  ■ 


—  Pf  tan  XJ^ 

CO  ^  <3  « 

1  +  /(3co  tan  XJ.^  sin  XI 


I  ^ 

_ ^  ^  Ri^  I  +  /pco _ 

R^  cos  XI -R  tj  1  +  zP^  tan  sin  XI 


where  R  =  pcA  and  are  the  impedances  of  the  beam  and 

the  absorber,  respectively.  Substituting  eqn  (7)  into  eqn  (2)  yields 
_  3^w 


EA  ?i(l  4-  /pco)  (2  cos  Aj:-  /if  sin  he)  +  pA  — —  =  0 
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3.  THE  PRINCIPAL  INSTABILITY  ZONE  OF  THE  BEAM  WITH 
AND  WITHOUT  TVA 


In  order  to  define  the  principal  zone  of  instability  we  assume 

Tlx 

w[x,t)  =  (p(;c)  q(t)  where  the  fundamental  function  (p(x)  =  sin  —  is  the 

first  vibration  mode  and  the  static  buckling  form  of  the  beam  alone. 
We  multiply  eqn  (9)  by  (p{co)  and  integrate  along  the  length  of  the 
beam.  The  result  is  the  following  ordinary  differential  equation  for 
the  generalised  coordinate  q(t) 

^  +  2s ^  +  nil  - 2p  1 4>(co)  I  q  =  0  (10) 

dr 

Here  the  natural  frequency  of  the  bending  vibration  of  the  axially 
compressed  beam  Q ,  the  first  critical  load  Pc ,  generalised  damping 
e  and  dimensionless  magnitude  of  the  external  force  |i  are  given  by 


^Pc-Po 


Tz^  Eipfn 


pA 

Function  <E>(co)  is 


;  P.  =  EI—;  £  = 


2pA[/ 


T  ; 


2  r  cos  ?uc-  1  +  ipco  tan  sin  Xx 


JX^  L-Uib  —  zvy  z  -r  ipuz  uzii  'wv  - 

-  ^ — - COS  -j-  dx 

COS  Xl-Rsjl-^  /pco  tan  XJ,^^  sin  XI  ^ 


which  after  the  evaluation  of  the  integral  takes  the  following  form 
4  sin  —  ^2(1  _  2^2  cos  y  -  R  V 1  +  sm  y 

XI  cos Xi-R  >i/ 1  +  I'Po)  tan  X^l^  sin XI 

We  intend  to  analyse  the  conditions  under  which  the 
dynamic  buckling  of  the  beam  occurs  and  obtain  the  boundaries  of 
the  principal  zone  of  instability.  The  first  approximation  to  the 
boundaries  is  known  to  be  determined  by  means  of  the  following 
substitution^  cf.  [4],  [5] 

,,  .  cor  +  arg^(co)  ,  o)r+arg^(co) 

q{t)  =  a  sm - 2^  ^  ^  - 2 - 

which  leads  to  the  following  linear  equations  for  a  and  b 


-|yj  +iQ^(l +p|O(0))|)  a-EO)b  =  0 
£Coa+  -|y|  +n^(l-p|<[)(a))|)  b  =  0 
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The  vanishing  of  the  determinant  expresses  a  certain  dependence 
between  the  frequency  and  the  magnitude  of  the  external  axial  force. 
This  dependence  is  known  to  be  the  boundary  of  the  principal  zone 
of  instability,  cf.  [4],  [5] 


+  e^co^  -  <I>{co)  1^  =  0 


(16) 


From  the  latter  equation  we  can  see  that  the  case  1 0(a))  |  =  1 
corresponds  to  the  boundary  of  the  conventional  principal 
instability  zone  of  the  Mathieu  equation,  cf.  [4],  [5].  In  particular, 
substituting  8  =  0  into  eqn  (16)  yields  the  following  equation  for  the 
principal  zone  of  instability  of  the  beam  without  TVA 

0)  =  2a/r±|I  (17) 

The  principal  zone  of  instability  of  the  undamped  beam  emanates 
from  the  point  |a=  0,  co  =  2^2 ,  as  shown  in  Fig.  2. 


Figure  2.  Principal  zone  of  instability  for  the  undamped  beam 
without  TVA 

The  objective  of  the  present  study  is  to  choose  such  TVA  parameters 
that  beam  in  the  instability  zone  of  Fig.  2  can  be  rendered  stable  by 
attaching  the  TVA.  This  strategy  can  be  easily  realized.  Equation  (16) 
delivers  a  stability  chart  that  differs  from  that  of  the  beam  alone 

since  the  correction  factor  |0(co)|  depends  on  the  frequency  co. 
Longitudinal  vibration  can  increase  or  decrease  the  instability  zone. 
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In  the  case  |  O(co)  |  >  1 ,  especially  at  the  longitudinal  resonances,  an 
enlarged  zone  of  instability  is  expected.  Contrary  to  this,  the 

antiresonance  is  expected  to  diminish  the  instability  zone. 

Therefore,  the  parameters  of  the  tuned  absorber  might  be  chosen  in 
such  a  way  that  the  longitudinal  vibration  of  the  beam  with  TVA 
might  have  an  antiresonance  at  (0  =  2Q.  or  at  least  might  reach  a 
minimum  in  the  vicinity  of  the  frequency  0)  =  2Q.  The  dependence 
|O(0))|  versus  frequency  is  depicted  in  Fig.  3  for  the  following 
tuning  parameters:  ratio  of  the  impedances  R  =  0.1 ,  length 

ratio  U  =  la/l  =  0.35  ,  ratio  of  the  velocities  of  sound  c*  =  /  c  =  1 . 

The  latter  relation  says  that  the  beam  and  TVA  are  made  of  the 

same  material.  For  this  particular  example  we  take  the  following 

dimensionless  material  damping  =  2Q  P  =  0.01 . 


Figure  3.  The  correction  factor  |<^(co)|  for  the  above  tuning  of  TVA 

The  principal  instability  zones  of  the  beam  with  and  without  the 
above  TVA  tuning  are  shown  in  Fig.  4.  The  tuning  proposed  may  be 
considered  an  optimal  one  since  it  results  in  considerable  shifting 
and  reducing  the  principal  instability  zone  of  the  beam.  An  optimal 
selection  procedure  for  selecting  the  optimal  parameters  of  the  TVA 
can  be  easily  elaborated.  In  fact,  the  optimal  tuning  requires  the 
antiresonance  region  emanating  from  co  =  2Q  to  be  as  broad  as 
possible,  cf.  Fig.  3. 
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Figure  4.  Principal  instability  zone  of  the  beam  with  and  without  the 
optimal  TV  A 

4.  THE  SECOND  AND  THIRD  INSTABILITY  ZONES 

The  boundaries  of  the  second  instability  zone  are  known  to  be 
obtained  by  substituting 

q[t)  =  ^ Q  +  a2  sin  [m  +  arg  O(o))]  +  b2C0S  [(i)t  +  arg  O(co)]  (18) 

into  eqn  (10),  see  [4]  and  [5].  We  obtain  in  this  way  three 
homogeneous  linear  equations  in  bQ,a2  3.nd  vanishing  of 

the  determinant 


1  0)^ 

0 

8 

2D 

0 

1 

8 

2D. 

-2ii|  O(co)| 

1  ©2 

delivers  the  following  equation 

(-  0)^  +  +  48^(0^  -  0)^  +  Q^)|  <I)(co)  |^  =  0  (19) 

which  is  the  boundary  of  the  second  instability  zone,  cf.  [4]  and  [5]. 
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The  second  zone  of  instability  for  the  beam  with  and  without 
attached  TVA  is  shown  in  Figure  5.  This  figure  shows  that  the 
second  zone  of  instability  is  reduced  after  attaching  TVA, 


00 /2n 


Figure  5.  The  second  instability  zone  of  the  beam  with  and  without 
optimum  TVA. 

Similarly  to  the  second  instability  zone,  we  obtain  the 
boundaries  of  the  third  instability  zone  from  the  following  equation 


A  negligible  increasing  of  the  third  zone  of  instability  is  observed 
after  attaching  TVA,  as  Figure  6  shows.  However  it  is  worth 
mentioning  that  the  third  zone  of  instability  has  no  practical 

significance  since  value  \i  =  0.2  corresponds  to  the  case  where  the 
magnitude  of  the  external  harmonic  force  reaches  40%  of  the  static 
critical  loads. 
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Figure  6.  The  third  instability  zone  of  the  beam  with  and  without 
optimum  TVA. 


5.  STABILITY  OF  THE  TVA 


Previous  analysis  has  been  performed  under  the  assumption  that 
the  TVA  does  not  lose  stability.  In  other  words,  TVA  should  be  so 
designed  that  its  stability  charts  after  attaching  TVA  to  the  beam 
should  not  overlap  the  instability  zones  of  the  beam  with  and 
without  TVA.  The  above  derivations  can  be  used  for  the 
computations  of  parametric  instability  zones  of  TVA.  In  particular, 
the  equations  for  the  longitudinal  vibrations,  eqs  (3)  and  (4)  remain 
valid.  The  governing  equation  for  the  bending  vibration  of  the  TVA 

is  easily  obtained  from  eqn  (2)  by  substituting  ,  eqn  (7),  and  is 


given  by 


p  r  _ -  +  p _ - 

3^4^  dx^ 
a 


+ 


EcAaKH 

dxa[ 

dw 


<11  tear  „  ,  3 

a  I 


=  0 


dt^ 


(21) 


Substituting  w^{x,t))  =  sin  — q^(t)  in  eqn  (21)  and  applying  the 
Galerkin  approach  we  obtain  the  following  equation  for  cj 
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dr 

where 


^  ^ca 


[  ~  ~n  ’  ~ 


^{Pca-Po) 


r  o^a 

cosX^^cos^—dxa 


<!>»=• 


^  ^  la  Ra  cos  XI  cos  XJ^  -  R^/m^  sin  XJ^  sin  XI 
Evaluation  of  the  integral  in  eqn  (24)  yields 


'^a^a  -  471^  ^Ja  “  1  +  sin  sin  XI 

a  a 

The  boundaries  of  the  principal  zone  of  instability  for  the 
absorber  can  be  computed  as  follows 

ca  =  2a^^l±p^|0»|  (25) 

The  absorber  should  be  designed  so  that  for  given  range  of  frequency 
and  excitation  magnitude  no  instability  occurs.  However,  there  is  no 
need  to  compute  the  instability  zones  of  the  TVA.  Since  the 
optimum  TVA  is  three  times  shorter  than  the  beam,  it  is  sufficient 
to  admit  that  the  beam  and  the  absorber  have  the  same  flexural 
rigidity.  In  this  case,  as  eqs  (11)  and  (23)  indicate,  the  eigenfrequency 
and  the  critical  force  of  the  TVA  are  much  higher  than  those  of  the 
beam,  so  the  TVA  remains  stable  while  suppressing  the  parametric 
instability  of  the  beam. 

CONCLUSIONS 


sin  X  I 

bin  ^  ^ 


The  concept  of  a  tuned  vibration  absorber  which  suppresses  a 
parametric  resonance  in  mechanical  systems  is  explored.  The 
principal  domain  of  the  parametric  instability  is  shown  to  be 
markedly  shifted  by  a  proper  choice  of  the  absorber's  parameters. 
The  second  instability  domain  is  slightly  reduced  in  its  size  while 
the  third  one  is  negligibly  increased.  This  fact  should  not  be 
considers  as  a  shortcoming  since  the  second  and  the  third  domains 
present  no  danger  in  practice. 
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ABSTRACT 

Predicted  transient  response  characteristics  of  mechanical  filters,  each  of 
which  comprises  of  a  metallic  housing  and  a  viscoelastic  isolator,  are 
presented.  These  filters  are  to  be  used  for  the  protection  of  shock 
measurement  accelerometers  from  the  high  frequency  components  of 
input  shock  spectra  which  often  cause  irreversible  damage  to  these 
transducers.  The  predictions  are  carried  out  in  the  time  domain  by 
means  of  the  finite  element  method.  The  theoretical  transient  response 
characteristics  of  the  mechanical  filters  designed  using  various 
viscoelastic  materials  are  examined.  The  procedures  for  the 
transformation  of  the  frequency  domain  complex  Young’s  modulus  data 
to  the  time  domain  extensional  relaxation  function  using  the  Fourier 
transform  teclmique,  and  for  the  derivation  of  the  Prony  series 
coefficients  from  the  time  data  using  collocation  method  are  presented. 
The  Prony  series  coefficients  are  used  to  represent  the  time  data  in  the 
finite  element  analysis  code.  It  is  shown  that  the  design  of  optimal 
mechanical  filters  depends  on  the  use  of  viscoelastic  materials  of  optimal 
properties. 


1.  INTRODUCTION 

Mechanical  filters  are  used  for  the  protection  of  shock  measurement 
accelerometers  from  the  high  frequency  components  of  input  shock 
spectra  which  often  impair  correct  and  accurate  operation  and 
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sometimes  cause  irreversible  damage  to  these  transducers.  This  is 
particularly  true  for  piezoresistive  and  piezoelectric  shock 
accelerometers  whose  sensing  elements  are  relatively  brittle  materials,  in 
comparison  to  their  stainless  steel  housings,  and  are  therefore  sensitive 
to  very  high  frequency  shock  inputs.  The  resonance  frequencies  of  shock 
accelerometers  are  usually  designed  to  be  much  greater  than  the  highest 
frequency  of  their  operating  range. 

Most  piezoresistive  and  piezoelectric  shock  accelerometers  have 
resonance  frequencies  in  the  range  of  10  kHz  to  200  kHz  which  are 
factors  of  between  5  and  20  greater  than  the  highest  operating  frequency. 
In  general,  the  smaller  the  size  of  the  accelerometer,  the  higher  the  value 
of  its  resonance  frequency.  It  is  not  unusual,  however,  for  input  shock 
waveforms  to  contain  components  whose  frequencies  are  up  to- 1.0  MHz. 
This  is  particularly  the  case  for  shock  waveforms  of  very  short  duration 
whose  shape  approach  that  of  the  classical  Dirac  delta  function.  Hence, 
there  exists  the  need  for  optimal  mechanical  filters  for  isolating  shock 
accelerometers  from  the  damaging  effects  of  high  frequency  spectral 
components  of  input  shock  spectra. 

There  are  some  commercially-available  designs  of  mechanical  filters  each 
of  which  consists  of  a  metal  housing  and  an  elastomeric  isolator  [1,2]. 
Because  the  stiffiiess  of  these  mechanical  filters  are  relatively  high  while 
their  damping  levels  are  rather  low,  many  of  these  commercially- 
available  mechanical  filters  are  not  very  effective  in  suppressing  high 
frequency  spectral  components.  Thus  there  exists  the  need  to  improve 
the  design  of  mechanical  filters  with  particular  emphasis  on  the  choice  of 
the  elastomeric  material,  whose  properties  are  frequency  or  time  and 
temperature  dependent,  and  on  the  optimisation  of  the  geometry  of  the 
metal  housing. 

In  a  previous  paper,  the  design  of  a  simple  mechanical  filter  comprising 
of  a  viscoelastic  disc  sandwiched  between  two  steel  discs  was  examined 
using  the  finite  element  method  [3].  It  was  shown  that  the  use  of  a 
viscoelastic  material  designated  by  the  letter  N  provides  the  most 
satisfactory  performance  of  the  simple  mechanical  filter  design.  In  this 
paper,  the  design  of  mechanical  filters,  each  of  which  comprises  of  a 
viscoelastic  element  which  totally  encapsulates  the  shock  accelerometer 
and  is,  in  turn,  encapsulated  inside  a  steel  housing,  is  analysed  by  the 
finite  element  technique.  Five  mechanical  filters,  which  are  designated 
as  V,  S,  U,  E  and  N  and  are  made  from  viscoelastic  materials  V,  S,  U,  E 
and  N  are  analysed.  The  base  polymers  of  these  materials  are  isoprene, 
urethane  and  monothane. 


174 


Since  the  transient  response  analysis  is  carried  out  in  the  time  domain,  it 
is  necessary  to  use  the  time  domain  dynamic  properties  of  the 
viscoelastic  element  in  the  finite  element  computations.  This  necessitates 
the  transformation  of  available  the  frequency  domain  complex  Young  s 
moduli  properties  of  the  viscoelastic  materials  into  the  time  domain 
using  a  numerical  Fast  Fourier  Transform  procedure.  Also,  it  is 
necessary  to  fit  a  Prony  series  model  to  the  derived  time  domain 
extensional  relaxation  modulus  data  in  order  to  obtain  the  Prony  series 
coefficients  which  are  used  to  input  the  viscoelastic  properties  of  the 
isolator  materials  into  the  finite  element  analysis  code.  It  is  shown  that 
the  use  of  the  viscoelastic  material  designated  as  "M"  provides  an 
optimal  performance  for  mechanical  filters  of  the  encapsulated  design. 


2.  DERIVATION  OF  EXTENSIONAL  RELAXATION  MODULUS 

The  time  domain  extensional  relaxation  moduli  of  the  viscoelastic 
materials  were  derived  from  their  frequency  domain  complex  Young's 
moduli  E*(co)  which  can  be  expressed  as 

E*(co)  =  E'(o))  jE’Tco)  =  E^o))  [1  +  jti(co)]  (i) 


where  E'(oa)  and  E''(co)  are  the  real  and  imaginary  parts  respectively,  r|(co) 
is  the  loss  factor,  co  is  the  angular  frequency  and  j  is  the  imaginary  unit 
defined  as  /  =  .  The  magnitude  of  the  complex  Young’s  modulus  is 

given  by 

E(co)  =  |E’(m)l  =  E'(m) 


The  time  domain  relaxation  modulus  E(t)  is  related  to  the  real  and 
imaginary  parts  of  E‘(cd)  by  the  Fourier  transform  as  [4] 


E^co)  +  jE’Tco)'^ 
,/co  , 


(3) 


From  the  master  curves  of  the  magnitude  E(cl))  and  loss  factor  ti(co),  the 
values  of  E'(co)  and  E"(co)  are  derived  over  a  limited  frequency  range. 
Using  these  values,  the  integration  in  Eq.  (3)  is  carried  out  numerically 
by  means  of  the  inverse  Fourier  transform  procedures  of  the  MATLAB 
[5]  programming  environment.  Using  these  procedures,  the  frequency 
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domain  master  curves  of  complex  Young’s  moduli  of  the  viscoelastic 
materials  are  transformed  into  the  time  domain.  The  resulting  master 
curve  of  extensional  relaxation  modulus  obtained  for  one  of  the 
materials  is  shown  by  the  solid  curves  of  Figure  1.  The  saw-tooth  form 
of  the  curves  at  very  short  times  (less  than  5x10"*  s)  is  due  to  the  size  of 
the  frequency  steps  used  in  the  analysis.  The  master  curves  of  the 
extensional  relaxation  modulus  of  the  five  viscoelastic  materials 
investigated  are  quite  similar. 

A  Prony  series  expression  will  now  be  curve-fitted  to  the  derived  time 
domain  extensional  relaxation  modulus  data.  By  the  Wiechert-Kelvin 
model  of  viscoelasticity,  the  extensional  relaxation  modulus  is  given  by 

E(t)  =  E.  +  lEkexp(-t/x,)  (4) 

k 

Applying  this  model  to  the  time  domain  data  and  rewriting  the  equation 
to  include  the  instantaneous  modulus,  which  is  the  modulus  at  time  t=0 
or  when  k=0,  gives 

Ei  =  E(ti)  =  Es  -  1E„  +  ZEk.exp(-t/T,.)  (5) 

k  k 

which  can  be  simplified  to 

Ei  =  E.fl  -  Iek[l  -  I-expC-r/T  J]]  (6) 

■  V  k  k  J 

where 

ek  =  Ek/E,  ;  k  -  0,1, 2, ...,N  ;  j  =  l,2,3,...,k  (7) 


Table  1  :  Prony  series  parameters  obtained  using  Collocation  Method 


k 

tk 

0 

0.661686 

1.443E-6 

1 

0.167211 

1.443E-5 

2 

0.110797 

1.443E-4 

3 

0.328080 

1.443E-3 

4 

0.012251 

1.443E-2 

5 

-0.000180 

1.443E-1 
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Ej's  are  the  derived  relaxation  moduli,  E^s  are  the  relative  relaxation 
moduli,  E^,  is  the  equilibrium  or  long  term  modulus,  E^is  the  glassy 
or  instantaneous  modulus,  e^  is  modulus  ratio,  t^  is  the  relaxation  time 
constant  and  t  is  time. 

Equation  (6)  is  known  as  the  Prony  series  and  the  parameters  e^  and  t^ 
are  the  Prony  series  coefficients.  These  parameters  are  determined  by 
curve  fitting  the  set  of  derived  time  domain  extensional  relaxation 
modulus  data  E^  using  Eq.  (6)  in  conjunction  with  the  collocation  method 
[6].  The  procedures  for  implementing  this  method  are  described 
elsewhere  [6,7]. 
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For  the  time  domain  master  curve  data  depicted  by  the  solid  curves  of 
Figure  1,  assuming  that  six  terms  of  the  Prony  series  are  sufficient  to 
represent  the  data,  the  coefficients  e,^  and  t,^  obtained  from  the  derived 
data  by  the  collocation  method  are  shown  in  Table  1.  Based  on  these 
coefficients,  the  Prony  series  representation  of  the  time  domain  data  was 
generated  and  overlaid  on  the  original  derived  time  data  as  shown  by 
the  dotted  curves  in  Figure  1.  It  can  be  seen  that  the  Prony  series  curve 
adequately  represents  the  derived  time  data. 


3.  FINITE  ELEMENT  MODELLING 

The  design  of  the  mechanical  filter  analysed  in  the  present  work  is 
shown  by  Figure  2.  It  consists  of  an  inner  and  an  outer  steel -housings 
which  are  separated  from  each  other  by  four  viscoelastic  rings  as  shown 
in  Figure  2.  The  inner  casing  houses  the  shock  measurement 
accelerometer.  The  figure  also  shows  the  corresponding  finite  element 
mesh  of  half  of  the  filter.  Because  the  filter  is  axisymmetric,  it  was 
modelled  using  axisymmetric  finite  elements.  Also,  for  the  viscoelastic 
rings,  axisymmetric  elements  which  are  formulated  for  incompressible 
and  nearly-incompressible  material  behaviour  were  used.  The 
formulation  of  this  so-called  hybrid  elements  is  described  in  the  theory 
manual  of  the  FEA  code  [8]. 

A  half  sine  acceleration  pulse  of  10"  m/s'  peak  amplitude  and  of  10'"  s 
duration  was  applied  to  all  the  bottom  (input)  nodes  of  the  mechanical 
filter  as  shown  in  Figure  2.  The  time  domain  extensional  relaxation 
modulus  data  of  the  viscoelastic  isolators  was  supplied  to  the  finite 
element  model  as  a  Prony  series  defined  by  the  parameters  e^  and  4.  The 
finite  element  analysis  of  the  model  was  carried  out  in  the  time  domain 
using  a  time  stepping  procedure  and  a  time  step  of  10'^  s. 

The  transient  responses  of  the  mechanical  filter  were  determined  at 
nodes  43  and  145  which  corresponded  to  the  centres  of  the  top  and 
bottom  of  the  iimer  steel  housings,  respectively.  These  nodes 
represented  the  output  points  of  the  filter.  The  finite  element  analysis 
was  repeated  for  five  viscoelastic  materials  which  are  designated  as 
materials  V,  S,  U,  E  and  M.  From  the  predicted  transient  response 
characteristics  of  the  filters,  their  frequency  response  characteristics  were 
computed  by  means  of  the  fast  Fourier  transform  procedure. 
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4.  DISCUSSION  OF  RESULTS 


In  the  following  discussion,  the  mechanical  filters  will  be  identified  by 
the  letter  codes  of  the  viscoelastic  materials  of  which  they  are  composed. 
Thus,  mechanical  filters  V,  S,  U,  E  and  M  are  the  filters  comprising  of  the 
viscoelastic  materials  V,  S,  U,  E  and  M  respectively.  The  predicted 
responses  of  these  filters  at  node  43  are  shown  in  the  time  and  frequency 
domains.  It  was  found  that  the  predicted  responses  at  node  145  of  the 
filters  were  identical  to  those  at  node  43. 
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Figure  2  :  Design  and  Finite  Element  Mesh  of  the  Mechanical  Filter 
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The  transient  response  characteristics  of  mechanical  filter  V  is  shown  in 
Figure  3.  The  time  domain  response  indicates  that  the  filter  is  exhibiting 
the  response  characteristics  of  a  lightly  damped  single  degree  of  freedom 
system.  Similarly,  the  frequency  domain  response  shows  that  the  filter 
has  predominantly  a  fundamental  mode  at  a  frequency  of  about  300  Hz. 
A  second  mode  of  a  rather  insignificant  amplitude  occurs  at  about  900 
Hz.  Above  1.0  kHz,  it  is  seen  that  the  response  of  the  filter  is  practically 
zero.  Since  the  input  half-sine  wave  shock  excitation  applied  to  the  input 
nodes  of  the  filter  contains  spectral  components  of  frequencies  higher 
than  the  fundamental  frequency  of  the  filter,  it  is  seen  that  the  filter  has 
effectively  suppressed  these  spectral  components.  However,  because 
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Figure  3  :  Transient  Response  of  Mechanical  Filter  V 
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of  the  amplitude  magnification  that  is  evident  around  the  fundamental 
resonance  frequency,  it  is  reasonable  to  assume  that  the  characteristics  of 
the  filter  will  be  impaired  around  this  resonance  frequency  since  it  will 
magnify  any  spectral  components  whose  frequencies  occur  around  this 
frequency.  Nevertheless,  above  a  frequency  of  about  1.0  kHz,  the  filter  is 
seen  to  be  very  effective. 


Time  (s) 


Frequency  (Hz) 

Figure  4  :  Transient  Response  of  Mechanical  Filter  S 


Similarly,  Figures  4  and  5  show  the  time  and  frequency  domain  response 
characteristics  of  the  mechanical  filters  S  and  U  respectively.  It  is  seen 
that  the  filters  also  exhibit  the  transient  response  and  frequency  response 
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characteristics  of  a  lightly  damped  single  degree  of  freedom  system.  The 
figures  also  show  that  the  fundamental  resonance  frequencies  of  filters  S 
and  U  are  approximately  450  Hz  and  900  Hz  respectively.  For 
frequencies  greater  than  1.0  kHz  for  mechanical  filter  S  and  for 
frequencies  greater  than  1.5  kHz  for  mechanical  filter  U,  the  frequency 
response  of  both  filters  are  practically  zero.  Thus,  like  mechanical  filter 
V,  both  mechanical  filters  S  and  U  isolate  the  high  frequency  spectral 
components  of  the  input  half-sine  waveform.  Also,  filters  S  and  U  will 
isolate  the  effects  of  spectral  components  of  input  shock  waveforms  of 
frequencies  greater  than  1.0  kHz  and  1.5  kHz  respectively.  However,  the 
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Figure  5  :  Transient  Response  of  Mechanical  Filter  U 
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filters  will  magnify  the  amplitudes  of  any  spectral  components  whose 
frequencies  are  in  the  neighbourhood  of  their  fundamental  resonance 
frequencies. 

The  transient  and  frequency  response  characteristics  of  mechanical  filter 
E  are  shown  in  Figure  6.  These  characteristics  indicate  that  the  filter  is 
responding  as  a  highly  damped  single  degree  of  freedom  system.  It  is 
seen  that  the  fundamental  resonance  frequency  is  not  clearly  defined. 
However,  the  fundamental  resonance  frequency  of  the  filter  is  estimated 
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Figure  6  :  Transient  Response  of  Mechanical  Filter  E 


approximately  as  1.5  kHz.  Also,  since  the  filter  does  not  possess  a  sharp 
cut-off  frequency,  its  frequency  response  characteristics  roll  off  from 
about  1  kHz  to  3  kHz.  Above  3.0  kHz,  some  high  frequency  spectral 
components  of  the  input  shock  waveform  are  transmitted  through  the 
filter  as  shown  by  the  "hump"  in  the  frequency  response  characteristics. 

Figure  7  shows  the  shock  response  characteristics  of  mechanical  filter  M. 
The  transient  and  frequency  response  characteristics  of  the  filter  suggest 
that  the  filter  is  responding  as  a  highly  damped  single  degree  of  freedom 
system.  The  fundamental  resonance  frequency  of  the  filter  is  seen  to  be 
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Figure  7  :  Transient  Response  of  Mechanical  Filter  M 
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about  1.7  kHz  while  the  amplitude  of  the  frequency  response  of  the  filter 
is  fairly  constant  up  to  its  fundamental  resonance  frequency.  Above  this 
frequency,  the  amplitude  decreases  rapidly  to  a  value  of  about  zero  at 
3.0  kHz.  Beyond  3.0  kHz,  the  amplitude  remains  approximately  at  a 
value  of  zero. 

Comparing  Figure  7  with  Figures  3  to  6,  it  is  seen  that  the  level  of 
damping  in  filter  M  is  greater  than  the  levels  of  damping  in  filters  V,  S 
and  U  but  less  than  the  level  of  damping  in  filter  E.  Also,  filter  M  has  a 
wider  frequency  band  over  which  it  isolates  the  high  frequency  spectral 
components  of  the  input  shock  waveform.  Furthermore,  the  shock 
isolation  characteristics  of  filter  M  are  not  impaired  by  high  amplitude 
magnification  at  its  fundamental  resonance  frequency.  Thus,  of  the  five 
mechanical  filters  analysed,  mechanical  filter  M  has  the  optimum  shock 
isolation  performance. 


5.  CONCLUSIONS 

The  finite  element  method  has  been  used  to  predict  the  shock  response 
characteristics  of  five  viscoelastically-damped  mechanical  filters  which 
are  designated  by  the  letter  codes  V,  S,  U,  E  and  M.  These  filters  were 
subjected  to  a  half  sine  pulse  input  excitation.  The  Prony  series 
representations  of  the  time  domain  extensional  relaxation  moduli  data 
sets  required  by  the  finite  element  code  for  the  time  domain  analysis 
were  successfully  obtained  by  the  collocation  method.  These  extensional 
relaxation  moduli  data  sets  were  derived  from  the  frequency  domain 
master  curves  of  the  complex  Young's  moduli  of  the  viscoelastic 
materials  by  the  application  of  a  fast  Fourier  transform  procedure 
implemented  under  the  MATLAB  programming  environment.  The 
results  show  that  mechanical  filter  M,  which  is  comprised  of  viscoelastic 
material  M,  has  the  optimum  shock  isolation  performance. 
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ABSTRACT 

Viscoelastic  spheres  of  diameters  9  mm,  15  mm  and  18  mm  and  of 
relatively  low,  medium  and  high  densities  were  used  for  passive 
damping  control  of  the  vibrations  of  square-section  and  rectangular- 
section  hollow  steel  beams.  The  beams  were  supported  in  their  vertical 
and  horizontal  orientations  under  free-free  boundary  conditions  and 
were  subjected  to  random  excitation.  The  transfer  inertance  frequency 
response  functions  of  the  beams  were  measured  when  they  were  empty 
and  when  they  were  filled  with  the  viscoelastic  spheres.  A  nonlinear 
least  squares  modal  curve  fitting  algorithm  was  used  to  extract  the 
modal  frequencies  and  loss  factors  of  the  composite  viscoelastic  sphere- 
filled  beams  from  the  measured  transfer  inertance  frequency  response 
functions.  The  results  indicate  that  the  modal  loss  factors  of  the  hollow 
steel  beams  could  be  increased  by  factors  of  up  to  32,  40  and  44  by  filling 
them  with  the  high  density,  medium  density  and  low  density 
viscoelastic  spheres,  respectively. 


1.  INTRODUCTION 

There  are  a  number  of  techniques  for  the  passive  damping  of  vibrations 
of  structures  containing  structural  cavities.  One  of  the  common 
techniques  is  the  use  of  a  solid  viscoelastic  material.  The  viscoelastic 
material  is  compounded  in  liquid  form  using  the  raw  ingredients;  the 
liquid  is  poured  into  the  cavity  and  left  to  solidify  and  cure.  This 
techiiique  is  easy  and  quick  to  execute  and  significant  levels  of  damping 
are  usually  achieved.  However,  the  viscoelastic  material  is  permanently 
bonded  to  the  cavity  and  cannot  be  easily  changed.  Also,  there  is  no 
longer  any  access  through  the  cavity. 
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A  very  common  technique  for  the  passive  damping  of  structual 
vibrations  is  the  constrained  layer  damping  (CLD)  treatment  method  [1]. 
This  technique,  which  is  used  generally  for  the  damping  of  structural 
vibrations,  involves  the  application  of  a  thin  layer  of  a  viscoelastic 
material  with  a  thin  metallic  backing  to  the  surface  of  the  structure.  This 
technique  has  been  used  successfully  to  damp  the  vibrations  of  beams, 
plates,  shells  and  panels.  However,  it  is  rather  awkward  to  apply  to 
irregular  shaped  cavities.  In  addition,  CLD  treatment  is  not  often  very 
effective  in  damping  the  fundamental  modes  of  vibration  of  structures. 

Granular  materials  and  particle  dampers  have  also  been  used  to  control 
the  vibrations  of  structural  cavities  [2-4].  This  involves  the  filling  of  the 
structural  cavities  with  these  materials  which  are  generally  metallic 
oxide  powder  or  small-size  particles.  Using  this  technique,  composite 
structural  loss  factors  of  up  to  12.5%  have  been  achieved  with  metal 
beams  whose  intrinsic  structural  loss  factors  are  of  the  order  of  0.57o  or 
less.  This  technique  has  a  further  advantage  of  allowing  access  through 
the  structural  cavity.  However,  the  granular  material  and  particular 
damping  technique  has  the  disadvantage  that  the  metal 
powder /particles  are  rather  very  expensive.  Furthermore,  for  large 
structural  cavities,  the  use  of  metallic  oxide  powder  or  small-size 
particles  can  be  rather  cumbersome. 

Another  technique  for  damping  the  vibrations  of  structural  cavities  is  the 
use  of  solid  viscoelastic  spheres  for  filling  the  structural  cavities.  This 
technique  combines  the  damping  mechanisms  of  the  particle  and  impact 
dampers  with  the  high  intrinsic  loss  factors  associated  with  the  high 
energy  dissipation  of  a  wide  range  of  viscoelastic  materials  operating 
close  to  their  rubber-to-glass  transition  temperatures.  In  an  earlier  paper 
[5],  the  results  of  experimental  vibration  tests  on  hollow  steel  beams 
filled  with  low  density  viscoelastic  spheres  of  diameters  ranging  from  9 
mm  to  18  mm  were  presented. 

In  this  paper,  further  results  of  the  measured  damping  characteristics  of 
the  hollow  steel  beams  filled  with  low  density,  medium  density  and  high 
density  viscoelastic  spheres  are  presented.  It  is  shown  that  the  use  of 
the  low  density  viscoelastic  spheres  provides  the  highest  levels  of 
composite  damping  whereas  the  use  of  the  high  density  spheres 
provides  the  least  levels  of  composite  damping.  Specifically,  the  results 
indicate  that  the  modal  loss  factors  of  the  hollow  beams  could  be 
increased  by  factors  of  up  to  32,  40  and  44  by  filliiag  them  with  high 
density,  medium  density  and  low  density  viscoelastic  spheres, 
respectively. 
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2.  LUMPED-PARAMETER  MODEL 


To  enable  the  identification  of  the  modal  frequencies  and  the  composite 
loss  factors  of  the  viscoelastic  sphere-filled  hollow  beams  from  the 
measured  frequency  response  characteristics,  a  lumped-parameter 
mathematical  model  was  used.  The  model  is  based  on  a  discrete  system 
approximation  of  the  composite  beam.  Assuming  hysteretic  damping 
model  the  equation  of  motion  of  n  lumped  masses  of  the  composite 
beam  coimected  by  n  complex  springs  is  given  by 

[M]{y(t)}  +  [k(l  +  jTi)]{y(t)}  =  {f(t)}  (1) 

where  [M]  and  [k(l+jh)]  are  mass  and  complex  stiffness  matrices,  y(t)  is 
displacement,  f(t)  is  the  external  excitation  force,  and  i=V-l  is  the 
imaginary  unit.  Applying  the  Fourier  transform  to  Eq  (1)  gives 

{[k(l  +  jq)]  -  [M]a)^}{Y(co)}  -  {F(0)}  (2) 


where  Y(o3)  and  F(a))are  the  Fourier  transforms  of  y(t)  and  f(t) 
respectively.  For  an  excitation  point  q  anci  a  response  point  p,  the 
transfer  inertance  frequency  response  function  of  the  composite  beam  is 
given  by 


F(CO)  “  -  Co' 


(3) 


where  the  modal  participation  factor  Xr,  and  the  complex  eigenvalues 
are  defined  as 


X,.  =  fr  V  =  qF(1  +  JT..) 


(4) 


The  parameters  (|)p(‘’)  and  (|)qW  are  the  complex  mode  shapes  while  oor  and 
qr  are  the  modal  angular  frequency  and  modal  loss  factor  respectively. 
The  modal  loss  factor  q,-  is  related  to  the  real  and  imaginary  parts,  k',-  and 
k"r ,  of  the  complex  modal  stiffness  by 

qr  =  kY/k'r  (5) 

By  means  of  a  nonlinear  least  squares  curve-fitting  method,  an  algoritlun 
based  on  Eqs  (3)  and  (4)  is  used  to  determine  the  modal  frequencies  and 
the  modal  loss  factors  of  the  composite  viscoelastic  sphere-filled  hollow 
beams  from  the  measured  transfer  inertance  frequency  response 
functions  (FRF). 


189 


3.  EXPERIMENTAL  MEASUREMENT  PROCEDURE 


Figure  1  shows  the  setup  for  the  experimental  measurement  of  transfer 
inertance  frequency  response  characteristics  of  the  hollow  beams  filled 
with  viscoelastic  spheres.  Three  hollow  steel  beams,  of  external 
dimensions  50  x  100  mm,  100  x  100  mm,  and  100  x  150  mm,  were  tested. 
These  beams,  which  were  denoted  as  small  rectangular,  square  and  large 
rectangular  hollow-section  beams  respectively,  had  an  identical  wall 
thickness  of  5  mm  and  an  identical  length  of  1.9  m.  Two  sets  of 
viscoelastic  spheres  were  used:  one  set  consited  of  three  types  of  15  mm 
diameter  viscoelastic  spheres  made  from  slightly  different  viscoelastic 
materials  and  of  different  densities  designated  as  low  density,  medium 
density  and  high  density.  The  other  set  consisted  of  three  sizes  of 
viscoelastic  spheres  made  from  the  same  batch  of  the  low  density 
viscoelastic  material  and  of  diameters  of  9, 15  and  18  mm. 


1 


1.  Support  6.  Charge  amplifier 

2.  Bungy  cords  2.  Oscilloscope 

3.  Beam  8.  Spectrum  analyser 

4.  Force  transducer  9.  Power  amplifier 

5.  Accelerometer  10.  Vibrator 

Figure  1 :  Experimental  Test  Configuration  for  the  Measurement  of 
Tranfer  Inertance  Frequency  Response  Functions 
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Each  beam  was  filled,  in  turn,  with  each  type  of  viscoelastic  sphere.  The 
composite  beam  assembly  was  suspended  horizontally  in  a  free-free 
configuration  using  bungy  cords  as  shown  in  Figure  1.  The  open  ends  of 
the  hollow  beam  were  blocked  with  transparent  perspex  sheets.  By 
means  of  an  electromagnetic  exciter,  which  was  attached  to  one  end  of 
the  beam  via  a  force  transducer,  the  beam  was  subjected  to  random  force 


- —  —Low  Density  -  Medium  Density  “———High  Density 


Figure  2  :  Master  Curves  of  Complex  Young's  Modulus  of  Low, 
Medium  and  High  Density  Viscoelastic  Materials 
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excitation  over  the  frequency  range  from  0.0  to  2.0  kHz.  The  random 
excitation  signal  was  provided  by  a  spectrum  analyser  via  a  power 
amplifier.  The  acceleration  response  of  the  beam  was  monitored  at  the 
other  end  of  the  beam  using  an  accelerometer.  The  input  force-versus- 
time  signal  and  the  output  acceleration-versus-time  signal  were  sampled 
by  the  spectrum  analyser  which  also  computed  the  transfer  inertance 
frequency  response  function  as  the  ratio  of  the  acceleration  to  the  force 
signals  using  a  Fast  Fourier  Transform  technique. 

The  experimental  procedure  outlined  above  was  repeated  for  different 
combinations  of  hollow  beams  and  viscoelastic  spheres.  Also,  the 
rectangular-section  hollow  beams  were  tested  in  their  vertical  and 
horizontal  orientations.  A  rectangular-section  beam  was  considered  to 
in  vertical  orientation  when  the  larger  cross-sectional  dimension  was 
aligned  vertically,  while  the  beam  was  considered  to  be  in  horizontal 
orientation  when  the  larger  cross-sectional  dimension  was  aligned 
horizontally. 


Figure  3:  Transfer  Inertance  Characteristics  of  the  Small  Rectangular- 
Section  Hollow  Steel  Beam  Filled/  Unfilled  with  9mm  Diameter 
Low  Density  Viscoelastic  Spheres 
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4.  DISCUSSION  OF  RESULTS 


Ordinarilly,  the  intrinsic  loss  factor  of  a  steel  beam  is  approximately 
0.005.  In  the  previous  paper  [5],  the  international  plot  of  the  master 
curves  of  complex  Young's  modulus  of  the  low  density  viscoelastic 
material  was  shown.  It  was  stated  in  that  paper  that  within  the 
frequency  range  from  1.0  Hz  to  10  kHz  of  the  random  excitation  of  the 
viscoelastic  sphere-filled  hollow  beams,  the  intrinsic  loss  factors  of  the 
low  density  viscoelastic  material  at  room  temperature  were  0.6,  1.0,  0.9, 
0.6  and  0.3  at  frequencies  of  1  Hz,  10  Hz,  100  Hz,  1  kHz  and  10  kHz 
respectively.  Thus,  it  was  concluded  that  the  composite  loss  factor  of  the 
viscoelastic  sphere-filled  beams  cannot  exceed  a  value  of  0.9.  This  upper 
limit  of  0.9  for  the  loss  factor  holds  true  for  the  medium  density  and  high 
density  viscoelastic  materials  as  well.  This  is  clearly  evident  from  Figure 
2  which  shows  the  comparison  of  the  complex  Young's  modulus 
properties  of  the  three  materials. 


Figure  4;  Transfer  Inertance  Characteristics  of  the  Small  Rectangular- 
Section  Hollow  Steel  Beam  Filled  with  9mm,  15  mm  and  18mm 
Diameter  Low  Density  Viscoelastic  Spheres 

In  Figure  3,  the  transfer  inertance  FRFs  of  the  small  rectangular-section 
hollow  steel  beam,  in  horizontal  orientation,  when  empty  and  when 
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filled  with  the  9  mm  diameter  low  density  viscoelastic  spheres  are 
compared.  The  figure  shows  that  the  peak  amplitudes  of  the  first  and 
second  modes  of  flexural  vibration  of  the  empty  beam  are  slightly 
reduced  when  the  beam  is  filled  with  the  viscoelastic  spheres.  The  peak 
amplitudes  of  the  subsequent  modes  of  the  empty  beam  are  reduced  by 
factors  of  between  10  and  15.  However,  there  is  a  significant  reduction 
in  the  modal  frequencies  of  the  beam. 

Similarly,  Figure  4  shows  the  comparison  of  the  transfer  inertance  FRFs 
of  the  small  rectangular-section  hollow  beam,  in  horizontal  orientation, 
when  filled  with  low  density  viscoelastic  spheres  of  diameters  of  9,  15 
and  18  mm.  Overall,  it  is  seen  that  the  level  of  the  transfer  inertance  FRF 
of  the  beam  when  filled  with  the  9  mm  diameter  viscoelastic  spheres  is 
the  least  whereas  the  level  of  the  transfer  inertance  FRF  of  the  beam 
when  filled  with  the  18  mm  diameter  viscoelastic  spheres  is  the  highest. 
This  indicates  that  the  packing  density  of  the  9  mm  diameter  viscoelastic 
spheres  is  the  greatest  while  the  packing  density  of  the  18  mm  diameter 
viscoelastic  spheres  is  the  least.  The  figure  also  shows  that  the  damping 
effectiveness  of  the  9  mm  diameter  spheres  is  much  higher  than  for  the 
other  two  sizes  of  spheres. 


Figure  5  :  Measured  and  Reconstructed  Transfer  Inertance  Frequency 
Response  Functions  of  the  Small  Rectangular-Section  Hollow  Steel 
Beam  Filled  with  9mm  Diameter  Viscoelastic  Spheres 

A  nonlinear  least  squares  curve-fitting  algorithm  based  on  Eqs.  (3)  and 
(4)  was  used  to  identify  the  modal  frequencies  and  modal  loss  factors  of 
the  hollow  beams,  when  empty  and  when  filled  with  the  different  sizes 
of  viscoelastic  spheres,  from  the  measured  tranfer  inertance  frequency 
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response  functions.  As  a  check  on  the  accuracy  of  the  algorithm,  the 
transfer  inertance  was  reconstructed  from  the  identified  modal 
parameters.  Figure  5  shows  an  example  of  the  correlation  of  the 
reconstructed  FRF  with  the  measured  FRF.  It  is  seen  that  the  curve-fit 
approximates  very  well  the  measured  characteristics  for  the  five  modes 
of  vibration  identified.  This  closeness  of  agreement  between  the  curve- 
fitted  and  measured  characteristics  was  observed  to  hold  for  all  cases  in 
which  the  hollow  beams  were  filled  with  viscoelastic  spheres.  But  when 
the  hollow  beams  were  empty,  it  was  observed  that  the  curve-fitted  FRF 
did  not  correlate  very  well  with  the  measured  FRF.  Thus,  the  nonlinear 
least  squares  curve  fitting  algorithm  in  its  present  form  is  not  well  suited 
for  analysing  the  response  of  the  empty  hollow  beams  whose  modal  loss 
factors  are  less  than  1.0  %. 


Figure  6  :  Modal  Loss  Factor  versus  Modal  Frequency  for  the  Small 
Rectangular-Section  Hollow  Steel  Beam  Unfilled  and  Filled 
with  Low,  Medium  and  High  Density  Viscoelastic  Spheres 

Figure  6  shows  the  variation  of  the  modal  loss  factors  with  modal 
frequencies  for  the  small  rectangular-section  hollow  steel  beam  filled 
with  low  density,  medium  density  and  high  density  viscoelastic  spheres 
of  15  mm  diameter.  The  beam  was  aligned  in  the  vertical  orientation.  It 
is  seen  that  the  modal  loss  factors  of  the  empty  beam  lie  in  the  range  of 
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0.2  %  to  0.7  %  approximately  whereas  the  modal  loss  factors  of  the 
viscoelastic  sphere-filled  hollow  beam  lie  within  the  range  of  4.0  %  to 
18.0  %.  The  figure  also  shows  that  the  modal  loss  factors  of  the  hollow 
beam  filled  with  the  low  density  viscoelastic  spheres  are  highest  in  value 


Figure  7:  Modal  Loss  Factor  versus  Modal  Frequency  for  the 
Square-Section  Hollow  Steel  Beam  Unfilled  and  Filled  with 
Low,  Medium  and  High  Density  Viscoelastic  Spheres 

whereas  the  modal  loss  factors  of  the  hollow  beam  filled  with  the  high 
density  viscoelastic  spheres  are  least  in  value.  The  modal  loss  factors  of 
the  hollow  beam  filled  with  the  medium  density  viscoelastic  spheres  lie 
approximately  between  the  other  two  sets  of  modal  loss  factors.  Figure  7 
shows  that  these  relative  magnitudes  of  the  modal  loss  factors  are 
approximately  the  same  when  the  low,  medium  and  high  density 
spheres  are  used  to  damp  the  vibrations  of  the  square-section  hollow 
beam.  Furthermore,  it  is  seen  from  both  Figures  6  and  7  that  the  loss 
factors  of  the  beams  are  increased  by  factors  of  up  to  32,  40  and  44  when 
they  are  filled  with  the  high,  medium  and  low  density  viscoelastic 
spheres  respectively. 

The  variation  of  the  modal  loss  factors  of  the  large  rectangular-section 
hollow  steel  beam,  in  horizontal  orientation,  when  filled  with  the  9  mm. 
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15  mm  and  18  mm  diameter  low  density  spheres  are  shown  in  Figure  8. 
It  is  seen  that  the  modal  loss  factors  of  the  empty  beam  are  less  than  1.0 
%  whereas  the  modal  loss  factors  of  the  hollow  beam  filled  with  the 
viscoelastic  spheres  are  within  the  range  7.0  %  to  22.0  %.  The  figure 
further  suggests  that  the  18  mm  diameter  viscoelastic  spheres  are 
relatively  less  effective  at  low  frequencies  but  are  relatively  more 
effective  at  high  frequencies  in  comparison  to  the  other  spheres.  Overall, 
the  modal  loss  factors  of  the  hollow  beam  are  increased  by  factors  of 
between  15  and  44  as  a  result  of  filling  it  with  the  viscoelastic  spheres. 


Figure  8:  Modal  Loss  Factor  versus  Modal  Frequency  for  the 
Large  Rectangular-Section  Hollow  Steel  Beam  in  Unfilled/ 
Filled  with  Low  Density  Viscoelastic  Spheres 


5.  CONCLUSIONS 

The  modal  amplitudes  of  the  transfer  inertance  frequency  response 
functions  of  the  small  rectangular-section  hollow  beams  were  reduced 
by  factors  of  between  7  and  10  when  the  beam  was  filled  with  9  mm,  15 
mm  and  18  mm  diameter  low  density  viscoelastic  spheres.  The  modal 
loss  factors  of  the  three  hollow  beams  when  empty  were  within  the 
range  0.2  %  to  1.0  %.  When  the  hollow  beams  were  filled  with  the 
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viscoelastic  spheres,  their  composite  modal  loss  factors  were  in  the  range 
4  %  to  25-0  %  which  represent  an  increase  in  the  modal  loss  factors  of  the 
beams  by  factors  of  between  4  and  50.  Specifically,  the  modal  loss  factors 
of  the  hollow  beams  were  increased  by  factors  of  up  to  32,  40  and  44 
when  they  were  filled  with  the  high,  medium  and  low  density 
viscoelastic  spheres  respectively.  The  benefits  of  using  viscoelastic 
spheres  for  controlling  vibrational  response  characteristics  of  hollow 
beams  have  been  shown. 
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Abstract, 

With  the  majority  of  machinery  installations,  it  is  one-dimensional  structures  such  as 
pipework  vibrating  at  low  frequencies,  which  form  the  main  vibration  path  which 
bypasses  isolator  systems.  In  addition  to  this,  it  is  well  known  that  the  introduction 
of  discontinuities  into  these  types  of  structure  can  significantly  affect  the  vibrational 
power  transmission  properties  of  the  complete  installation.  One  such  discontinuity 
that  may  be  employed  as  a  vibration  control  device  is  the  neutralizer  (often  referred 
to  as  a  "Dynamic  Vibration  Absorber").  In  this  work,  the  vibrations  of  structures 
representative  of  pipes  vibrating  at  low  frequencies  are  considered  both  theoretically 
and  experimentally  and  the  effects  of  added  neutralizers  are  investigated. 

By  considering  that  the  dynamical  behaviour  of  a  pipe  vibrating  at  low  frequencies 
can  be  approximated  by  that  of  a  simple  beam  it  has  been  possible  to  develop 
theoretical  models  to  predict  the  attenuation  performance  of  vibration  neutralizers 
attached  to  pipeline  structures.  Axial,  flexural  and  torsional  vibrations  have  been 
considered  in  turn  and  it  is  shown  that  the  use  of  novel  mounting  arrangements  can 
significantly  enhance  the  attenuation  performance  of  the  attached  device.  In  this 
paper,  these  theoretical  models  are  reviewed  and  corresponding  experimental 
studies  using  a  laboratory  pipeline  structure  are  then  presented.  It  is  shown  that 
prototype  pipeline  vibration  control  devices  have  been  designed,  built  and  tested 
successfully  in  a  laboratory  environment. 


1.0  Introduction. 

Vibration  control  in  pipeline  structures  is  of  considerable  interest  in 
practical  engineering  since  it  is  these  types  of  structure  which  most 
often  bridge  the  main  machinery  vibration  isolation  mounting  system. 
Flexible  bellows  are  often  employed  in  pipeline  systems  to  account  for 
static  misalignment  and  to  act  as  vibration  attenuators.  However,  these 

*  This  work  was  carried  out  whilst  both  authors  were  at  the  IS  VR,  University  of 
Southampton,  U.K. 
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pipelines  are  often  internally  pressurised  by  the  fluid  that  they  convey, 
as  a  result  their  performance  as  a  vibration  control  device  is  severely 
reduced.  The  internal  pressure  stiffens  the  bellows.  In  addition  to  this 
the  steel  braiding  inherently  used  in  the  construction  of  these  bellows 
to  increase  maximum  allowable  working  pressure  decreases  its 
attenuation  performance  since  the  impedance  change  between  the  pipe 
and  bellows  is  greatly  reduced  by  the  braiding.  Also,  in  many  cases, 
the  fundamental  vibration  frequency  of  a  machine  often  manifests 
itself  as  a  vibration  control  problem  since  it  is  usually  of  a  low 
frequency  and  therefore  easily  transmitted;  it  therefore  follows  that 
there  is  a  need  to  develop  a  low  frequency  vibration  attenuating  device 
capable  of  operation  at  a  discrete  frequency  or  over  a  narrow 
frequency  range.  The  basis  of  such  a  device  is  the  vibration  neutralizer. 

In  previous  work  [1,2]  theoretical  assessments  of  the  effects  of  utilizing 
these  types  of  device  for  controlling  the  vibrations  of  beam-like  or  one¬ 
dimensional  structures  have  been  carried  out  in  terms  of  neutralizer 
design  parameters  and  novel  mounting  configuration  assemblies.  In 
each  example,  all  three  structural  wave-types  commonly  observed  in 
these  types  of  structure  have  been  considered  namely  axial,  flexural 
and  torsional  motion.  In  addition  to  these  analytical  studies, 
experimental  work  has  also  been  undertaken  to  test  three  prototype 
flexural  vibration  neutralizers  [3];  the  "force-only"  assembly,  the 
"moment-only"  assembly  and  the  "force  and  moment"  assembly.  In  this 
work  the  device  was  attached  to  a  simple  beam  structure  and 
comparisons  between  theory  and  experiment  were  made  by 
considering  the  performance  of  the  device  in  terms  of  transmitted 
vibrational  power. 

In  this  work,  these  types  of  devices  are  applied  to  a  pipeline  structure 
and  practical  vibration  control  devices  have  been  designed,  built  and 
fitted  to  an  experimental  pipeline  structure  and  their  vibration 
attenuation  performance  assessed  using  the  concept  of  vibrational 
power  transmission 
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2.0  Theory. 


The  basis  for  the  vibration  control  technique  of  prime  interest  in  this 
work  is  the  vibration  neutralizer  which  is  assumed  to  be  a  simple 
lumped  mass  attached  to  the  pipeline  by  a  massless  hysteretically 
damped  spring.  Figure  1.  The  device  is  attached  to  the  primary 
pipeline  structure  and  the  resulting  theoretical  assessment  of  its 
performance  as  a  vibration  attenuation  device  is  presented.  The 
pipeline  structure  is  modelled  as  a  simple  beam-like  system 
representative  of  a  pipe  vibrating  at  low  frequencies  and  the 
neutralizer  is  then  considered  as  a  simple  discontinuity  attached  at  a 
point  in  the  otherwise  continuous  collinear  structure.  By  satisfying  the 
conditions  of  beam  equilibrium  and  continuity  at  the  point  of 
attachment  the  resulting  reflected  and  transmitted  wave  amplitude 
coefficients  can  then  be  determined  in  terms  of  the  properties  of  the 
discontinuity.  The  resulting  proportions  of  reflected  and  transmitted 
vibrational  power  can  then  be  readily  derived  from  a  knowledge  of 
these  wave  amplitude  coefficients. 

In  second  phase  of  the  theoretical  studies,  flexural  vibration  is 
considered  in  greater  detail.  The  potential  for  enhanced  performance 
of  the  flexural  wave  neutralizer  is  assessed  using  novel  mounting 
configurations.  Three  configurations  are  analysed,  the  'Torce-only" 
device,  the  "'moment-only"  device  and  finally  a  device  that  induces  a 
simultaneously  acting  "force  and  moment"  onto  the  primary  vibrating 
structure,  see  Fig.  2  below. 

For  full  details  of  the  modelling  assumptions  used  in  the  theoretical 
analyses  and  listings  of  the  derived  wave  amplitude  reflection  and 
transmission  coefficients  the  reader's  attention  is  drawn  to  previously 
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published  work  [1,2,3].  For  respective  wave-types,  reflection  and 
transmission  coefficients  are  given  in  terms  of  the  following  non- 
dimensional  parameters: 


Axial  Vibration: 


|ii  =  27r 


Neutralizer  Mass 
Mass  in  one  wavelength  of  beam 


Oil  =  ^ —  =  Natural  frequency  of  the  neutralizer 

where  =  k/(l  -i-  jq)  and  rj  is  the  hysteretic 
damping  loss  factor  of  the  neutralizer  spring. 

CO  Excitation  frequency 


and  =  —  = 


COd  Natural  frequency  of  neutralizer 


Flexural  Vibration:  jir  =  271 


_ Neutralizer  Mass _ 

Mass  in  one  wavelength  of  beam 


a  =  moment  arm, 

coi,  k .,  and  Qd  are  as  previously  defined. 


Torsional  Vibration:  )ie  =  271 


Neutralizer  Mass 
Mass  in  one  wavelength  of  beam 


i-gQ  Polar  radius  of  gyration  of  neutralizer 
p  rgb  Polar  radius  of  gyration  of  beam 

COtj,  k^,  and  Hd  are  as  previously  defined. 


When  the  undamped  neutralizer  is  considered  in  terms  of  axial 
(longitudinal)  and  torsional  vibration,  zero  transmission  of  incident 
power  can  be  seen  to  occur  when  the  frequency  of  the  incident 
vibration  is  equal  to  the  natural  frequency  of  the  neutralizer.  Flowever, 
when  flexural  vibration  is  considered  a  more  complex  situation  is 
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observed.  In  the  first  example,  a  "'force-only"  device  is  considered, 
zero  transmission  occurs  at  a  frequency  given  by: 

a/  =  i+-^|j.f  (1) 

This  result  is  readily  explained  by  considering  the  two  components  of 
power  transfer  along  a  beam  vibrating  in  flexure;  the  product  of  shear 
force  and  transverse  velocity  and  the  product  of  bending  moment  and 
angular  velocity.  Examination  of  the  expression  describing  the 
instantaneous  values  of  the  respective  terms  reveals  that  at  this 
frequency  the  respective  terms  remain  finite  but  act  in  exactly  opposite 
phase  thus  reducing  the  total  net  or  time-averaged  power  to 
zero.Equadon  (1)  shows  that  the  zero  transmission  frequency  occurs  at 
a  frequency  greater  than  the  natural  frequency  of  the  device  attached 
to  the  beam.  In  a  similar  study  the  performance  of  the  "moment-only" 
device  has  also  been  analysed.  In  this  example  the  frequency  of  zero 
power  transmission  is  given  by: 


n,"  =  l-^^ir{kraf  (2) 

where:  =  flexural  wavenumber  of  the  beam 

This  frequency  occurs  at  a  frequency  below  the  natural  frequency  of 
the  neutralizer. 

Finally,  a  combined  "force  and  moment"  device  was  considered.  In 
this  example  the  frequency  of  zero  power  transmission  is  given  by: 

Q/=l+inf[l-{kfart  (3) 
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Examination  of  this  expression  reveals  that  when  the  condition,  a  = 
1,  is  satisfied  zero  transmission  occurs  when  the  frequency  of  the 
incident  wave  corresponds  to  the  natural  frequency  of  the  neutralizer. 
In  addition  to  this,  incorporating  a  moment  arm  into  the  assembly 
increases  the  resulting  bandwidth  of  effectiveness  of  the  device 
without  compromise  to  the  resulting  mass  of  the  installation. 

3.0  Experimental  Apparatus  and  Method. 

The  experimental  structure  consisted  of  a  straight  2  inch  nominal  bore 
empty  PERSPEX  pipe  approximately  3.5  m  long’.  The  pipe  was 
mounted  vertically  and  driven  at  the  free  end  using  an  electrodynamic 
shaker.  In  order  for  the  experimental  properties  of  the  structure  to  be 
"semi-infinite'',  the  opposite  end  of  the  pipe  was  fitted  with  an 
anechoic  termination. 

To  facilitate  the  mounting  of  devices  on  the  pipe  wall,  the 
experimental  structure  was  fitted  with  a  flange  set  approximately  2  m 
from  the  anechoic  termination.  During  the  experiments  the  driving 
point  input  force  and  acceleration  were  measured  (input  torque  and 
angular  acceleration  for  the  torsional  experiments).  In  addition  to  this, 
the  response  of  the  pipe  wall  downstream  of  the  flange  set  was 
measured  using  combinations  of  accelerometer  pairs.  The  vibration  of 
the  pipe  was  determined  at  each  measurement  position  by  considering 
the  response  of  pairs  of  accelerometers  mounted  on  the  pipe  wall.  The 


’At  frequencies  well  below  the  ring  frequency  of  the  pipe  only  beam-like  motion  can 
occur  and  so  the  pipe  can  be  considered  to  exhibit  the  dynamical  properties  of  a 
simple  beam  or  rod  [4]. 
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use  of  multiple  sets  of  accelerometers  proved  advantageous  in 
minimising  the  effects  of  extraneous  wave-types  in  the  structure  [5]. 

First  axial  vibration  was  considered.  The  anechoic  termination  at  the 
base  of  the  pipe  was  based  on  a  method  used  by  Horner  [5].  The 
principle  of  operation  of  this  termination  is  to  dissipate  the  incident 
energy  in  a  series  of  plates  vibrating  in  flexure.  The  termination 
therefore  consisted  of  a  series  of  flat  plates  such  that  the  total  flexural 
mechanical  impedance  of  these  plates  matched,  as  closely  as  possible, 
the  axial  mechanical  impedance  of  the  pipe.  Good  dissipation  of 
energy  in  the  plates  was  then  achieved  by  ensuring  that  the 
dimensions  of  the  plates  were  at  least  one-quarter  wavelength  of  the 
lowest  frequency  of  interest.  In  addition  to  this,  to  allow  for  a  gradual 
impedance  change  and  to  allow  for  energy  to  be  dissipated  over  a 
broad  frequency  range,  the  dimensions  of  the  plates  were  tapered 
exponentially  and  dry  sand  was  placed  around  and  under  the 
termination. 

A  schematic  representation  of  the  experimental  apparatus  is  given  in 
Figure  3a.  The  same  outline  experimental  procedure  was  used  for  all 
three  wave  types  considered  in  this  work  as  follows;  measure  the  input 
power  and  the  transmitted  vibrational  power  at  a  point  downstream  of 
the  point  of  attachment  for  the  device;  fit  the  device  and  determine  its 
installed  dynamic  properties;  then  measure  the  input  power  and 
transmitted  powers  as  before.  In  all  cases  the  measurement  of 
vibrational  power  was  normalized  with  respect  to  the  magnitude  of 
the  driving  point  force.  The  installed  performance  is  then  determined 
from  the  measurement  of  transmitted  power  with  and  without  the 
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neutralizer  fitted;  this  is  then  compared  with  the  equivalent  predicted 
performance. 

The  experimental  axial  neutralizer  consisted  of  a  mild  steel  ring  fitted 
around  the  pipe  attached  to  the  mounting  flange  by  a  series  of 
aluminium  alloy  cantilevers.  Details  of  the  this  experimental 
neutralizer  are  given  in  Figure  3b. 

Although  simple  lumped  parameter  models  are  useful  for  predicting 
the  approximate  frequency  range  of  operation  for  these  types  of 
device,  the  natural  frequency  of  the  installed  device  is  highly 
dependent  on  the  actual  mounting  stiffness.  In  order  to  overcome  these 
problems  a  simple  method  of  determining  the  installed  natural 
frequency  was  developed  [6]  by  considering  the  relative  responses  of 
the  pipe  wall  at  the  point  of  attachment  with  respect  to  the  neutralizer 
mass. 

For  the  flexural  vibration  experiments  the  free  end  of  the  pipe  was 
driven  transversely  and  the  anechoic  termination  consisted  of  a 
tapered  sand  bag  around  the  base  of  pipe.  The  layout  of  the  appraratus 
is  shown  in  Figure  4  which  also  shows  the  format  of  the  flexural 
neutralizer  which  can  be  seen  to  follow  the  ''force  and  moment" 
design. 

Finally  torsional  vibration  was  considered  by  driving  the  free  end  of 
the  pipe  transversely  using  a  moment  arm  arrangement,  see  Figure  5. 
An  "anechoic"  termination  was  designed  for  the  base  of  the  structure  to 
attenuate  incident  torsional  waves.  The  basis  of  the  design  of  this 
termination  was  to  dissipate  energy  by  allowing  the  incident  torsional 
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waves  to  propagate,  largely  unhindered,  into  an  array  of  damped 
beams  attached  to  the  base  of  the  pipe.  The  respective  wavelength  of 
the  vibrations  in  these  beams  would  be  considerably  shorter  and 
therefore  energy  would  be  dissipated  more  efficiently.  To  provide 
attenuation  over  a  range  of  frequencies,  beams  of  varying  thickness 
were  attached  to  the  base  of  the  pipe.  To  increase  energy  dissipation  in 
these  beams,  they  were  based  on  a  sandwich  type  construction  such 
that  a  strip  of  damping  material  was  constrained  between  the  two 
surfaces.  The  dimensions  of  the  attenuator  beams  were  determined  by 
attempting  to  match,  as  closely  as  possible,  the  torsional  impedance  of 
the  pipe  to  the  flexural  impedance  of  the  beams  excited  by  a  torque. 
Four  of  each  attenuating  beam  were  then  fixed  to  the  pipe  wall 
equidistantly  around  the  circumference. 

The  experimental  neutralizer  consisted  of  a  mild  steel  ring  fitted 
around  the  pipe  using  four  aluminium  alloy  cantilevers,  see  Figure  5. 

4.0.  Results. 

First  the  axial  attenuation  device  was  fitted  to  the  pipe  flange  and  the 
relative  response  of  neutralizer  mass  and  pipe  wall  were  measured. 
From  this  result  the  natural  frequency  was  found  to  be  160  Hz  with  a 
damping  loss  factor  of  0.023.  The  neutralizer  mass  was  then  accurately 
measured  and  found  to  be  1.01  kg  The  predicted  attenuation 
performance  was  then  determined  using  the  theoretical  models 
developed  in  [1]  and  the  resulting  theoretical  and  experimental 
attenuation  performances  are  given  in  Fig.  6. 


207 


In  a  similar  exercise  the  dynamic  properties  of  the  flexural  neutralizer 
were  found  to  be  as  follows;  natural  frequency,  54  Hz;  loss  factor, 
0.054;  mass,  0.82  kg  and  effective  moment  arm  length,  0.075m.  The 
corresponding  comparison  between  theoretical  and  measured 
performance  is  given  in  Figure  7.  A  reasonable  agreement  between 
theory  and  experiment  was  achieved.  The  narrower  measured 
bandwidth  is  considered  to  result  from  a  source/discontinuity 
interaction  discussed  in  [6]. 

Finally,  the  results  of  the  torsional  experiments  were  considered.  The 
dynamic  properties  of  the  neutralizer  were  found  to  be  as  follows; 
natural  frequency,  160  Hz,  loss  factor,  0.01;  mass  1,01  kg.  Theory  and 
experiment  are  compared  in  Figure  8.  The  experimental  result  shows 
that  the  general  trend  of  the  attenuation  is  observed.  The  inertia  of  the 
torsional  device  was  so  great  that  the  device  acted  over  a  wide 
frequency  range  with  significant  effect.  The  overall  attenuation  at  the 
natural  frequency  is  sufficiently  large  to  be  masked  by  noise  in  the 
measured  signals  and  the  characteristic  ''notch"  in  the  attenuation 
curve  is  not  seen. 


5.0  Conclusions, 

In  this  work,  measurements  of  the  attenuation  performance  of 
vibration  neutralizers  have  been  presented.  Three  wave-types  have 
been  considered;  axial,  flexural  and  torsional  vibration.  For  each  wave- 
type  in  turn,  experiments  have  been  undertaken  to  determine  the 
installed  attenuation  performances.  The  results  of  these  experiments 
have  then  been  compared  to  theoretically  derived  performance 
characteristics  developed  in  earlier  studies.  Corresponding  theoretical 
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predictions  have  indicated  reasonable  agreement  with  experimental 
behaviour,  provided  the  dynamical  properties  of  the  device  are 
determined  'In-situ". 
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Force  only  configuration 
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Electrodynamic  Exciter 


Figure  3a:  Schematic  representation  of  the  experimental  pipe  apparatus 
fitted  with  axial  pipeline  neutralizer. 
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HAN  VIEW 


Figure  3b:  Schematic  representation  of  the  pipeline  neutralizer. 
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Figure  4:  Schematic  representation  of  the  experimental  pipe  apparatus 
fitted  with  flexural  pipeline  neutralizer. 
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Figure  5:  Schematic  representation  of  the  experimental  pipe  apparatus 
fitted  with  torsional  pipeline  neutralizer. 
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Power  Ratio 


Nett  Transmitted  Axial  Power 


Frequency  (Hz) 


Figure  6:  Measured  v.  predicted  attenuation  -  axial  vibration.  Solid  line: 
measured;  dashed  line;  predicted. 

Nett  Transmitted  Flexural  Power 


Frequency  (Hz) 


Figure  7;  Measured  v.  predicted  attenuation  -  flexural  vibration.  Solid  line; 
measured;  dashed  line:  predicted. 
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Attenuation 


Measurement  of  Torsional  Vibration  Attenuation 
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Figure  8:  Measured  v.  predicted  attenuation  -  torsional  vibration.  Solid  line: 
measured;  dashed  line:  predicted. 
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ABSTRACT 

Central  to  the  hierarchical  concept  of  the  finite  element  method  is  the  ability 
[independently]  to  enrich  the  polynomial  content  of  selected  elements  within 
the  mesh.  Like  all  approximate  methodologies,  the  efficacy  of  such  versions 
is  critically  dependent  on  keeping  the  numerical  rounding  errors  in  the  actual 
calculation  procedures  to  an  absolute  minimum.  It  is  shown,  by  reference  to 
an  appropriate  family  of  i^-orthogonal  polynomials,  that  numerical  rounding 
errors  associated  with  floating  point  arithmetic  prescribe  the  maximum 
available  degree  of  polynomial  enrichment.  The  principal  source  of  these 
errors  can  be  traced  to  the  wide  dynamic  range  found  in  the  coefficients  that 
define  a  given  X^-orthogonal  polynomial;  it  is,  therefore,  an  inherent  feature 
of  the  function  itself.  The  implications  of  the  modest  levels  of  p-enrichment 
that  reliably  can  be  incorporated  within  a  vibration  analysis  are  discussed  with 
reference  to  a  free-free  beam.  Finally,  some  simple  guidelines  are  presented 
that  might  beneficially  be  incorporated  in  an  adaptive  h-p  algorithm. 


1.  INTRODUCTION 

The  finite  element  method  (FEM)  is  essentially  a  numerical  analysis  technique 
which  allows  an  approximate  solution  to  be  found  to  the  set  of  differential 
equations  that  govern  a  particular  problem  [1].  This  is  achieved 
[mathematically]  by  dividing  the  domain  of  interest  into  a  number  of  smaller 
sub-domains,  called  finite  elements,  and  then  approximating  the  solution  by 
using  local,  piecewise-continuous,  polynomial  functions  within  each  element. 
The  accuracy  of  the  solution  may  be  improved  in  two  ways.  The  first,  and 
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most  common,  is  to  refine  the  finite  element  mesh,  retaining  the  same  degree 
of  the  elements  used  -  this  is  known  as  the  classical,  or  /z-version  of  the  FEM 
[i].  The  second  method  involves  fixing  the  mesh  size  and  increasing  the 
degree  of  the  approximating  polynomial  functions  -  this  is  known  as  the  p- 
version  of  the  FEM  [2,3].  More  recently,  an  hybrid  h-p  version  of  the  FEM 
has  been  advanced,  which  effectively  marries  the  previous  two  concepts  [4-6]. 
Convergence  is  now  sought  simultaneous ty  by  refining  the  mesh  and  increasing 
the  degree  of  the  elements.  Both  the  p-  and  h-p  methodologies  are  hierarchical 
versions  of  the  finite  element  method. 

The  h-p  version,  especially  in  its  adaptive  mode,  can  be  quite 
[computationally]  costly  to  implement  [6].  This  is  because  the  trade-off 
between  /z-refmement  and  /^-enrichment  usually  is  not  known  in  advance,  and 
it  may  prove  necessary  at  some  point  in  the  adaptive  process  to  add  a 
significant  number  of  hierarchical  functions  to  certain  elements  in  the  mesh; 
the  ability  to  carry  out  such  localized  enrichment  is  central  to  the  whole  h-p 
concept.  Since  any  form  of  finite  element  analysis  is,  by  definition,  an 
approximate  process,  it  is  very  important  that  numerical  rounding  errors  in  the 
actual  calculation  procedure  itself  are  kept  to  an  absolute  minimum.  It  is 
shown  in  this  paper  that  it  is  easy  [unwittingly]  to  introduce  such  errors  in  a 
typical  hierarchical  analysis,  given  that  to  generate  the  additional  polynomial 
functions,  and  then  perform  their  integration  as  the  field  variable(s)  over 
specific  element  domains,  is  a  numerically  intensive  process. 

Most  modern  commercial  and  developmental  finite  element  codes 
routinely  employ  numerical  integration  schemes,  such  as  Gauss-Legendre 
quadrature,  using  double  precision  floating  point  arithmetic  hosted  on  a  64-bit 
architecture  platform.  This  combination  of  software  and  hardware  permits  the 
energy  functionals  to  be  evaluated  with  great  speed,  accuracy,  and  confidence, 
for  an  h-type  analysis.  However,  less  is  known  about  the  numerical 
performance  when  a  significant  degree  of  /7-enrichment  is  introduced  into  the 
problem,  and  the  purpose  of  this  paper  is  to  quantify  the  sort  of  numerical 
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error  magnitudes  that  might  be  anticipated  in  this  type  of  analysis.  (The 
"knock-on"  effect  caused  by  these  errors  on  the  solution  phase  of  the  analysis 
is  addressed  qualitatively  here  by  means  of  a  simple  example;  a  quantitative 
assessment  is  more  difficult  to  obtain  since  this  will  heavily  be  dependent  on 
the  nature  of  the  problem  being  solved,  the  solution  procedures  employed,  and 
the  type  of  platform  on  which  the  calculations  are  being  performed). 

In  what  follows,  attention  is  confined  to  the  set  of  so-called  K- 
orthogonal  functions  [7],  which  have  been  used  extensively  [8-10]  as  a  means 
of  providing  local  polynomial  enrichment  of  an  element  field  variable.  One 
further  restriction  concerns  the  domain  over  which  the  integration  of  the  field 
variable(s)  is  performed;  only  "regular"  geometries  characterized  by  a  constant 
value  of  the  Jacobian  in  the  element  mapping  transformation  are  considered. 
This  latter  condition  facilitates  an  exact  benchmark  solution  to  be  obtained 
using  symbolic  computing;  if  any  degree  of  element  distortion  is  present,  as 
is  likely  in  practice,  then  the  measures  presented  here  must  be  regarded  as  the 
most  conservative.  All  the  computations  reported  here  have  been  carried  out 
using  double  precision  floating  point  arithmetic  on  a  Sun  SPARC  Centre  1000 
with  eight  60MHz  processors  (each  with  a  floating  point  unit)  running  Solaris 
2.3. 


2.  THEORETICAL  AND  NUMERICAL  LIMITATIONS 
ASSOCIATED  WITH  iS'-ORTHOGONAL  POLYNOMIALS 

Most  finite  element  models  of  structural  dynamic  processes  usually  require  a 
Co  or  C;  continuity  condition  to  be  met  across  the  element  interface.  This  is 
achieved  in  the  /z-version  of  the  FEM  by  means  of  simple  interpolation 
functions.  In  order  to  facilitate  element-local  p-enrichment,  it  is  necessary  to 
choose  a  family  of  polynomials  which,  when  used  in  conjunction  with  the 
appropriate  /z-version  functions,  constitutes  a  complete  set,  and  provides  a 
genuine  hierarchical  basis.  One  such  set,  which  has  been  used  extensively  for 
this  purpose,  is  given  [7]  in  Equation  1, 
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r  >  (3  -  c) 


p  _  (-1)”  (2r  -  2«  -  6  ^  c)!l  ,(.-2.-1) 

h  T  n!  ir-ln-  1)! 

where  rll  =  r(r-2)(r-4) . (2  or  1),  01!  =  (-1)!!  =  1;  (r-l)/2  denotes  its  own 

integer  part;  the  non-dimensional  element-local  co-ordinate  ^  is  measured  from 
the  centre  of  the  domain  R,  defined  here  to  lie  along  the  line  -1  <  ^  <  +1; 
and  c  takes  the  value  + 1  if  the  polynomials  are  to  be  used  to  enrich  a  Q 
continuity  element  (denoted  by  and  -1  if  they  are  to  be  used  to  enrich 

a  C,  continuity  element  (denoted  by  K^)).  These  generating  formulae  define 
two  families  of  ^-orthogonal  polynomials,  which  are  illustrated  in  Figures  la 
and  2a;  their  /i-version  antecedents  are  also  shown  for  completeness. 

The  first  few  hierarchical  functions  shown  in  Figures  la  and  2a  appear 
to  be  well-behaved  and  easily  generated.  However,  attempts  to  generate 
increasingly  higher  order  functions  meet  with  varying  degrees  of  success, 
because  only  then  does  it  become  apparent  that  the  coefficients  of  a  given  K- 
orthogonal  polynomial  function  can  vary  greatly  in  magnitude.  In  fact,  very 
large  differences  can  occur  between  the  various  coefficients  defining  a 
particular  polynomial,  and  it  is  convenient  to  measure  this  dynamic  range  by 
dividing  each  coefficient  in  the  series  by  the  least  coefficient.  Of  particular 
interest  is  the  ratio  of  the  greatest  coefficient  to  the  least  coefficient,  which 
will  provide  the  maximum  dynamic  range  associated  with  a  given  polynomial. 
To  give  some  idea  of  the  way  in  which  this  maximum  dynamic  range  evolves 
with  increasing  order  of  polynomial,  the  modulus  of  this  quantity  has  been 
determined  exactly,  using  symbolic  computing  [1 1],  for  each  polynomial  in  the 
set  gXO  and/(  )  for  values  of  r  up  to  200.  This  data  is  presented  on  a  log- 
linear  scale  in  Figures  lb  and  2b.  It  is  immediately  obvious  that  as  r  increases, 
so  the  ratio  ,  of  the  greatest  to  the  least  coefficients  for  a  given  polynomial 
increases  at  a  highly  non-linear  rate.  By  considering  the  envelope  of  these 
points  for  both  families  of  iT-orthogonal  polynomials,  it  can  be  observed  that 
the  definition  of  even,  symmetric  (odd  r)  polynomials  always  yields  a  higher 


220 


value  of  A,  than  the  definition  of  odd,  antisymmetric  (even  r)  polynomials,  and 
that  the  value  of  A,  for  the  even  functions  follows  a  simple  power  law  of  the 
form  logiolArl  =  ar  +  b,  where  for  the  set  ^,(0,  <3  =  0.375  and  b  =  -1.38 
(r  odd),  and  for  the  set/X^),  a  =  0.378  and  b  =  -0.96  (r  odd).  Because  the 
behaviour  of  both  families  of  polynomials  is  so  similar,  it  would  be  tedious  to 
make  reference  to  both;  in  what  follows,  discussion  will  be  limited  solely  to 
the  family  of  C,  continuity  functions  denoted  by/X^). 

It  is  interesting  to  note  that  [for  both  families  of  functions]  as  r  45, 
so  the  maximum  dynamic  range  jAj  exceeds  10'^  Since  the  numerical 
rounding  errors  associated  with  the  use  of  double  precision  arithmetic  are  of 
the  order  to  10‘^^  (although  this  figure  may  vary  slightly  from  one 
computer  to  the  next),  it  is  clear  that  even  if  the  polynomials  could  be  defined 
using  symbolically  pre-computed  arrays,  numerical  ill-conditioning  would  arise 
as  soon  as  they  were  used  in  any  numerical  operations.  Hence,  for  all  practical 
purposes,  the  greatest  number  of  polynomial  functions  that  accurately  could 
be  generated  and  used  is  theoretically  limited  to  approximately  45  for  both  Q 
and  C,  continuity  functions;  of  course,  the  ultimate  limit  will  be  imposed  by 
the  platform.  In  practice  however,  it  may  not  be  possible  to  evaluate  the 
coefficients  numerically  to  such  high  orders  simply  because  of  the  limited 
numerical  accuracy  with  which  both  the  [large]  numerator  and  [large] 
denominator  of  the  coefficients  can  be  calculated. 

For  use  in  any  sort  of  one-dimensional  engineering  analysis,  it  will 
usually  be  necessary  to  perform  operations  not  on  the  functions  alone,  but  on 
their  products  (e.g.,  to  generate  a  stiffness  or  a  mass  matrix).  With  reference 
to  Figure  2b  (or  Figure  lb),  it  can  be  seen  that  for  the  coefficients  of  the 
product  to  have  a  maximum  dynamic  range  of  10'^  the  sum  of  the  maximum 
dynamic  ranges  of  the  two  individual  functions  constituting  the  product  must 
not  exceed  10*^;  for  equal  orders,  which  is  the  most  common  combination,  the 
highest  number  of  polynomial  functions  that  can  be  used  is  therefore  limited 
to  about  24.  This  limit  can  be  determined  more  readily  from  the  empirical 
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power  laws  quoted  above. 

Attempts  to  generate  numerically  and  then  multiply  together  some 
representative  C,  continuity  polynomials  confirm  this  reasoning.  Figures  3-6 
show  the  results  of  the  following  products  plotted  over  the  range  -1  <  ^  <  + 1 : 
fii  =^/2i,/23  */23,/25  ^fis,  and/35  x/35.  These  results  graphically  illustrate  the  onset 
and  rapid  increase  in  the  end  errors  which  appear  at  ^  =  ±1  by  virtue  of 
numerical  rounding  errors.  For  /i  x/a,  and/23  x/23,  the  end  error  is  but  a 
fraction  of  the  maximum  amplitude  of  the  product,  and  because  it  is  centred 
about  the  zero  mean,  it  will  therefore  have  little  effect  on  the  subsequent 
calculations.  However,  since  one  of  the  most  important  properties  of  the  C, 
continuity  family  is  that  they  maintain  zero  displacement  and  slope  at  each 
end,  it  is  clear  that  this  feature  is  completely  lost  when  r  >  25,  in  which  case 
the  end  error  completely  dominates  the  resulting  product.  (This  "noise"  has  a 
significant  bias  away  from  the  zero  mean,  and  therefore  will  adversely 
influence  the  subsequent  calculations).  It  is  worth  being  aware  of  this 
complication,  since  attempts  [unwittingly]  to  introduce  more  than  25  K- 
orthogonal  polynomials  in  an  analysis  is  certain  to  be  doomed  to  failure. 

In  general,  use  of  these  polynomials  in  two-  or  three-dimensional 
analyses  will  limit  the  maximum  dynamic  range  between  the  greatest  and  least 
coefficients  to  10'  and  10^  respectively  in  order  to  ensure  the  dynamic  range 
of  the  resultant  expression  from  the  double  and  triple  products  does  not  exceed 
10'®.  The  respective  limits  that  now  apply  to  the  number  of  [equal  order]  C, 
continuity  functions  are  approximately  14  and  8.  These  latter  limits  may  be 
extended  to  the  original  1-D  maximum  of  24  if  the  multiplication  is  separable 
over  the  area  or  volume  of  interest. 

It  should  be  emphasised  that  these  are  the  theoretical  limits  attainable 
using  double  precision  arithmetic  to  manipulate  such  functions;  in  practice, 
other  sources  of  numerical  error  may  arise  and  further  reduce  the  number  of 
shape  functions  that  can  reliably  be  incorporated  within  a  particular  analysis. 
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The  formulation  of  a  discrete  solution  scheme  will,  in  general,  be  based 
on  a  priori  knowledge  of  the  structure's  strain  and  kinetic  energies,  ^zq'TK^q 
and  y2q^Mq  respectively.  This  pre-supposes  that  the  structural  stiffness  and 
mass  matrices  K  and  M  can  reliably  be  computed.  Within  the  domain 
constraints  mentioned  earlier,  this  requirement  can  be  met  provided  integrals 
of  the  type 


Ta.  S 


f  p;(5)  P;(5)  dR, 


(2) 


can  be  evaluated  over  the  domain  R  for  all  possible  values  of  r,  s,  a,  and  fi. 
(ot  and  fi  are  the  order  of  the  function  derivative,  and  normally  will  take  the 
values  0,  1  and  2).  The  numerical  computation  of  such  integrals  constitutes  a 
major  potential  source  of  error. 

To  illustrate  the  sort  of  numerical  problems  that  can  arise  with  such  a 
calculation,  consider  which  represents  the  generic  mass  matrix  of  a 
simple  beam.  Since  this  set  of  integrals  can  be  regarded  as  an  inner  product, 
it  should  be  symmetric  and  positive  definite.  Therefore,  it  should  possess  real, 
positive,  non-zero,  eigenvalues.  These  eigenvalues  have  been  calculated  from 
this  set  of  integrals  -  the  integrals  themselves  have  been  evaluated  using  three 
different  means:  (i)  exactly,  using  the  symbolic  computing  package  MAPLE 
[1 1],  (ii)  numerically,  using  standard  Gauss-Legendre  quadrature  [12],  and  (iii) 
numerically,  using  an  adaptive,  ordered,  oscillatory  quadrature  scheme  [13], 
over  the  range  5  <  r,5  <  40.  Although  standard  Gauss-Legendre  quadrature 
is  designed  to  provide  an  exact  solution  with  (A+ij/2  Gauss  points  if  the 
highest  order  of  the  polynomial  integrand  is  A,  the  highly  oscillatory  nature 
of  the  higher  order  polynomials  renders  the  routine  numerically  unstable  with 
increasing  r  and  5.  This  is  because  the  direct  summation  of  terms  is  not 
ordered,  and  the  differences  between  very  large  and  very  small  numbers 
become  lost  in  the  rounding  errors.  It  is  for  this  reason  that  a  specially  ordered 
oscillatory  scheme  [13]  has  been  used,  which  performs  its  summation  in  a 
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more  robust  fashion,  matching  terms  of  like  order  as  it  progresses  through  the 
calculation. 

The  results  from  these  simulations,  which  show  the  progress  of  the 
lowest  valued  eigenvalue  calculated  from  the  integrals  using  techniques  (i),  (ii) 
and  (iii)  respectively,  are  shown  in  Figure  7.  The  exact  results  confirm  the 
theoretical  premise;  however,  both  the  numerical  integration  schemes  deviate 
from  the  exact  solution  at  r  =  23,  and  become  negative  for  r  >  24.  Even 
though  the  specially  ordered  oscillatory  scheme  is  less  in  error  than  the 
standard  Gauss-Legendre  scheme  for  r  >  24,  both  render  the  result  non- 
positive-definite  on  account  of  the  increasing  amounts  of  the  end  error  that  are 
manifesting  themselves  at  this  level  of  polynomial  definition. 

Clearly,  attempts  to  use  more  ^C-orthogonal  polynomials  than  the  limit 
suggested  above  in  a  dynamic  analysis  would  result  in  a  non-positive-deflnite 
mass  matrix  and  hence  would  likely  cause  the  solution  scheme  to  fail.  This  is 
illustrated  in  the  next  section. 

3.  IMPLICATIONS  FOR  CONVERGENCE 
IN  THE  RAYLEIGH-RITZ  METHOD 

The  monotonic  convergence  to  the  exact  value  associated  with  the  use  of 
increasing  the  number  of  assumed  modes  in  a  typical  Rayleigh-Ritz  method 
implicitly  assumes  that  no  significant  numerical  rounding  errors  occur  in  the 
calculation  process.  One  qualitative  example  -  the  determination  of  the  natural 
frequencies  of  a  free-free  Euler-Bernoulli  beam  -  is  used  to  demonstrate  that 
this  may  not  always  happen  in  practice.  The  standard  matrix-eigenvalue 
problem  [K  -  fi^M]{q}  =  0  is  set  up  for  a  simple  /?-version  analysis  (one 
super-element)  using  AT-orthogonal  polynomials  in  the  usual  fashion  [14].  (The 
non  dimensional  frequency  factor  Q  =  (i>{pAV!Er)'^\  where  all  the  symbols 
have  their  usual  meaning).  The  first  twenty  natural  frequencies,  calculated  by 
each  of  the  three  methods  outlined  above,  are  plotted  against  increasing 
numbers  of  hierarchical  shape  functions  r  in  Figure  8.  (The  results  calculated 
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by  the  three  different  methods  are  coincident  over  the  range  4  <  r  <  24). 
The  usual  convergence  behaviour  is  evident  for  the  modes  determined  by  all 
three  methods  until  r  =  24.  The  abrupt  cessation  of  the  plot  at  this  level  of 
polynomial  enrichment  is  caused  by  the  mass  matrix  becoming  non  positive- 
definite,  as  discussed  above,  and  the  solution  scheme  failing.  What  perhaps  is 
of  more  interest  is  the  fact  that  the  higher  order  modes  have  not  yet  converged 
to  their  correct  frequency  value.  Hence  for  this  particular  problem,  the 
maximum  amount  of  /7-enrichment  that  reliably  can  be  used  is  insufficient  to 
permit  study  of  elastic  modes  beyond  the  11th. 

In  order  to  study  vibration  problems  which  involve  the  first  few  tens 
of  modes,  or  perhaps  even  to  try  to  explore  the  initial  part  of  the  medium 
frequency  range,  it  is  clear  that  with  the  current  assumed  displacement 
functions,  resort  would  have  to  be  made  to  an  h-p  type  of  analysis,  in  which 
the  mathematical  model  now  incorporates  a  number  of  elements  using  h- 
refmement  in  conjunction  with  local  /?-enrichment.  In  this  way,  it  should  not 
be  necessary  to  boost  the  hierarchical  functions  anywhere  near  their  [self- 
imposed]  limit,  and  moreover,  a  more  accurate  result  will  always  be  obtained. 

4.  CONCLUSIONS 

The  aim  of  this  paper  was  to  demonstrate  the  limits  attributable  to  numerical 
rounding  errors  when  using  two  commonly-used  families  of  ^-orthogonal 
polynomials  to  hierarchically  enrich  a  [locally  selected]  finite  element.  Its 
secondary  purpose  was  to  illustrate  some  of  the  pitfalls  that  could  thwart  the 
best  endeavours  of  the  undiscerning  user  of  double  precision  floating  point 
arithmetic. 

With  the  aid  of  symbolic  computing,  it  has  been  possible  to  obtain 
benchmark  solutions  which  highlight  and  quantify  some  of  the  aforementioned 
difficulties.  From  the  results  presented  here,  and  the  implicit  [although  not 
easily-quantified]  understanding  of  the  adverse  effects  element  distortion  will 
have  on  the  numerical  accuracy,  it  would  appear  advantageous  in  h-p 
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applications  always  to  restrict  the  degree  of  polynomial  enrichment  to  (a)  24 
or  less  in  1-D  applications,  (b)  14  or  less  in  2-D  applications,  (c)  8  or  less  in 
3-D  applications,  especially  if  a  completely  numerical  scheme  is  to  be  used. 
Clearly,  some  advantages  may  be  gained  by  using  symbolic  computing  and/or 
quadruple  precision  at  the  most  appropriate  stages  in  the  computational 
algorithm. 

Whilst  these  limits  appear  quite  stringent,  it  must  be  remembered  that 
this  level  of  /?-enrichment  is  still  quite  generous  if  used  in  combination  with 
a  suitably  refined  /z-mesh.  Such  knowledge  could  usefully  be  incorporated  as 
a  decision  criterion  in  an  h-p  adaptive  algorithm,  in  order  to  ensure  that  the 
order  of  the  local  polynomial  enrichment  never  exceeds  a  pre-set  value.  In  this 
manner,  the  degree  of  error  attributable  to  numerical  rounding  may  more 
effectively  be  controlled,  and  hence  greater  confidence  placed  in  the  ultimate 
distribution  of  the  h-  and  /7-composition  of  the  mesh. 

Finally,  if  a  higher  level  of  /7-enrichment  is  required  than  can  be 
furnished  by  the  present  ^-orthogonal  polynomials,  then  resort  must  be  made 
to  the  use  of  other,  more  suitable,  hierarchical  functions  [15],  or  to  alternative 
methods  of  quadrature  [16]. 
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ABSTRACT 

The  h-p  version  of  the  finite  element  method  is  used  to  provide  the  first  known 
results  for  the  vibration  characteristics  of  completely  free,  open,  conically  curved, 
isotropic  shell  panels.  Two  different  conical  panels  have  been  constructed  for 
experimental  purposes,  and  the  geometry  of  these  panels  defines  the  scope  of  the 
present  study.  Natural  frequencies  and  modes  are  calculated  and  presented  for 
both  panels;  this  work  is  corroborated  by  comparing  results  from  the  present 
methodology  with  experimental  data,  and  also  from  results  generated  by  the 
proprietary  finite  element  package  ANSYS. 

1.  INTRODUCTION 

Conically  curved  panels  are  commonly  found  in  a  variety  of  engineering 
applications,  such  as  helicopter  tail-rotor  booms  and  the  built-up  tapering  rear 
fuselage  sections  of  civil  aircraft.  In  such  applications,  these  panels  are  subjected 
to  a  variety  of  different  fluctuating  loads,  and  it  is  essential  that  their  dynamic 
integrity  can  be  assured  from  the  design  stage  onwards.  To  this  end,  it  is  important 
that  reliable  predictive  techniques  are  available,  so  it  may  come  as  something  of 
a  surprise  to  find  that  as  recently  as  1973,  a  comprehensive  survey  conducted  by 
Leissa  [1]  had  to  conclude  that strangely,  no  references  have  been  found  which 
deal  explicitly  with  the  free  vibrations  of  such  [ open  conical]  shells".  This  topic 
has  remained  virtually  unresearched  and  unreported  until  the  present  day;  only 
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four  relevant  references  can  be  found  [2-5],  and  all  of  these  address  the  free 
vibration  problem  of  an  open  conical  shell  panel  with  supported  edges.  No  work 
can  be  found  referring  to  conical  panels  with  free  edges,  which  constitutes  the 
most  exacting  test  of  any  proposed  solution  scheme,  and  also  poses  the  simplest 
set  of  boundary  conditions  for  experimental  work. 

The  purpose  of  this  paper  is  twofold:  (i)  to  obtain  a  solution  to  the  title 
problem  and  hence  provide  some  useful  benchmark  results  for  this  particular 
category  of  conical  shell  panel;  and  (ii)  to  provide  experimental  validation  of  the 
theoretical  results,  given  the  absence  of  other  numerical  data. 

2.  METHOD  OF  ANALYSIS 

An  h-p  version  of  the  finite  element  method  [6-7]  is  utilized  in  what  follows, 
because  it  affords  the  user  a  more  robust,  flexible,  and  economic  analysis  tool  than 
the  conventional  Rayleigh-Ritz  technique.  The  h-p  methodology  adopted  here  is 
similar  to  that  presented  elsewhere  by  the  authors  [8],  so  only  the  essential  details 
are  given  here. 

Consider  the  thin  conical  shell  element  shown  in  Figure  1,  whose  middle 
surface  is  defined  by  the  semi- vertex  angle  a,  the  radius  of  curvature  at  any  point 
R(x)  +  xsina  (where  Rq  is  the  radius  of  curvature  of  the  small  end),  the  slant 
length  a  and  the  total  included  angle  (j).  The  cone  is  assumed  to  be  of  uniform 
thickness  h  (with  h/R(x)  assumed  to  be  small  for  all  x).  The  components  of 
displacement  of  a  point  on  the  middle  surface  are  w,  v  and  w  in  the  x,  6,  and  z 
directions,  respectively. 

The  state  of  strain  at  any  point  x,  6  within  the  shell,  distance  z  from  the 
middle  surface,  is  equal  to  the  sum  of  the  middle  surface  (membrane  or 
extensional)  strains  and  the  (flexural)  strains  due  to  the  changes  of  curvature. 
Denoting  the  middle  surface  extensional  strains  in  the  lengthwise  and 
circumferential  directions  by  c^qq,  the  middle  surface  changes  in  curvature  in 
the  lengthwise  and  circumferential  directions  by  k®90,  and  the  middle  surface 
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in-plane  shear  strain  and  change  in  twist  by  respectively,  then  the  state 

of  strain  at  any  point  x,  6,  z  within  the  shell  can  be  written: 


8..  =  £°vv  +  ZK^, 


Yxo  =  Y%  +  2zK‘’,e 


where,  for  a  cone  [9],  [10], 


]  1  dv  sina  cosa 

- - +  u - +  w - 

R{x)  ae  R{x)  R{x) 

0  dv  \  du  sina 

ax  R{x)  ae  r{x) 

0  a^w 

"  ax^ 

1  d^w  coscc  av  sina  aw 


R(xf  ae^  R(xf  de  r{x)  ax 
sina  aw  1  a^w  cosa  ^  cosa  sii 

R(xf  ao  R{x)  dxdd  R(x)  dx  R{xf 


and  u,  V,  and  w  are  the  midplane  (z  =  0)  displacements.  The  Ml  kinematic 
relationships  between  the  displacements  at  a  general  point  x,  6,  z,  and  the 
midplane  displacements  u,  v,  w  are  given  in  [9]. 

Substituting  Equations  2  into  Equations  1,  and  introducing  the  local  co¬ 
ordinates  T]  which  are  related  to  the  element  Cartesian  co-ordinates  through 
5  =  2x1  a  -  1  and  q  =  2R(x)dlb(x)  -  1,  (see  Figure  1),  the  form  of  the  strain- 
displacement  relationship  becomes: 
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i.e.,{e}  =  [A]{6}.  (3) 

Note  that  every  occurrence  of  R(x)  in  Equation  3  has  been  replaced  by  b(x)((^  so 
that  there  is  only  one  x-dependent  term  in  the  coefficient  of  each  differential 
operator.  (Note  also,  that  the  circumferential  arc  length  of  the  cone,  b(x)  =  b{^)). 
For  an  isotropic  material,  the  constitutive  relationship  is  given  by 
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r,ej 
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i.e.,{a}  =  [D]{e}.  (4) 

For  the  type  of  problem  under  consideration,  it  is  advantageous  to  use  the 
same  set  of  assumed  displacement  functions  to  represent  the  motions  in  all  three 
co-ordinate  directions.  To  this  end,  an  ascending  hierarchy  of  special 
trigonometric  functions  [11],  used  in  conjunction  with  Hermite  cubics,  will  furnish 
a  robust  complete  set  of  admissible  displacement  functions,  /?  or  ti).  (This  set  is 
summarized  in  Table  1).  Hence  the  in-plane  displacement  fields  u  and  v,  and  the 
out-of-plane  displacement  field  w,  may  approximately  be  represented  as  follows: 

Piix  Phi 

-  E  E 

v(5,n)  =  E  E  (5) 

ly-l  5'y=I 

=  E  E  ■ 

sz=\ 

The  nodal  displacements/rotations,  and  the  amplitudes  of  the  hierarchical  functions 
along  the  edges  and  in  the  interior  of  the  panel  element,  Yr)’,sy  ^^d  2,.- j- 
constitute  the  generalized  co-ordinates  of  the  problem  (Note:  the  in-plane  degrees 
of  freedom  only  require  compatibility  of  the  u-  and  v-displacements  to  effect  Cq 
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continuity;  there  is  no  requirement  to  match  the  first  derivatives  of  these  in-plane 
functions).  Each  sumriiation  which  appears  in  Equation  5  is  taken  over  [any 
number  of]  p  assumed  modes;  the  first  subscript  on  p  denotes  the  type  of 
displacement  field  and  the  second  denotes  whether  it  is  in  the  x-  or  ^-direction. 
Equation  5  can  be  written  more  succinctly  in  matrbc  notation  as 

{§}  =  [N]  {q}.  (6) 

where  6  =  {u(^,  rj),  v(^,  q),  q)V^  Q  =  {Kx.sx.  ^rz,szV^  and  N  is  a 
rectangular  matrix  containing  the  shape  functions.  Hence,  the  strain  energy  of  the 
conical  panel  element,  which  is  given  by 

-  I  {ey  {o)  (J) 

-1  -1 

'  2 


can  be  constructed  from  Equations  3, 4  and  6  thus: 


U  =  4  {<iV 


i-I  >1  '2 


-  /  /  /  W'  [A]'"  [^]  [A]  [AO  A(0  cb  dr\ 


{?}■  (8) 


The  term  in  the  square  brackets  can  be  identified  as  the  element  stiffiiess  matrbc 
of  the  conical  panel. 

Similarly,  the  kinetic  energy  of  the  thin  conical  panel  element  is  given  by 

7  =  1  p  I  I  J  {6}^  {6}  dzdT]d^.  (9) 

^  -I  -I  _h_ 

’  2 

Substituting  Equation  6  into  Equation  9  yields 
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T  = 
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(10) 


Evidently,  the  term  in  the  square  brackets  is  the  element  mass  matrix  of  the 
conical  panel. 

The  matrix  multiplication  and  integration  required  to  evaluate  the  element 
stif&iess  and  mass  matrices  shown  in  Equations  8  and  10  is  performed  numerically 
using  a  full  two-dimensional  Gauss-Legendre  quadrature  scheme  [10].  This 
scheme,  which  is  implemented  using  commercially  available  software  [11], 
dynamically  allocates  the  number  of  integration  points  to  ensure  an  “exact” 
solution  is  obtained.  This  is  a  particularly  useful  feature  for  the  current  problem 
where  the  circumferential  arc  length  varies  as  a  function  of  x. 

Inter-element  compatibility  is  achieved  simply  by  matching  the  appropriate 
generalized  co-ordinates  at  common  element  nodes  and  along  common  edges 
(displacement  and  rotation  d.o.f  for  the  out-of-plane  C,  continuity,  but  only 
displacement  d.o.f  for  in-plane  Q  continuity).  This  procedure  ensures  the 
elements  are  fully  conforming  and,  moreover,  facilitates  assembly  of  the  global 
stifftiess  and  mass  matrices  and  M^, 

Although  a  variety  of  different  boundary  conditions  may  be  applied  to  the 
panel  by  nullifying  the  appropriate  generalized  co-ordinates,  it  is  not  necessary  to 
do  this  in  the  current  work  (since  the  panel  under  consideration  is  unrestrained), 
and  and  M°  remain  completely  intact. 

By  assuming  simple  harmonic  motion  and  the  absence  of  any  external 
forcing  agency,  the  governing  equations  of  motion  for  free  vibration  can  be 
obtained  by  combining  the  expressions  for  the  strain  and  kinetic  energy  of  the 
panel  into  a  total  potential  energy  expression,  and  then  deriving  Lagrange's 
equation.  This  yields  a  standard  matrix-eigenvalue  problem  of  the  form 
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[K''-a)-M'']{q}  =  0.  (11) 

The  solution  to  Equation  1 1  yields  the  natural  frequencies  in  radian  units,  rendered 
here  in  Hz  for  ready  comparison  with  the  experimental  results.  The  first  six 
frequencies  are  always  zero,  corresponding  to  rigid-body  modes;  these  will  be 
disregarded  in  the  "numbering"  of  the  elastic  modes.  Corresponding  to  each 
eigenvalue  is  an  eigenvector  which  may  be  used  in  conjunction  with  Equation  5 
to  recover  the  associated  displacement  of  each  element  in  the  model,  and  hence 
the  complete  mode  of  the  panel  under  consideration. 

3.  GEOMETRIC  SCOPE  OF  THE  PRESENT  WORK 

Two  different  aluminium  conical  panels  were  produced  for  testing,  and  these 
define  the  scope  of  the  present  work.  The  [measured]  geometric  properties  of 
each  cone  are  summarized  below: 


a (deg) 

a(m) 

R,  (m) 

(j)  (deg) 

h  (mm) 

E  (N/mm“) 

P  (kg/m') 

m 

Cone  #  1 

3.8 

1.14 

0.34 

130 

2.0 

70E9 

2700 

0.3 

Cone  #2 

26.5 

n 

0.16 

180 

2.0 

70E9 

2700 

0.3 

4.  EXPERIMENTAL  STUDY 

In  view  of  the  limited  work  that  has  been  carried  out  in  this  general  subject  area, 
it  was  decided  that  some  experimental  work  would  provide  a  valuable  reference 
datum  for  the  subsequent  theoretical  study.  To  this  end,  simple  tap  tests  were 
performed  on  both  conical  shells.  Each  shell  was  suspended  vertically,  with  the 
narrow  end  uppermost,  using  one  (or  two)  soft  elastic  cords  suspended  from  a 
rigid  A-frame  to  permit  both  symmetric  and  asymmetric  suspension  possibilities. 
See  Figure  2  for  a  full  description  of  the  rig  arrangement  and  the  measurement 
system  used  for  data  acquisition.  A  broad-band  excitation  was  applied  by  tapping 
the  shell  with  the  hammer,  and  the  response  monitored  by  a  wax-mounted 
accelerometer.  A  number  of  different  tapping  and  monitoring  positions  were  used 
to  capture  Wit  full  modal  response.  A  short-time  history  of  the  input  and  response 
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signals  was  acquired  and  subsequently  used  as  the  basis  of  a  FFT  analysis;  this  was 
undertaken  using  a  signal  processing  routine  within  the  MATLAB  environment. 
Natural  frequencies  were  identified  from  the  resonant  peak  and  phase-shift 
information  available  from  the  resulting  frequency  response  plot.  Typical  results 
are  presented  in  Table  3,  alongside  the  theoretically  derived  data.  Remarkably 
good  agreement  is  seen  for  the  first  ten  elastic  frequencies  of  each  panel.  No 
attempts  were  made  experimentally  to  quantify  the  modes  of  vibration. 

5.  THEORETICAL  RESULTS 

A  convergence  study  was  undertaken  using  three  different  h  meshes,  each  with 
different  amounts  of p-enrichment,  for  the  shallow  Cone  #1.  The  frequencies  of 
the  first  ten  elastic  modes  are  presented  in  Table  2.  As  would  be  expected,  the 
frequency  parameters  are  seen  to  converge  monotonically  from  above,  yielding 
upper  bounds  to  the  exact  values.  The  various  mixtures  of  the  h-  and  p-parameters 
were  chosen  to  reveal  the  effect  of  systematically  refining  the  /7-mesh  at  the 
expense  of  p-enrichment.  The  term  MO  refers  to  the  final  order  of  the  matrix- 
eigenvalue  problem  solved.  Such  a  strategy  clearly  reveals  the  greater  efficiency 
of  the  single  super-element,  which  concurs  with  other  observations  [5].  (A  fiiliy 
converged  set  of  frequencies  generated  from  a  20  x  20  mesh  of  SHELL  63 
elements  in  ANSYS  5.3  [13]  is  included  in  the  final  column  of  Table  2  for 
comparison  purposes).  Obviously,  in  any  given  study,  the  number  of  elements,  and 
degree  of  p-enrichment,  required  to  obtain  a  converged  solution  will  be  highly 
dependent  on  the  cone  geometiy.  However,  for  Cone  #  2,  converged  solutions 
arising  from  a  variety  of  mesh  designs  revealed  that  the  most  economical  solution 
was  still  forthcoming  from  a  single  super-element  boosted  to  p  =  16.  In  general, 
however,  different  mesh  combinations  should  be  considered. 

Having  gained  confidence  with  the  h-p  formulation  presented  here,  the 
natural  frequencies  of  the  first  ten  elastic  modes  were  computed  for  both  conical 
panels.  These  results  are  presented  in  Table  3.  In  addition,  the  corresponding 
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natural  modes  are  illustrated  for  Cone  #  1  and  Cone  #  2  in  Figures  3  and  4, 
respectively. 

Finally,  use  was  made  of  the  commercial  finite  element  package  ANSYS 
5.3  to  provide  additional  results  and  verification  of  the  work  presented  here. 
Models  of  both  panels  were  constructed  using  the  linear  elastic  SHELL  63  four- 
noded  element,  which  possesses  both  membrane  and  bending  capabilities.  A  fairly 
dense  20  x  20  h-mesh  of  400  elements  was  used  in  both  cases  to  guarantee 
convergence  of  the  first  ten  elastic  modes.  These  results  are  presented  in  Table  3 
to  complete  the  current  analysis. 

Because  the  h-p  element  derived  in  this  paper  is  tailored  specifically  to 
conical  panels,  it  is  not  surprising  that  its  overall  performance  exceeds  that  of  its 
more  general  ANSYS  counterpart.  Even  so,  it  is  worth  noting  that  by  using  the 
h-p  version  of  the  FEM  in  preference  to  the  /z-version,  it  is  possible  to  obtain 
converged  answers  using  some  50%  fewer  degrees  of  freedom. 

Excellent  agreement  is  found  between  ail  three  methodologies,  with  the 
largest  discrepancies  of  14%  arising  in  the  comparison  between  the  theoretical  and 
experimental  results  for  the  6th  mode  of  Cone  #  1,  and  10%  arising  in  the 
comparisons  between  the  theoretical  and  experimental  results  for  the  9th  mode  of 
Cone  #  2.  Considering  that  neither  experimental  sample  was  perfectly  conical,  and 
that  the  stiffriess  of  the  suspension  bungies  may  have  exerted  some  influence  on 
the  notionally  free  edge  conditions,  the  correlation  between  all  three  sets  of  results 
is  outstanding. 

Referring  to  the  shallow  Cone  #  1,  it  might  initially  be  supposed  that  the 
modal  behaviour  of  this  particular  panel  will  be  very  similar  to  that  of  an 
equivalent  cylindrically  curved  panel.  However,  from  the  modes  shown  in  Figure 
3,  it  is  evident  that  even  a  modest  amount  of  conicity  markedly  alters  the 
behaviour  of  a  nominally  cylindrically  curved  panel  -  modes  6,  9  and  10  clearly 
reveal  how  the  opposite  curved  ends  can  vibrate  with  a  different  number  of  half 
waves  on  account  of  the  difference  in  their  relative  bending  stiffriesses.  This  effect 
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becomes  more  pronounced  as  the  coning  angle  a  is  increased,  as  evidenced  by 
modes  6  to  10  of  Cone  #  2  shown  in  Figure  4. 


6  CONCLUSIONS 

An  initial  study  of  the  vibration  characteristics  of  completely  free,  open,  conically 
curved,  isotropic  shell  panels  has  been  undertaken  using  the  h-p  version  of  the 
finite  element  method.  The  convergence  properties  of  this  shell  element  have  been 
established  for  particular  geometries,  thereby  rendering  it  suitable  for  use  in  future 
parameter  studies.  Natural  frequencies  and  modes  have  been  obtained  for  both 
panels  using  (i)  the  h-p  methodology  reported  here,  (ii)  ANSYS  5.3,  and  (iii) 
experimental  work.  Excellent  agreement  has  been  found  between  all  three 
approaches,  and  it  may  therefore  be  concluded  that  further  study  in  this  subject 
area  can  be  undertaken  with  confidence. 
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Figure  2.  The  experimental  arrangement. 

(a)  General  view,  illustrating  the  suspension  of  the  test  specimens. 


(b)  Block  diagram  of  the  data  acquisition  equipment. 
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Mode  5:  f  =  44.32  Hz 


...  Mode  10:  f=  113.65  Hz 


TABLE  1 

The  first  ten  assumed  displacement  functions. 


Function  Hermite  cubics  set  fr(0 
number 


r=l  0.0000 


Trigonometric  set 


r=5  0.0000 


r=6  0.0000 


r=3  0.0000 


r=7  0.0000 


r=4  0.0000 


P=8  0.0000 


For  r  >4,  the  following  set  of  trigonometric  r=9  o.oooo 

functions  is  used  as  hierarchical  functions,  -i.oooo 


,/;,(5)=sin  ^(r-4)(5  +  l)  sin  ^  (5  M) 
2  J  2 


r=l0  0.0000  — 


-1.0000  ' — 
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TABLE  2 

Convergence  study  based  on  three  different  mesh  designs. 

_ The  first  ten  F-F-F-F  frequencies  of  Cone  #  1 . 

i  I  4  I  9  ||  400 


p 

8 

16 

3 

6 

2 

4 

0 

f/(H2) 

7.25 

7.21 

7.27 

7.22 

7.24 

7.21 

7.22 

f(Hz) 

12.70 

12.32 

12.80 

12.36 

12.53 

12.34 

12.30 

f,(Hz) 

18.59 

18.21 

18.73 

18.25 

18.45 

18.23 

18.21 

f.(Hz) 

34.49 

34.40 

35.94 

34.67 

35.59 

34.64 

34.42 

f^CHz) 

44.48 

44.32 

46.12 

44.60 

45.66 

44.57 

44.35 

f.(Hz) 

68.22 

67.78 

72.57 

68.46 

69.93 

68.22 

67.78 

f,(Hz) 

76.41 

75.43 

77.34 

75.70 

76.65 

75.61 

75.30 

f,(Hz) 

76.61 

76.05 

78.09 

76.22 

77.00 

76.18 

75.98 

f.(Hz) 

88.32 

87.80 

93.80 

88.51 

90.18 

88.27 

87.76 

f;o(Hz) 

114.13 

113.65 

115.70 

113.97 

118.62 

114.58 

113.53 

MO 

432 

1200 

456 

1008 

644 

1280 

2646 

TABLE  3 

The  first  ten  F-F-F~F  frequencies  of  both  cones 

h-p'  I  AN  SYS  I  Experiment 


Cone  #1 

Cone  #2 

Cone  #1 

Cone  #2 

Cone  #  1 

Cone  #2 

f;(Hz) 

7.21 

4.65 

7.22 

4.31 

7.5 

4.5 

f(Hz) 

12.32 

8.75 

12.30 

8.58 

12.7 

8.9 

f,(Hz) 

18.21 

11.32 

18.21 

11.28 

18.2 

11.5 

f.(Hz) 

34.40 

20.85 

34.44 

20.63 

35.6 

20.9 

f.(Hz) 

44.32 

22.63 

44.36 

21.92 

46.0 

21.7 

f.(Hz) 

67.78 

33.06 

67.81 

32.71 

59.5 

33.2 

T(Hz) 

75.43 

47.83 

75.31 

46.68 

70.4 

46.6 

f,(Hz) 

76.05 

47.87 

75.98 

47.20 

73.1 

47.4 

fp(Hz) 

87.80 

64.51 

87.76 

63.16 

90.4 

58.6 

f,„(Hz) 

113.65 

70.95 

113.57 

66.46 

N/A 

63.7 

*  For  Cones  #  1  and  2:  /?  =  1  and/?  =  16  giving  a  total  MO  =  1200. 
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ABSTRACT 


A  method  is  presented  for  the  determination  of  the  effects  of  a  flowing  fluid  on  the 
vibration  characteristics  of  non  uniform  cylindrical  shells  containing  flowing  fluid. 
The  case  of  an  empty  or  liquid  filled  shell  is  also  investigated.  The  structure  may 
be  uniform  or  non  uniform  in  the  circumferential  direction.  The  formulation  used 
is  a  combination  of  finite  element  method  and  classical  shell  theory.  The 
displacement  functions  are  derived  from  exact  solutions  of  Sanders’  shell 
equations.  The  velocity  potential  and  Bernoulli's  equation  for  a  liquid  finite 
element  yield  an  expression  for  fluid  pressure  as  a  function  of  the  nodal 
displacements  of  the  element  and  three  forces  (inertial,  centrifugal  and  Coriolis) 
of  the  moving  fluid.  An  analytical  integration  of  the  fluid  pressure  over  the  liquid 
element  leads  to  three  components:  mass,  stiffness  and  damping  matrices. 
Calculations  are  given  to  illustrate  the  dynamic  behaviour  of  uniform  and  distorted 
cylindrical  shells  subjected  to  a  flowing  fluid  and  shells  filled  with  liquid. 
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1.  INTRODUCTION 


Knowledge  of  the  vibration  characteristics  of  fluid-filled  cylindrical  shells 
is  of  considerable  practical  interest,  since  cylindrical  shells  are  commonly  used  to 
contain  or  convey  fluids.  There  are  many  ways  in  which  the  presence  of  the  fluid 
may  influence  the  dynamics  of  the  structure.  If  the  structure  contains  a  stationary 
gas  at  low  pressure,  then  the  vibration  of  the  shell  differs  only  slightly  from  that 
of  the  same  shell  in  vacuo.  If  the  fluid  is  compressible,  the  compressibility  of  the 
fluid  alters  the  effective  stiffness  of  the  system.  Also,  if  the  density  of  the  fluid  is 
relatively  high,  as  in  the  case  of  a  liquid,  then  the  fluid  exerts  considerable  inertial 
loading  on  the  shell,  and  this  results  in  a  significant  lowering  of  the  resonant 
frequencies.  Other  effects  of  coupled  fluid-shell  motions  occur  when  the  fluid  is 
flowing.  Depending  upon  the  boundary  conditions,  if  the  flow  velocities  are  high, 
buckling  or  oscillatory  flexural  instabilities  are  possible. 

The  dynamics  of  coupled  fluid-shells  were  reviewed  extensively  by  Brown 
[1],  Au-Yang  [2],  Paidoussis  &  Li  [3]  and  others  (Mistry  &  Menenzes  [4];  Cheng 
[5];  Han  &  Liu  [6];  Brenneman  &  Au-Yang  [7]  and  Goncalves  &  Batista  [8]). 
There  have  been  few  analyses  of  closed  cylindrical  shells  having  axially  or 
circumferentially  varying  thickness,  subjected  to  an  internal  or  external  flow. 

The  purpose  of  this  study  is  to  present  a  method  for  the  dynamic  analysis 
of  thin,  orthotropic  circumferentially  non-uniform  cylindrical  shells  containing 
flowing  fluid  (Figure  1).  The  case  of  an  empty  or  liquid  filled  shell  is  also 
investigated.  The  structure  may  be  uniform  or  non-uniform  in  the  circumferential 
direction  and  we  consider  the  problem  of  cylindrical  shells  simply-supported  at 
both  ends  (V=W=0).  The  method  is  a  hybrid  of  finite  element  method,  classical 
shell  theories  and  fluid  theories.  The  structure  is  subdivided  into  cylindrical  panel 
segment  finite  elements.  The  displacement  functions  are  derived  from  exact 
solutions  of  Sanders'  shell  equations  [9]. 


Figure  1:  Cylindrical  shell  geometry. 
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In  this  approach,  it  is  possible  to  determine  the  mass  and  stiffness  matrices 
of  the  individual  finite  elements  by  exact  analytical  integration.  Accordingly,  this 
method  is  more  accurate  than  the  more  usual  finite  element  methods  based  on 
polynomial  displacement  functions.  To  account  for  the  fluid  effect  on  the  structure, 
a  panel  finite  fluid  element  bounded  by  two  nodal  lines  was  considered.  By 
solving  the  equations  of  motion  for  the  fluid  element,  an  expression  for  fluid 
pressure  as  a  function  of  the  displacements  of  the  element  was  obtained.  Analytical 
integration  for  the  pressure  distribution  along  the  element  yielded  three 
components:  the  mass,  stiffness  and  damping  matrices  for  a  fluid  element.  Global 
matrices  are,  then,  obtained  by  superimposing  the  individual  matrices.  The 
eigenvalue  and  eigenvector  problem  is  solved  by  means  of  the  equation  reduction 
technique. 

The  hybrid  approach  (Finite  element  -  Shell  theory  -  Fluid  theory)  has  been 
applied  with  satisfactory  results  to  the  dynamic  linear  and  non-linear  analysis  of 
uniform  and  axially  non-uniform  cylindrical  [10-12],  conical  [13]  and  spherical 
[14]  shells  both  empty  and  liquid  filled. 

Calculations  are  given  to  illustrate  the  dynamic  behaviour  of  uniform  and 
distorted  cylindrical  shells  subjected  to  a  flowing  fluid  and  shells  filled  with  liquid. 
The  results  obtained  by  this  method  were  compared  with  other  investigations  and 
satisfactory  agreement  was  obtained.  This  method  combines  the  advantages  of 
finite  element  analysis  which  deals  with  complex  shells,  and  the  precision  of 
formulation  which  the  use  of  displacement  functions  derived  from  shell  and  fluid 
theories  contributes.  This  method  enables  us  to  predict  the  vibrationary 
characteristics  of  circumferentially  non-uniform  open  or  closed  cylindrical  shells 
subjected  to  a  flowing  fluid.  In  addition,  this  theory  may  be  applied  to  a  curved 
plate  subjected  to  a  flowing  fluid  in  the  case  of  large  values  of  a  shell’s  radius. 

2.  DETERMINATION  OF  THE  DISPLACEMENT  FUNCTIONS 

Sanders'  [9]  equations  for  thin,  cylindrical  shells,  in  terms  of  axial, 
tangential  and  radial  displacements  (U,  V,  W)  of  the  mean  surface  of  the  shell  and 
in  terms  of  element  of  the  orthotropic  matrix  of  elasticity  [P]  are: 

L,  (U,V,W,P^p  ==  0  k=lto3  (1) 

where  (k  =  1,2,  3)  are  three  linear  differential  operators,  the  form  of  which 
is  fully  in  [15]. 

The  finite  element  used  is  shown  in  Figure  2.  It  is  a  cylindrical  panel 
segment  defined  by  two  line  nodes  i  and  j.  Each  node  has  four  degrees  of 
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freedom:  three  displacements  (axial,  circumferential  and  radial)  and  one  rotation. 
The  shells  are  assumed  to  be  simply-supported  (V=W==0)  at  both  curved  ends. 


Figure  2:.  Nodal  displacements  at  node  i. 


The  displacement  functions  can  be  expressed  as: 


U(x,0)=Ae^®  cosmTtx/L,  V(x,0)=Be^®  sinm7tx/L 
and  W(x,0)  =  Ce'^®  sinm7ix/L 


(2) 


where  m  is  the  axial  mode,  and  ti  is  a  complex  number. 

Substituting  (2)  into  equations  of  motion  (1),  a  system  of  three 
homogeneous  linear  functions  of  constants  A,  B  and  C  are  obtained.  For  the 
solution  to  be  non-trivial,  the  determinant  of  this  system  must  be  equal  to  zero. 
This  brings  us  to  the  following  characteristic  equation  [15]: 

hgTi*  .  hjTi^  .  h^ri"  .  -  h(,  =  0  (3) 

Each  root  of  this  equation  yields  a  solution  to  the  linear  equations  of  motion 
(1).  The  complete  solution  is  obtained  by  adding  the  eight  solutions  independently 
with  the  constants  Ap,  Bp  and  Cp  (p  =  1,...,8).  The  constants  Ap,  Bp  and  Cp  are  not 
independent.  We  can  therefore  express  Ap  and  Bp  as  a  function  of  Cp,  for  example; 

Ap  -  «pCp  and  Bp  =  (JpCp  ,  p  -  (4) 
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4.  BEHAVIOUR  OF  THE  FLUID-SHELL  INTERACTION 


The  dynamic  behaviour  of  shell  subjected  to  a  pressure  field  can  be 
represented  by  the  following  system: 


[[MJ  -  [Mf]]  {6}  -  [C,]{6}  .  [[KJ  -  [KJ]  {6}  =  {F}  (8) 


where  {6}  is  the  displacement  vector,  [MJ  and  [KJ  are,  respectively,  the  mass  and 
stiffness  matrices  of  the  system  in  vacuo;  [MJ  and  [CJ  and  [KJ  represent  the 
inertial,  Coriolis  and  centrifugal  forces  of  the  liquid  flow  and  {F}  represents  the 
external  forces. 

We  assume  here  that  the  structure  is  subjected  only  to  potential  flow  which 
induces  inertial,  Coriolis  and  centrifugal  forces  to  participate  in  the.  vibration 
pattern.  These  forces  are  coupled  with  the  elastic  deformation  of  the  shell.  The 
mathematical  model  which  is  developed  is  based  on  the  following  hypothesis:  (i) 
the  fluid  flow  is  potential;  (ii)  vibration  is  linear;  (iii)  since  the  flow  is  inviscid, 
there  is  no  shear  and  the  fluid  pressure  is  purely  normal  to  the  shell  wall;  (iv)  the 
fluid  mean  velocity  distribution  is  assumed  to  be  constant  across  a  shell  section  and 
(v)  the  fluid  is  incompressible. 

With  these  assumptions,  the  velocity  potential  must  satisfy  the  Laplace 
equation.  This  relation  is  expressed  in  the  cylindrical  coordinate  system  by: 


$  =  1 

r 


_d_ 

ar 


d^] 


1  ^  ^ 
r^  a0^  dx^ 


(?) 


^  is  the  potential  function  that  represents  the  velocity  potential. 
Therefore: 


.  V  _  _L  ■  V  - 
IT  ’  ®  '  R  30  ’  '  °  3r 


(10) 


where  U^  is  the  mean  velocity  along  the  shell  in  the  x-direction.  The  remaining 
components  of  velocity  are  dismrbance  or  perturbation  velocity  components;  V„ 
Vg  and  Vr  are  respectively  the  axial,  tangential  and  radial  components  of  the  fluid 
velocity. 

The  Bernouilli  equation  is  given  by: 
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1  P 


at  2 


~  L  .  =  0 


Introducing  equation  (10)  into  equation  (11)  and  taking  into  account  only 
the  linear  terms,  we  find  the  dynamic  pressure  P: 


Ja<i>„  a$^ 

p  =  p  < — E  +  u  — ^ 

at  ^  ax 


where  u  subscript  represents  internal  or  external  fluid  as  the  case  may  be. 

A  full  definition  of  the  flow  requires  that  a  condition  be  applied  to  the 
structure-fluid  interface.  The  impermeability  condition  ensures  contact  between 
the  shell  and  the  fluid.  This  should  be: 

(  TT^  , 

5$  ,  aw  .  ew  e^w  , 

Vr  Ir.R  -  Ir.R  =  at  aX  ^  2  ax^ 


From  the  theory  of  shells  (equation  6),  we  have: 

W(x,9,t)  .  Cj  e"'®  sin  e‘“‘ 


Using  these  equations,  we  obtain  the  equation  for  the  pressure  on  the  wall 
as  follows: 

®  (  imTiR  1  '  Ujj,  .  ,11  IN  ,,  rN 

p  ..p  y  Z.  - -  W,  .  2U  W.  .  —  W.  .  .  —  W,  (^5) 


where  (•)  and  (')  represen^^  and  respectively,  and 

at  ax 
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f  \ 

L  J  .  imuR„  BES;^^,,(imnR^/L)  (16) 

L  BES;^  (imTTR^/L) 

where  tij  (j  =  1,...,  8)  are  the  roots  of  the  characteristic  equation  (3)  of  the  empty 
shell;  BESi^j  =  for  internal  flow  and  BESj^j  =  Y-.^j  for  external  flow;  and 
Yj^j  are,  respectively,  the  Bessel  functions  of  the  first  and  second  kind  of  order 
"irij";  m  is  the  axial  mode  number;  R  is  the  mean  radius  of  the  shell;  L  its  length; 
the  subscript  "u"  is  equal  to  "i"  for  internal  flow  and  is  equal  to  "e"  for  external 
flow. 

By  introducing  the  displacement  function  (14),  into  the  dynamic  pressure 
expression  (15)  and  performing  the  matrix  operation  required  by  the  finite  element 
method,  the  mass,  damping  and  stiffness  matrices  for  fluid  are  obtained  by 
evaluating  the  following  integral: 

I  [Nf  {P„}  dA  (17) 


we  obtain 

[m,]  =  [A-'f  [S,]  [A-‘] 

[Of]  =  [A-'f  [Df]  [A-‘]  (18) 

[kf]  =  [A-'f  [Gf]  [A-‘] 

The  matrix  [A]  is  determined  from  equation  (6)  and  given  in  reference  [7],  the 
elements  of  [SJ,  [DJ  and  [Gf]  are  given,  as  follows. 

T>J 

Sf(r,s)  =  I,  (Pi4  -  P,ZJ  (19) 

D,(r,s)  =  I,  (PiU^  Z.,  -  P,U^e  Zes)  (20) 
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(21) 


Gf(r,s)  = 


Rm^ 

2L 


I.  (P.U.  4  -  PeUxe  Zes) 


where  r,  s  =  1,  . ,  8;  p  is  the  density  of  the  fluid;  is  the  velocity  of  the 

fluid;  Z  is  defined  by  relations  (16);  the  subscript  "i"  means  internal  flow  and  "e" 
means  external  flow  and  is  defined  by  : 

I,  = 

(22) 

=  (|)  for  T|^  T|^  =  0 

where  r,  s  =  l,...,8;  u  is  the  root  of  the  characteristic  equation  of  the  empty  shell 
and  (j)  is  the  angle  for  one  finite  element. 

Finally,  the  global  matrices  [Mf],  [CJ  and  [KJ  may  be  obtained, 
respectively,  by  superimposing  the  mass  [mj,  damping  [cj  and  stiffness  [kj 
matrices  for  each  individual  fluid  finite  element. 

5.  CALCULATIONS  AND  DISCUSSION 

We  present  here  some  calculations  to  test  the  method  in  the  case  of  liquid- 
filled  cylindrical  shells.  In  the  case  when  the  shell  is  subjected  to  flowing  fluid,  the 
dynamic  stability  of  this  type  of  problem  is  analyses.  The  number  of  finite  elements 
used  to  model  the  shells  is  equal  to  20. 

5.1  Convergence  of  the  method 

A  first  set  of  calculations  was  undertaken  to  determine  the  required  number 
of  finite  elements  for  a  precise  determination  of  natural  frequencies.  Calculations 
were  made  for  the  same  closed  cylindrical  shell  completely  filled  with  internal  fluid 
for  the  number  of  finite  elements  N  =  2,  4,  6,  8,  10,  15  and  20.  This  steel  shell 
is  simply  supported  at  both  ends  and  has  the  following  data: 

R=37.7mm,  h=  0.229mm,  L=234nim,  v=0.29  and  fp^  =0.128. 

The  results  for  m  =  1  and  for  n  =  2,  3,  4,  5  and  6  are  shown  in  Figure  3. 
We  observe  that  the  convergence  of  the  shell-fluid  system  is  very  fast  and  demands 
few  elements  for  both  the  low  and  the  high  modes. 
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Figure  3:  Linear  natural  frequency  for  a  simply-supported  cylindrical 
shell  completely  filled  with  internal  fluid  as  a  function  of  the  number 
of  finite  elements. 


5.2  Free  vibration  of  uniform  cylindrical  shells  filled  with  liquid 

A  calculations  were  made  for  a  uniform  steel  cylindrical  shell  simply 
supported  at  both  ends,  empty  or  filled  with  liquid.  The  pertinent  data  are  as 
follows:  R=37.7mm,  h=0.229mm,  L=234mm,  v=0.29  and  Pi/p5  =  0.128. 
The  effects  of  the  inertial  force  were  calculated  by  this  theory  assuming  U,  =  0 
in  equations  (19)  to  (21).  Table  1  shows  some  frequencies  computed  by  the  present 
method  and  compared  with  experimental  results  [16]  in  the  case  of  cylindrical 
shell  both  empty  and  completely  filled  with  liquid.  As  may  be  seen  the  results 
obtained  by  the  present  method  agree  with  experimental  results.  The  difference 
between  our  method  and  the  experimental  results  of  Lindholm  et  al.  [16]  is 
between  0.5%  and  10%  for  the  first  two  axial  modes. 
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Table  1.  Natural  Frequencies  (Hz)  of  a  simply-supported  cylindrical 
shell,  both  when  empty  and  when  completely  filled  with  liquid. 


■ 

Empty 

Full  (inside  fluid) 

Present 

Experimental 

Present 

Experimental 

in 

Method 

[16] 

Method 

[16] 

(1.2) 

1133 

1150 

376 

375 

(1.3) 

629 

640 

234 

250 

(1,4) 

655 

688 

270 

300 

(1,5) 

942 

995 

422 

430 

(1,6) 

1353 

1430 

651 

680  • 

(1,7) 

1853 

1938 

940 

970 

(2,3) 

2067 

2070 

784 

813 

(2,4) 

1368 

1430 

568 

600 

(2,5) 

1248 

1313 

561 

625 

(2,6) 

1489 

1570 

714 

755 

(2,7) 

1927 

2050 

978 

1000 

5.3  Dynamic  stability  of  uniform  cylindrical  shells  subjected  to  a  flowing 
fluid 


When  the  fluid  is  flowing,  the  shell  will  be  subjected  to  centrifugal, 
Coriolis  and  inertia  forces.  A  simply-supported  shell  with  the  following 
characteristics  (L/R  =  2,  t/R  =  0.01,  Pj/ps  =  0.128,  n  =5)  has  been  analyses, 
to  see  the  influence  of  the  speed  of  the  flow  on  the  frequencies  (internal  flow). 
The  dimensionless  parameters  of  frequency  and  velocity  are: 


where: 


co  =  co/cl)o  and  U  =  U/UO, 


"o  =  T7 


1/2 


K  = 


Et^ 

12(1-v2) 


(o  and  U  are  respectively  the  natural  frequency  and  the  velocity  of  the  flowing 
fluid. 

The  results  are  compared  to  a  previous  analysis  by  Weaver  &  Unny  [17] 
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in  Figure  4.  We  observe  that  the  natural  frequencies  decrease  with  flow  velocity. 
At  zero  flow  velocity,  the  two  methods  give  the  same  results  but,  as  the  flow 
velocity  increases  the  two  term  Galerkin  method  used  by  Weaver  &  Unny  [17] 
generates  significantly  different  results  from  those  of  the  present  hybrid  finite 
element  method.  This  is  due  to  the  limitations  associated  with  the  use  of  too  few 
terms  in  the  application  of  Galerkin' s  method. 

Our  results  predict  that  the  first  mode  frequency  becomes  negative 
imaginary  at  0  =  3.1,  indicating  static  divergence  instability  in  this  mode.  If  the 
velocity  is  increased  further,  the  first  mode  reappears  and  coalesces  at  U  =  3.95 
with  that  of  the  second  mode  to  produce  coupled  mode  flutter. 


Dimensionless  velocity,  U 


Figure  4:  Stability  of  a  simply-supported  uniform  cylindrical  shell 
as  a  function  of  flow  velocity  (internal  flow). 


5.4  Calculations  for  shells  having  circumferentially  varying  thickness 

The  present  method  has  been  applied  to  an  empty  cylinder  whose  inner 
bore  is  circular  but  non-concentric  with  circular  outer  surface  (Figure  5).  This 
case  was  studied  by  Tonin  &  Bies  [18]  using  the  Rayleigh-Ritz  method.  The  steel 
cylinder  is  free  simply  supported  at  both  ends  and  the  data  for  this  analysis  are  as 
follows  :  a  =  37.83  mm,  a*"  =  40.75  mm,  a  =  39.29  mm,  L  =  398.8  mm,  and 
the  eccentricity  e  was  studied  for  three  values  e  =  0,  0.5,  1  mm.  The  effect  of  the 
eccentricity  on  the  calculated  natural  frequencies  for  various  modes  is  detailed  in 
Table  2.  Note  that  the  effect  of  increasing  eccentricity  is  to  lower  the  frequencies 
of  the  shell. 
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Table  2.  Variation  of  natural  frequencies  (Hz)  of  some  modes  with 
varying  eccentricity  of  an  empty  distortion  cylinder 


m,n 

e  ==  0.5  mm 

TONIN 

&BIES 

[181 

Present 

method 

[18] 

Experimental 

[18] 

Present 

method 

[18] 

Present 

method 

1,2 

1340 

1341 

1347 

1330 

1343 

1302 

1303 

1,3 

3553 

3540 

3420 

3442 

3410 

3060 

2949 

1,4 

6773 

6758 

6510 

6495 

6479 

6177 

5499 

2,2 

2105 

2090 

2071 

2063 

2062 

1955 

1954 

— 

3740 

3728 

3605 

3627 

3596 

3243 

3132 

2,4 

6905 

6890 

6638 

6617 

6607 

6308 

5618 

3,2 

3598 

3568 

3542 

3463 

3518 

3302 

3253 

min 

4204 

4188 

4083 

4085 

4071 

3816 

3743 

mm 

7159 

7144 

6890 

6861 

6860 

6575 

5869 

5.5  Dynamic  stability  of  circumferentially  non-uniform  cylindrical  shells 

subjected  to  a  flowing  fluid 

A  distorted  cylindrical  shell  subjected  to  an  internal  flow  has  been  analyses 
(Figure  5).  The  steel  cylinder  is  free  simply  supported  at  both  ends  and  the  data  for 
this  analysis  are  as  follows  :  a'=37.83mm,  a'^  =40. 75mm,  a=39.29mm,  L=398.8 
mm,  Pf  /  P3  =0.128,  and  the  eccentricity  was  studied  for  four  values  e  =  0,  0.5, 
0.75  and  1  mm.  We  present  here  an  examination  of  the  natural  frequencies  of  the 
system  as  functions  of  the  flow  velocity  and  thereby  a  determination  of  the  effect 
of  flow  on  the  dynamic  behaviour  of  the  system.  Figure  5  shows  the  frequencies 
of  the  system  as  a  function  of  the  flow  velocity  for  the  mode  (m  =  1,  n=2).  As  the 
velocity  increases  from  zero,  the  frequencies  associated  with  all  eccentricity 
decrease,  they  remain  real  (the  system  being  conservative)  until  at  sufficiently  high 
velocities,  they  vanish,  indicating  the  existence  of  buckling-type  (divergence) 
instability.  At  higher  flow  velocity  the  frequencies  become  purely  imaginary.  We 
predict  the  first  loss  of  stability  for  the  eccentricity  e  =  1  mm,  we  conclude  that 
the  distortion  in  the  cylindrical  shells  decrease  the  critical  flow  velocity  and  render 
the  system  less  stable. 
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Figure  5:  Stability  of  a  simply-supported  distorted  cylindrical 
shell  as  a  function  of  flow  velocity  (internal  flow). 


6.  CONCLUSIONS 

The  method  developed  in  this  paper  is  used  to  predict  the  effects  of  inertia, 
Coriolis  and  centrifugal  forces  on  the  vibration  characteristics  of  non-uniform 
cylindrical  shells  containing  flowing  fluid.  The  case  of  liquid  filled  shell  was  also 
investigated.  A  cylindrical  panel  finite  element  was  developed,  making  possible  the 
derivation  of  the  displacement  functions  from  the  equations  of  motion  of  the  shell. 
Mass  and  stiffness  of  each  element  were  obtained  by  exact  analytical  integration. 
The  fluid  pressure  was  derived  from  the  velocity  potential  and  from  the  linear 
impermeability  and  dynamic  conditions  applied  to  the  shell-fluid  interface.  The 
finite  element  method  was  used  to  obtain  the  mass,  stiffness  and  damping  of  fluid 
element.  The  results  obtained  by  this  method  were  compared  with  other 
investigations  and  satisfactory  agreement  was  obtained.  This  method  combines  the 
advantages  of  finite  element  analysis  which  deals  with  complex  shells,  and  the 
precision  of  formulation  which  the  use  of  displacement  functions  derived  from  shell 
and  fluid  theories  contributes.  This  method  enables  us  to  predict  the  vibrationary 
characteristics  of  circumferentially  non-uniform  open  and  closed  cylindrical  shells 
subjected  to  a  flowing  fluid.  In  addition,  this  theory  may  be  applied  to  a  curved 
plate  subjected  to  a  flowing  fluid  in  the  case  of  large  values  of  a  shell's  radius. 
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INTRODUCTION 

Structural  dynamics  has  become  an  important  research  subject  in 
engineering  during  last  decades.  Accordingly,  many  structural  analysis 
methods  exists.  Finite  element  method  (FEM)  is  certainly  one  of  the 
most  popularly  used  methods.  However,  it  is  well  known,  in  FEM,  that 
sufficiently  large  number  of  finite  elements  must  be  used  so  as  to 
obtain  reliable  dynamic  responses  of  a  structure,  especially  at  high 
frequency.  Furthermore,  the  modal  analysis,  usually  used  in  combina¬ 
tion  with  FEM,  is  limited  to  the  frequency  regimes  where  relative 
spacing  of  natural  frequencies  remains  large  compared  to  the  relative 
parameter  uncertainty  [1].  Thus,  alternatives  to  modal  analysis  of  linear 
structural  dynamics,  applicable  to  the  high  frequency  regime,  have  been 
considered  by  many  researchers  including  acousticians  [2]. 

Since  the  vibration  mode  can  be  considered  as  a  standing  wave 
[3],  the  dynamic  response  of  a  structure  can  be  derived  by  utilizing  the 
wave  solutions.  In  the  literature,  there  have  been  continuing  efforts  to 
efficiently  utilize  the  FFT  and  inverse  FFT  algorithms  in  solving  the 
dynamic  equations  of  discrete  systems  [4].  This  spectral  approach  is 
known  as  the  spectral  analysis  method  (SAM).  However,  Doyle  [5]  is 
certainly  the  first  to  apply  this  SAM  to  the  dynamic  analysis  of 
structures  by  summing  up  the  spectral  components  of  wave  solutions  in 
frequency  domain.  To  apply  this  SAM  to  the  multiply  connected  struct¬ 
ures,  he  introduced  the  concept  of  spectrally  formulated  finite  element 
(simply,  spectral  element).  Since  the  spectral  element  of  a  structure  is 
formulated  directly  from  the  wave  solutions  of  the  structure  by  treating 
the  mass  distribution  exactly  (in  contrast  to  the  finite  element  in  FEM 
derived  from  a  discretized  structural  model),  the  wave  characteristics 
within  an  structural  element  is  treated  exactly  as  far  as  the  structural 
model  is  valid  in  the  frequency  regime.  The  spectral  elements  can  also 
be  assembled  in  a  completely  analogous  way  to  that  used  for  the 
conventional  finite  elements  in  FEM.  Thus,  combining  these  distinctive 
characteristics  of  SAM  and  FEM  introduces  so  called  the  spectral  elem- 
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ent  method  (SEM)  [6].  The  applications  of  SEM  to  the  structural  dyna¬ 
mics  problems  can  be  found  in  recent  papers  by  Gopalakrishhan  et  al. 
[7],  for  the  multiply  connected  Timoshenko  beam,  and  Horr  and 
Schmidt  [8],  for  the  plane  truss  structures. 

However,  most  of  researches  on  the  SEM  applications  have  been 
confined  to  only  one-dimensional  uniform(or  homogeneous)  structures 
which  are  subject  to  concentrated  dynamic  loads.  But,  in  many  cases,  a 
structure  may  be  subject  to  distributed  dynamic  loads  and,  besides,  it 
might  be  a  two-dimensional  structure  rather  than  one-dimensional.  Lee 
and  Lee  [9]  is  the  first  to  modify  the  conventional  SEM  and  to  apply  it 
to  the  problems  with  distributed  dynamic  loads.  Unfortunately,  this 
modified  SEM(mSEM)  was  confined  to  the  one-dimensional  structures, 
i.e.,  beams.  Even  though  Danial  and  Doyle  [10]  recently  considered  a 
SAM  approach  to  a  semi-infinite  plate  problem,  they  didn't  develop  a 
SEM-like  technique  applicable  to  the  plates  with  finite  dimensions. 
This  was  probably  because  the  wave  dispersive  relation  for  a  finite 
plate,  with  two  distinct  wave  numbers,  is  more  complex  than  that  for  a 
beam,  and  thus  this  might  require  a  special  technique  to  extend  the 
conventional  SEM  application  to  finite  plates.  Therefore,  the  purposes 
of  this  paper  are:  1)  to  introduce  the  mSEM  for  a  finite  beam  [9];  (2)  to 
develop  a  new  SEM  algorithm  for  a  finite  plate  subject  to  distributed 
dynamic  loads;  and  3)  to  verify  the  present  mSEM  through  some 
numerical  examples. 

ONE-DIMENSIONAL  (BEAM)  STRUCTURES 

In  this  section,  a  modified  SEM  (mSEM)  for  a  beam  will  be 
briefly  introduced.  As  the  importance  of  spectral  analysis  technique  is 
usually  emphasized  at  high  frequency  regimes,  a  higher  order  structural 
beam  model,  which  is  valid  at  the  high  frequency  regimes,  may  be 
recommended  for  the  discussions  in  the  following.  However,  a  simple 
beam  model  (Bernoulli-Euler  beam)  will  be  considered  as  an  example 
without  loss  of  generality,  because  the  mSEM  introduced  herein  can  be 
readily  applied  to  any  higher  order  beam  models. 

Spectral  element  matrix,  which  is  also  known  as  the  dynamic 
structural  stiffness  matrix,  can  be  formulated  from  the  relation  between 
the  nodal  (spectral)  forces  and  nodal  (spectral)  displacements  in  a 
(finite)  spectral  element.  The  formulation  begins  with  the  equations  of 
motion  of  the  beam  without  neglecting  inertia.  The  equation  of  motion 
for  a  Bernoullli-Euler  beam  is  given  as 
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(1) 


EI-^  +  m-^  =  f[x,t) 
dx  dt 

where  w{x,t)  is  the  transverse  deflection, /(x,r)  the  external  loading,  and 
m  is  the  mass  density  per  unit  length  of  beam.  The  solution  of  Eq.  (1)  is 
assumed  to  have  the  spectral  representation  [6]  as: 


w 


(2) 


where  w„  are  the  spatially  dependent  Fourier  coefficients,  often  called 
the  spectral  displacement  components.  Through  this  paper,  the  overbar, 
as  appeared  in  Eq.(2),  will  indicate  the  spectral  components  of  a 
quantity.  For  shorthand,  the  summation  and  subscripts  are  omitted  in 
the  following  since  they  will  often  be  understood.  Using  the  dispersive 
relation,  which  relates  frequency  (<5; )  to  wave  number  (  k),  the  spectral 
displacement  can  be  shown  to  have  the  simple  solution  as 

w{x)  =  +  Be-^^  +  Ce'*"  +  =  [q{k;x)]  {A  B  C  D  ^  (3) 

where  [q{k;x)]  is  the  1x4  matrix,  and  A,  B,  C,  D  are  unknown  coeffic¬ 
ients  to  be  determined  so  as  to  satisfy  boundary  conditions. 


Using  the  spectral  displacement  of  Eq.  (3),  the  spectral  nodal  displ¬ 
acements  (W),  slopes  (w'),  transverse  shear  forces  (U),  and  bending 
moments  ( M)  at  two  end  nodes  (x  =  0  and  x  =  / )  of  a  spectral  beam 
element  having  length  I  can  be  represented  in  the  forms  as: 

{wq  Wq  Wf  w!  =  [a[k)]{A  B  C  DY  (4) 

{V,  M,  V,  M,V  =[bik)][A  B  C  DV  (5) 

where  [a{k)'\  and  [b{k)]  are  the  4x4  matrices.  Eliminating  the  four 
coefficients  from  Eqs.  (4)  and  (5),  the  spectral  nodal  forces  and  mom¬ 
ents  can  be  expressed  in  terms  of  spectral  nodal  degrees  of  freedom 
(DOFs)  {i.e.,  displacements  and  slopes)  in  the  form  of 

{Vo  Mo  Y  M,  }=  [^(A:)]  {  Wo  wj  ^  w/  V  (6) 

In  Eq.(6),  [^(A:)  ]  =  [b(k)][a(k)]  ^is  known  as  the  spectral  element  matrix 
of  Bernoulli-Euler  beam.  The  spectral  elements  can  be  assembled  in  a 
completely  analogous  way  to  that  used  for  the  finite  elements  in  FEM. 
Assembling  all  spectral  elements  and  then  applying  boundary  condit¬ 
ions,  a  condensed  global  spectral  matrix  equation  can  be  derived  as 

{if  }  =  [6'(^)]-MF}  (7) 

where  [S(k)]  is  the  condensed  global  spectral  element  matrix,  { If  }  the 
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condensed  global  spectral  nodal  DOFs  vector,  and  {F}  is  the  conden¬ 
sed  global  spectral  forces  vector. 

Since  the  conventional  SEM  [6]  can  be  applied  only  to  the  one- 
dimen  sional  structures  under  concentrated  dynamic  loads,  a  modified 
SEM  will  be  introduced  in  the  following  for  one-dimensional  (beam) 
structures  subject  to  distributed  dynamic  loads,  based  on  linear  super¬ 
position  principle.  As  shown  in  Fig.  1,  a  distributed  dynamic  load  can 
be  considered  as  the  linear  superposition  of  n  equivalent  dynamic  point 
loads.  Then,  the  dynamic  response  (measured  at  x)  can  be  obtained  by 
superposing  all  dynamic  responses  (measured  at  x)  due  to  each  equi¬ 
valent  point  loads.  First,  the  dynamic  response  due  to  an  equivalent 
point  load  ,  /)=  t)A^,  acting  aX  x  =<^  during  the  time  interval  0 

<  T  <t,  can  be  expressed  in  the  form  of  convolution  integral  as  : 

Aw{x:<^j)  =  rix\<^,t  -  t)  p{(^,T)dT  (8) 

where  r(x  t)  is  the  unit  impulse  response  function.  In  frequency 
domain,  Eq.  (8)  can  be  represented  as  a  simple  multiplication  of  unit 
impulse  frequency  response  function,  R{x;^,t),  and  the  Fourier  transf¬ 
ormed  concentrated  load,  P{^,a)).  That  is 

Aw{x)^,6))  =  R(x',^,co)  P[^,a))  (9) 

Since  a  concentrated  dynamic  load,  p{^,t),  acting  at  a  point  x 
=  ^  always  divides  the  beam  into  two  separate  beam  elements,  as  shown 
in  Fig.  1(b),  it  can  be  considered  as  the  problem  with  two  spectral  elem¬ 
ents  with  a  concentrated  load  at  the  connection  node.  By  assembling 
two  spectral  elements  and  then  by  applying  proper  boundary  conditions 
to  the  result,  a  spectral  element  matrix  equation,  in  the  form  of  Eq.  (9), 
can  be  obtained.  In  this  case,  the  condensed  global  spectral  element 
matrix  is  4x4,  and  the  condensed  global  spectral  nodal  DOFs  and  forces 
vectors  are  all  1x4.  The  spectral  displacement  at  x  due  to  a  concent¬ 
rated  dynamic  load  is  then  obtained,  by  eliminating  four  coefficients  in 
Eq.  (3)  with  help  of  Eq.  (4),  from 

Awix)  =  [q{x:k]][a{k)y‘  {  AW(,  Aw^  Aw/ V  (10) 

The  incremental  spectral  nodal  DOFs  in  Eq.(lO)  can  be  expressed 
in  terms  of  incremental  condensed  global  spectral  nodal  DOFs,{^IF  } 
calculated  from  Eq.(8),  by  introducing  a  matrix  [c],  in  the  form  as 

{  Awq  Awq  AWf  Awl  V  =lc]  {AW  }  (11) 
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The  matrix  [c]  is  the  four  by  four  constant  matrix  determined  depend¬ 
ing  on  the  location  of  dynamic  response  measurement  (that  is,  if  it  is  a 
point  on  the  left  spectral  element  or  on  the  right  spectral  element). 
Combining  Eqs.(7),  (10)  and  (1 1)  results  in 

Aw{x)=:[q{x\k)][a(k)r‘  [c][5(/c)r  {F}  (12) 


The  condensed  global  spectral  forces  vector  {  F  }  in  Eq.  (12)  can  be 
rewritten  in  the  form  of 

{F}=^{d}F[^,o))A^  (13) 

where  {d}  is  the  one  by  four  vector  with  only  one  unit  element  which  is 
corresponding  to  the  concentrated  dynamic  load.  Now,  substituting  Eq. 
(13)  into  Eq.  (12)  yields 

Aw{x)  =  [q][aY  [c]{SV  {d}  F{^,(d)  A^  (14) 

From  Eqs.  (9)  and  (14),  the  unit  impulse  frequency  response  function, 
R(x;<^,  co),  and  the  concentrated  load,  are  found  to  be 

R(x;^,0))=  [q]{aV  [c][SV  {d} 

P{^,co)=  F{^,0))A^  (15) 


Since  Eq.(lO),  combined  with  Eq.(14),  gives  the  dynamic  resp¬ 
onse  due  to  a  concentrated  dynamic  load  acting  at  x  =  ^  ,  the  total  dyna¬ 
mic  response  due  to  the  load  distributed  over  the  region  a  <  ^  as 
shown  in  Fig.  1(a),  can  be  obtained  from 


w{x‘,o)  )  =  J  Aw  {x',^ ,o))d<^ 


(16) 


The  integration  in  Eq.(16)  can  be  numerically  calculated  by  using  an 
numerical  integration  algorithm,  e.g.,  the  trapezoidal  numerical  integra¬ 
tion  [1 1]: 

w(x;6))  =  -A^[Aw{x;a,co)  +2Aw{x;a  +  A^,o)) 

^  _  __  (17) 

+  2Aw(x;a  +  2A^,(d)  +--  +  Aw(x;b,a))  ] 


Finally,  the  dynamic  response  w{x,  t),  in  time  domain,  can  be  obtained 
by  taking  the  inverse  Fourier  transform  of  w{x;o)). 


Consider  a  simply  supported  Bernoulli-Euler  beam  subject  to  a 
uniformly  distributed  dynamic  load  of  magnitude  100  N/m,  over  the 
whole  span  of  beam.  The  load  acts  for  0.1  seconds.  The  beam  has  the 
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length  of  2.%  m,  El  ^  6  N m\  m  =  2%  kg/m,  and  the  loss  factor  rj  =  0.03. 
Figure  2(a)  compares  the  dynamic  responses  at  the  middle  of  beam 
(non-dimensionalized  with  respect  to  beam  thickness  /z  =  0.01  m),  from 
three  different  solution  methods.  Similarly,  Fig.  2(b)  compares  the  fre¬ 
quency  responses.  The  comparisons  are  made  for  the  solutions  suffici¬ 
ently  converged,  within  0.03  %.  It  is  obvious  from  Figs.  2(a)  and  2(b) 
that  the  present  mSEM  gives  the  solutions  almost  identical  with  the 
analytical  solutions  which  is  considered  to  be  exact,  while  this  is  not 
likely  true  for  the  FEM. 

TWO-DIMENSIONAL  (PLATE)  STRUCTURES 

Unlike  beams,  the  two-dimensional  structures  (e.g.,  plates)  have 
much  complex  dispersive  relations.  Thus,  a  special  technique  is  requi¬ 
red  to  extend  the  modified  SEM  in  the  preceding  section  to  such  struct¬ 
ures.  Since  the  technique  developed  in  this  section  can  be  applied  to 
rectangular  and  circular  plates,  the  discussion  will  be  confined  to  a 
square  plate. 

Consider  a  simply  supported  thin  rectangular  plate,  with  small 
deflection  w{x,y,t).  Dynamic  equation  of  motion  of  a  thin  plate  under 
distributed  dynamic  load  f{x,y,t)  is  given  as  follows  [12]: 

3^  w 

+  f(x,yj)  (18) 

at 

where  D  is  the  flexural  rigidity  and  m  is  the  mass  density  per  unit  area 
of  plate.  The  solution  of  Eq.(18)  is  assumed  to  have  the  spectral  repres¬ 
entation  as 


w{x,y,t)  =  Ya^,S^’y^^n 
// 


=  Z  ^1.  (19) 


The  spectral  shape  functions  Xix)  and  w{y)  in  the  x  and  y  directions 
must  satisfy  relevant  boundary  conditions.  The  dispersive  relation  for  a 
plate  is  given  as 

{kl  +  kl  y=n^  (  =  )  (20) 


where  and  ky  are  the  wave  numbers  in  the  x  and  y  directions,  respe- 
tively.  From  Eq.(20),  ky{ox  kj  can  be  expressed  in  terms  of  ^,(or  ky) 
SLndco.  Thus  the  wave  characteristics  of  a  plate  can  be  represented  by 
using  a  chosen  wave  number  (  k^  or  A:^)  at  a  specified  frequency 
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It  can  be  shown,  from  Eq,  (20),  that  the  wave  number  has  four 
values,  i.e.,  ±k^  and  ±  ik^.  This  is  also  true  for  k^.  Thus  the  spectral 
shape  functions X  {x)  and  w[y)  can  be  represented  as 


X{x)  =  +  A,e-‘’-‘  +  A/"’’  +  A/‘‘  (21) 

w{y]  =  +  B/’’'  (22) 

where  k^=-yji2^-k^  is  defined.  Equation  (21)  must  satisfy  the  simply 
supported  boundary  conditions,  aXx  =  0  and  L,  given  by 


XiO)  =  X{L)  = 


d'XjO) 

dx' 


d'XiL) 

dx^ 


(23) 


where  L  is  the  dimension  of  square  plate.  Using  boundary  conditions  of 
Eq.(23),  the  characteristic  wave  number  k^  and  shape  function  ^(x) 
are  obtained  as  follows: 

HTZ 

k,=—  {n  =  1,2,3 . )  (24) 

X{x)  =  e"‘'^  (25) 

The  spectral  displacement  can  be  rewritten,  from  Eqs.  (19),  (21),  and 
(22)  as  follows  : 

w{x  ,y)  =  X  {x)w{y)  =  X  {x)[Q{y)]{Bi  Bj  B^}  (26) 

where 

[e(y)]  =  [  e  ]  (27) 


To  derive  the  spectral  element  matrix  for  a  plate,  the  same 
procedure  introduced  for  beams  in  the  preceding  section  will  be  used. 
Consider  a  spectral  plate  element  which  has  the  dimensions  L  and  /  in 
the  X  and  y  directions,  respectively.  The  spectral  nodal  DOFs  on  y 
boundary  planes  {y  ~  0  and y  =  1)  can  be  expressed  in  the  form  : 

{  w,  wj  w,  w;  V  =[aikj]{  B,  B,  B,  B,  (28) 

where  (')  indicates  the  partial  derivative  with  respect  to  y.  In  Eq.  (28), 
Wq  =w{0),  Wq  =  w'{0),  ^  -w{l),  and  w/  =  w'(/)  are  defined,  and  the 
(4x4)  matrix  [a]  is  tabulated  in  Appendix.  The  spectral  shear  force  and 
bending  moments  on  y  plane  can  be  obtained  from 
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V  =D 


w 


=  X(x)V(y) 


M  =  D 


d  w  d  w 

where  v  is  the  Poisson’s  ratio. 


(29) 


=  X(x)M(y) 


Using  Eq.  (29),  the  spectral  nodal  moments  and  forces  can  be 
expressed  in  the  form  : 

{V„  M„  V,  M,  V  =[fiik, )]  {  B,  B,  B,  B,  V  (30) 

where  the  matrix  [y^]  is  tabulated  in  Appendix.  Combining  Eqs.  (28) 
and  (30)  results  in 

{Vq  Mq  Vj  MjV  =  [cr{k^)]{wQ  w;  Wf  w;Y  (31) 

where  [&\  =  [/?]  [aY  is  the  spectral  element  matrix  for  plates.  The 
spectral  plate  elements  can  be  assembled  in  the  analogous  way  as  is 
done  in  FEM.  Applying  relevant  boundary  conditions  to  the  result  of 
assembling  may  result  in  a  condensed  global  spectral  matrix  equation 
in  the  form  as: 

{W}  =  [E(k^)]-'  {7}  (32) 

where  [S']  is  the  condensed  global  spectral  element  matrix, {IT}  and 
{ F}  are  the  condensed  global  spectral  nodal  DOFs  and  forces  vectors, 
respectively. 

Similarly  as  in  the  preceding  section,  the  distributed  load  acting 
on  a  plate  also  can  be  discretized  into  many  line  loads.  Figure  3(a) 
shows  an  example  of  square  plate  subjected  to  a  centered  uniform 
square  load/(x,y,t).  In  this  case,  the  distributed  load  can  be  discretized 
into  a  series  of  equivalent  line  loads  parallel  to  the  x  axis  or  y  axis 
depending  on  the  choice  of  the  direction  of  structural  discretization. 
The  dynamic  response  will  be  obtained  by  summing  up  all  dynamic 
responses  due  to  each  equivalent  line  loads.  If  we  discretize  the  plate  in 
the  y  direction,  as  shown  Fig.  3(b),  then  the  equivalent  line  load  is 
parallel  to  the  x  axis.  Thus,  the  equi-  valent  line  load  at  y  =  ^  has  the 
magnitude  of  f  [x  ,t)  as  the  function  of  x.  Taking  spatial  Fourier 
transform  with  respect  to  x,  the  equivalent  line  load  can  be  represented 
as  the  function  of  wave  number  k^,  instead  of  x.  By  removing  the  x  axis 
dependence  of  equivalent  line  load,  the  original  two-dimensional 
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problem  can  be  reduced  to  an  equivalent  one-dimensional  problem,  as 
shown  in  Fig.  3(c).  Then,  the  mSEM  for  beams  in  the  preceding  section 
can  be  applied  to  this  equivalent  one-dimensional  problem. 

Since  the  foregoing  discretization  procedure  represents  a  plate  as 
a  connection  of  two  spectral  plate  elements  with  an  equivalent  line  load 
acting  along  the  connection  line,  as  shown  in  Fig. 3(b),  first  two  spect¬ 
ral  plate  elements  should  be  assembled.  Equation  (31)  or  (32)  shows 
that  the  spectral  element  matrix  equation  is  formulated  only  in  terms  of 
wave  number  at  a  specified  frequency  6).  Unlike  the  one-dimension¬ 
al  (beam)  problem,  however  the  equivalent  line  load  is  the  function  of  x 
and  t.  Thus,  we  need  to  convert  the  equivalent  line  load  into  the  funct¬ 
ion  of  and^y.  That  is,  f{x,^ ,t)  A<^  should  be  spatially  Fourier  trans¬ 
formed  with  respect  to  x,  and  then  Fourier  transformed  with  respect  to  t, 
to  yield  /  ,o))  .  This  is  just  the  procedure  which  reduces  a  two- 

dimensional  problem  into  a  simple  equivalent  one-dimensional  problem 
as  described  in  the  preceding. 

Considering  a  plate  discretized  into  two  spectral  plate  elements, 
as  shown  in  Fig.  3(b),  the  global  spectral  matrix  equation,  condensed 
using  the  simply  supported  boundary  conditions  at  y  -  0  and  L,  is 
derived  in  the  form  as: 

{  0 

al  7,  (A,.®) 

0 

[  0 

or,  simply 

{AW}  =  [S{k^,a?)r{F}  (34) 

where  the  superscript  used  for  a  indicates  the  number  of  spectral 
element  while  the  subscripts  indicate  the  element  number  of 
corresponding  spectral  element  matrix.  And,  the  subscripts  1,  2,  and  3 
under  w  indicate  the  node  lines  aty  =  0,y=^  andy  =  L,  respectively. 
Note  that  the  spectral  nodal  DOFs,{zllT  },  is  the  function  of  character¬ 
istic  wave  number  and  frequency  <y.  Following  exactly  the  same 
procedure  as  used  in  the  one-dimensional  problem,  the  dynamic  respon¬ 
se  at  a  point  {x,  y)  due  to  a  line  load  acting  at  y  ==  can  be  obtained 
from 

Aw{x  ,y',<^,k^  ,w)  =  X{x)[Q][ay^[c][S]~^{d}  f^A^  (35) 


W/l  ^22  <^24 

W,  ^  ^  ^33  ^34  ^12 

w;  (j‘„  cr'j  +  crj; 

w;  I  0  al,  o-jj 
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where  [Q],  [a],  and  [S]  are  defined  in  Eqs.  (27),  (28),  and  (34).  The 
matrix  [c]  are  determined  from  the  relation  between  the  spectral  nodal 
DOFs  and{^^},  just  like  the  Eq.  (11)  for  beam  problem.  Similarly,  the 

vector  {d}  is  determined  from  the  vector  {  F  }  itself,  as  explained  in  Eq. 
(23).  The  two-dimensional  version  of  Eq.  (9)  can  be  written  as 

Aw[x ,co)  ~  R{x ,y\^,0})  ,co)  (36) 

with 

R{x,y\^,a>)  =  X{x)[Q][a]-\c][sr{d} 

P{^,k,,o))  =  Z{^,k^,o>)A^  (37) 

As  Eq.  (36)  gives  the  dynamic  response  due  to  a  line  load,  the  total 
dynamic  response  can  be  obtained  from 

, w)  =  Aw{x,y',^,k^,(jt))  d^  (38) 

A  numerical  integration  algorithm  similar  to  Eq.  (17)  may  be  applied  to 
Eq.  (38).  One  should  note  that  w  of  Eq.  (38)  is  the  value  at  a  combina¬ 
tion  of  specific  values  of  k^  (e.g.,  k^„  =  n/L)  and  co  {e.g.,  =  nAco). 

Thus  the  dynamic  response  in  time  domain  can  be  calculated  from 

N  M 

(39) 

tJ=l  1)1=  I  ^ 

For  numerical  examples,  consider  a  simply-supported  square 
plate  having  the  dimension  of  I  =  2.8  m  and  thickness  /z  =  0.01  m.  The 
material  properties  are  given  as  D  =  6.73  kN  ,  w  =  28  kg/nP  ^  and  the 
loss  factor  rj  =  0.03.  Two  types  of  dynamic  load  are  considered  in  this 
study:  a  point  load  of  magnitude  100  A"  acting  at  the  center  of  plate,  and 
a  centered  square  load  of  magnitude  of  100  N/rrP,  uniformly  distri¬ 
buted  over  1/4  area  of  the  plate.  The  two  loads  act  for  0.1  seconds.  The 
frequency  responses  from  three  different  solution  methods  are  com¬ 
pared  in  Fig. (4),  for  both  two  dynamic  loads.  Comparisons  are  made  for 
the  solutions,  sufficiently  converged  within  0.03  %.  In  general,  the 
solutions  by  the  present  mSEM  are  found  to  be  very  close  to  the 
analytical  (exact)  solutions.  But,  for  the  finite  element  solutions,  there 
exist  large  deviations  from  the  exact  solutions  as  the  time  or  frequency 
increases. 


CONCLUSIONS 

In  this  paper,  a  modified  spectral  element  method  is  developed 
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for  the  beams  and  rectangular  plates  subject  to  distributed  dynamic 
loads.  Numerical  tests  show  that  the  present  modified  SEM  (mSEM) 
provides  very  accurate  solutions  in  comparison  with  the  finite  element 
solutions.  Since  the  present  mSEM  is  limited  to  only  special  cases  of 
plate,  the  generalization  of  mSEM  for  any  plate  problems  may  need 
further  consideration.  This  will  be  discussed  in  the  next  coming  paper. 
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APPENDIX  :  ELEMENTS  OF  MATRICES  [a^]  AND  [/?J 


~  ^12  “  ^13  ~~  titu  ~  tX2j  —  CC22 
“n  =««=«.  aj,=ilc^e  -, 

Pn  =  -P12  =-iDkJkl+(2-  v)kl }, 
p2,  =  P22=-D{kl  +  vkl}. 
f2,^-iDk^{k]^(2-v)kl}e‘''>' . 
p22=  DkJkl-(2-v)kl}e'‘^. 
P2,=-D{kl  +  vkl}f’‘>'. 

P43  =  < 


.7  7  -/ 

=  iky,  a22=-a22=ky,  ajj=a3j=e 

=  -ik^  e"  '*■' ,  a ^2  =  =  ~^y 

p,2=-p„^  DkJkl-(2-v)kl} 

p23=P24  =  ml-ykl} 

p22=iDk^{kl+(2-v)kl}e-‘^^ 
p22  =  -DkJkl-(2-v)kl}e-'‘>' 
P22=-D{kl+vkl}e'“‘’^ 

P,,=  D{k]-vkl}e-'‘>' 


Fig.  1  Linear  superposition  representation  of  a  dynamic  distributed 
load  acting  on  a  beam 
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Fig.  2  Comparison  of  the  dynamic  and  frequency  responses  at  the 
middle  of  a  simply  supported  Bernoulli-Euler  beam,  subject  to  a 
dynamic  load  of  magnitude  l^ON/m,  uniformly  distributed  over  the 
whole  span  of  beam,  and  acting  for  OAseconds  :  (a)  dynamic  responses, 
and  (b)  frequency  responses 
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Fig.  3  Spectral  element  discretization  procedure  for  plate  problems: 
(a)  a  square  plate  subject  to  a  centered  square  load,  (b)  discretization 
into  two  spectral  plate  elements  with  a  line  load,  and  (c)  its  equivalent 
one-dimensional  problem  representation 
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(a) 


Analytical(20  x  20  modes) 


Frequency  (Hz) 


Frequency  (Hz) 


Fig.  4  Comparison  of  the  frequency  responses  (at  the  middle  of 
square  plate)  from  three  different  solution  methods  :  when  (a)  a 
centered  point  dynamic  load  of  magnitude  100  N,  and  (b)  a  centered 
uniformly  distrib-  uted  dynamic  load  of  magnitude  100  N/m^  act  for  0.1 
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Abstract:  A  spectral  element  method  is  developed  for  analyzing  acoustic  wave  prop¬ 
agation  through  multi-connected  thin-walled  structures.  The  flat-  and  curved-  plate 
elements,  which  incorporate  the  effect  of  fluid  loading  on  the  structure,  accurately  model 
the  responses  over  large  domains.  The  elements  may  be  conveniently  joined  to  form 
complex  structures  composed  of  many  segments. 

1.  Introduction 

Noise  generation  is  an  important  aspect  of  structural  dynamics;  it  is  computa¬ 
tionally  expensive,  however,  because  problems  require  analyzing  the  solid/fluid 
interaction  as  well  as  require  the  modeling  of  extended  regions.  This  paper  re¬ 
views  a  method  we  have  been  developing  that  offers  great  potential  in  solving 
this  class  of  problem  for  the  type  of  thin-waUed  structures  depicted  in  Figure  1. 

Our  approach  is  based  on  the  spectral  element  method  —  References  [1,  2,  3] 
give  summaries  of  the  approach  as  applied  to  frame  structures.  The  method  has 
the  following  characteristics.  First,  it  is  a  frequency  domain  formulation.  Con¬ 
sequently,  frequency  domain  information  such  as  transfer  functions  and  system 
functions  are  generated  automatically.  This  enables  a  duality  between  the  time 
domain  and  frequency  domain  —  information  not  readily  seen  in  one  is  usually 
apparent  in  the  other.  Second,  it  is  geared  toward  handbng  very  large  areas.  It 
is  a  counterpoint  to  conventional  elements  which  always  model  a  region  as  a  col¬ 
lection  of  many  small  sub-domains.  Third,  it  is  stiffness  formulated.  This  means 
the  process  of  assemblage  for  complex  structures  is  easy.  More  fundamentally, 
however,  it  identifles  the  minimum  essential  variables  (the  degrees  of  freedom) 
for  a  dynamic  description  of  the  structure.  The  application  to  thin-walled  struc¬ 
tures  begins  by  combining  the  spectral  analysis  for  in-plane  wave  responses  and 
out-of- plane  flexural  behavior  to  form  a  matrix  method  approach  for  folded  plate 
structures  [4,  5].  The  variety  of  structural  shapes  encompassed  is  enhanced  by 
adding  a  segmented  curved  shell  element  [6]. 

The  sobd/fluid  interaction  problem  is  tackled  by  incorporating  the  effect  of 
fluid  loading  on  the  structure  directly  into  the  element  formulation.  In  this  way, 
the  structural  formulation  is  unaffected.  Utilizing  the  shape  functions  for  these 
extended  elements  then  allow  computation  of  the  pressure  response  in  the  fluid 
as  a  post-processing  operation. 
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The  method  is  a  work  in  progress  and  the  sample  results  presented  are  chosen 
so  as  to  highlight  its  main  features  and  attributes. 

2.  Spectral  Analysis  of  Waves  in  Extended  Media 

By  way  of  example,  we  will  use  the  flexural  behavior  of  flat  plates  to  introduce 
our  approach  to  modeling  the  dynamics  of  structures.  The  governing  equation 
of  motion  for  a  plate  is  described  by  [2] 

,  d'^w  .  ,  dw 

+  g  =  +  ph— 

where  w{x,y^t)  is  the  transverse  displacement,  D  is  the  plate  stiffness,  p  is  the 
mass  density,  h  is  the  thickness,  and  77  is  the  damping  coefficient.  The  response 
is  given  a  spectral  representation  in  the  form 

N 

w{x,y,t)  =  (1) 

n 

where  is  frequency  and  N  is  the  total  number  of  terms  (typically  1024  to 
4096).  On  substituting  into  the  homogeneous  form  of  the  governing  equation,  we 
get  the  representation 

M 

m 

where  M  is  typically  512  to  2048.  The  spectrum  relations  are  given  by 

,  Pt  =  iP^^l  -  iphoj^)ID 

Note  that  these  are  both  frequency  and  wavenumber  dependent. 

This  discretized  form  of  solution  is  an  approximation  to  the  double  continuous 
Fourier  transform;  under  the  proper  circumstances,  however,  this  approximation 
can  be  highly  accurate.  In  addition,  the  discrete  representation  can  be  imple¬ 
mented  on  a  computer  with  great  efficiency.  Values  for  the  time  window  T  and  N 
are  chosen  together  to  satisfy  two  constraints:  the  Nyquist  frequency  (given  by 
Nj2T)  must  exceed  the  most  significant  frequency  components  in  the  input  force 
history,  and  the  value  of  T  must  be  large  enough  so  that  the  response  at  the  point 
of  interest  has  diminished  to  zero  at  time  T.  The  latter  condition  arises  from 
our  use  of  the  FFT;  it  prevents  the  response  at  time  T  from  wrapping  around 
and  affecting  the  response  at  time  zero.  Values  for  the  space  window  W  and  M 
are  chosen  in  a  similar  manner;  the  wavenumbers  ^rn  must  be  small  enough  to 
sufficiently  model  the  spatial  distribution  of  the  applied  load  in  the  y  direction, 
and  W  must  be  large  enough  to  prevent  waves  from  neighboring  space  windows 
from  propagating  into  the  window  we  are  monitoring. 


+D,7^ne  "'^l{cos(^^?/),  sm{^rny)} 
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The  kinematics  of  a  curved  plate  [7,  8]  are  described  by  the  variables  (u,  u,  w) 
which  represent  the  hoop,  lengthwise,  and  transverse  displacements,  respectively. 
A  spectral  representation  of  these  is  given  the  form 

u  =  cosily),  v  =  Voe~'^^  sin(^y),  w  =  Woe~^^^  cos(^y) 

m  ttl  m 


Substitution  of  these  into  the  governing  differential  equations  leads  to  the  char¬ 
acteristic  system 


^  _ 

[E-¥{k'^  +  e)D]iklR 


7  {k^  +  e)D]iklR 

a2_  i^E^R 
uE^lR  az-^E/R'^ 


=  0 


where 


ai  =  -  ^(1  +  -f  =  ~(l  +  u)Eik^ 

a2  =  -~E[k'^  +  -  1{1  +  i')k^]  + phuj"^ ,  as  = 


The  ai,  a2  and  7  terms  alone  define  the  fiat  membrane  problem,  while  as  alone 
defines  the  flat  plate  flexural  problem.  All  the  other  terms  are  couplings.  There 
are  four  pairs  of  roots  for  k  and  an  idea  of  the  variety  of  behaviors  is  shown 
in  Figure  3  for  a  value  of  =  2TrmfW  with  m  =  50.  Most  of  the  complicated 
behavior  occurs  in  the  vicinity  of  low  frequency  where  the  thickness  is  relevant.  To 
exaggerate  its  effects,  the  plots  are  for  the  case  when  hlR=  0.1  and  R  =  250  mm 
for  aluminum  material. 

The  coefficients  A,  B,  and  so  on,  are  generally  determined  from  boundary 
conditions.  In  our  case,  however,  we  replace  them  in  terms  of  edge  degrees  of  free¬ 
dom  so  that  the  representations  can  be  put  in  a  convenient  matrix  formulation. 
For  brevity,  we  demonstrate  the  formulation  of  the  double  noded  element  —  the 
single  noded  element  follows  along  similar  lines.  The  single  noded  or  throw-off 
element  models  boundaries  which  completely  absorb  wave  energy  or  are  very  dis¬ 
tant.  A  segment  of  a  folded  plate  structure,  which  exhibits  both  membrane  and 
flexural  behavior,  has  eight  degrees  of  freedom.  A  segment  of  a  curved  cylindri¬ 
cal  shell  exhibits  behavior  similar  to  that  of  the  folded  plate  and  therefore  also 
has  eight  degrees  of  freedom.  The  curved  element  has  all  displacements  coupled 
and  hence  we  have  to  tackle  the  stiffness  matrix  directly  as  an  [8  x  8]  system. 
This  is  too  cumbersome  to  do  explicitly;  consequently,  we  lay  out  a  computer 
based  method  for  establishing  the  shape  functions  and  subsequently  the  stiffness 
matrix. 

The  displacement  solution  is  written  in  terms  of  the  amplitude  ratios  d)  and 
the  undetermined  coefficients  A,  B,  *  •  •  as 


{u(5),  u(.s),  w{s),  =  {'u}(5)  =  [$^]re(s)J{A}  +  [^B]\eiL  -  5)J{B} 


where  {4>A}j  are  evaluated  at  kj  while  {4>b}j  are  evaluated  at  -kj,  and  we  have 
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defined  for  either  [$^]  or  [$b] 


We  replace  the  vectors  {a}  and  {B},  which  contain  the  undetermined  coeffi¬ 
cients,  in  terms  of  the  nodal  displacements  at  ^  =  0  and  s  =  L.  Let  us  write  all 
eight  equations  as  {u}  =  [  Q  Solving  for  the  coefficients  gives 

where  each  partition  of  [  G  ]  is  of  size  [4x4].  We  are  now  in  a  position  to  write 
the  displacements  in  terms  of  the  shape  functions  as 

{«}(s)  =  [ffl(s)]{“}l  +  [52(«)]{u}2  (2) 

where  the  [4  x  4]  matrix  functions  of  5  are  given  by 

[5iW]  =  [$A][eWJ[Gu]  +  ($B]re(i-5)J[G2i] 

bW]  =  [$A][eWj[Gd  +  [#e][e(£-3)J[G22]  (3) 

It  is  clear  that  even  in  this  general  case  that  the  second  collection  of  shape 
functions  are  the  image  of  the  first  set.  These  formulas  can  be  used  to  recover 
all  the  shape  functions  already  derived  in  the  cited  references. 

By  way  of  example,  Figure  4  shows  the  ^33(5)  c.os{^my)  shape  function  of  a 
270'^  shell  segment;  this  shape  function  is  associated  with  the  uii  degree  of  freedom 
and  thus  can  be  plotted  as  a  radial  displacement  off  the  original  shape.  These 
play  the  same  role  as  shape  functions  in  a  conventional  finite  element  formula¬ 
tion  but  with  the  significant  difference  that  they  are  frequency  and  wavenumber 
dependent. 

The  resultants  associated  with  the  boundary  conditions  for  a  curved  plate  are 

{F}  =  {Ns,  +  jMss,  Ns,j,  Mssf  =  [  0  l{ti} 

where  [  5  ]  is  the  matrix  collection  of  differential  operators  of  size  [4  x  4].  After 
substituting  for  {w}(s)  in  terms  of  the  shape  functions  and  relating  the  member 
forces  at  s  =  0  and  s  =  L  lo  the  nodal  loads  leads  to  the  stiffness  relation 


[MsiWl  [-5)72(0)]  1  fK}l 

1  {-^2}  j  _[+dgi{L)]  [~\-dg2{L)]^  1  {'^2}  / 


{F}  =  mu;)]{u}  (4) 


where  [  ]  is  the  [8x8]  dynamic  element  stiffness  that  is  frequency  and  wavenum¬ 

ber  dependent.  It  relates  applied  tractions  along  the  edges  to  the  displacements 
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along  the  edge.  Figure  5  shows  the  behavior  of  the  first  two  diagonal  terms  for 
a  flat  plate  in  flexure;  note  the  wide  dynamic  range  of  these  stiffnesses.  More 
details  are  given  in  References  [4,  5]  for  flat  plates,  in  Reference  [3]  for  a  deep 
curved  beam,  and  in  Reference  [6]  for  the  thin  shell. 

3.  Folded  Plate  Structures 

The  advantage  of  the  element  approach  is  that  many  elements  -  either  fiat  or 
curved  -  can  be  combined  to  form  interesting  complex  structures.  The  dynamic 
structural  stiffness  matrix  is  assembled  using  techniques  analogous  to  those  used 
for  conventional  finite  elements  [9].  The  major  difference  is  the  addition  of  a 
Do-Loop  over  all  of  the  frequency  and  wavenumber  components.  This  results 
in  the  assemblage  of  a  different  dynamic  stiffness  matrix  at  each  frequency  and 
wavenumber. 

The  assemblage  process  is  illustrated  in  Figure  2.  The  nodal  loads  and  dis¬ 
placements  in  local  coordinates  are  arranged  as 

{8}^  =  {ui,Vi,Wi,i)^-i;U2,h,S>2,4’i2] 

Both  in-plane  and  out-of-plane  components  are  included.  These  is  transformed 
to  global  form  as 


F  =  [A-]{fi},  [M  =  [Tq[I-][T] 

where  the  transformation  matrix  [  T  ]  depends  only  on  the  geometry.  After 
assemblage,  we  are  in  a  position  to  present  the  structural  dynamics  problem  in 
the  form  of  a  dynamic  stiffness  relation 

[7?K0]{8}  =  {.P}  (5) 

where  {ft}  is  the  set  of  unknown  nodal  responses,  {P}  is  the  applied  load  vector, 
and  [/f(tn,()]  is  the  frequency  and  space  wavenumber  dependent  structural  dy¬ 
namic  stiffness.  The  structural  stiffness  matrix  has  many  of  the  attributes  (such 
as  symmetry  and  bandedness)  of  the  static  stiffness  matrix.  This  equation  is 
solved  for  {ft}  at  a  sufficient  number  of  frequencies  and  wavenumbers  to  allow 
an  inverse  Fourier  transform  to  be  performed  thus  giving  a  reconstruction  of  the 
time  history  responses.  The  program  SPIaDyn  is  a  full  implementation  of  this 
method.  Reference  [10]  has  more  programing  details  and,  in  particular,  how  this 
was  implemented  on  a  massively  parallel  computer. 

In  the  case  of  point  loads  applied  proportionally  (that  is,  each  load  component 
has  the  same  time  history)  we  can  write 

{Pmn]  =  {r}Pmn  =  {r}Ai€m 
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where  {r}  is  the  vector  indicating  the  distribution  of  loads  among  the  degrees  of 
freedom,  and  Pn  is  the  FFT  of  the  loading  history.  For  single  point  impacts,  for 
example,  the  vector  {r}  has  a  unit  value  at  the  loaded  degree  of  freedom,  and 
zeros  everywhere  else.  The  real  scalars  s-re  Fourier  cosine  series  coefficients 
describing  the  distribution  of  loads  in  the  y  direction.  The  response  at  a  particular 
degree  of  freedom  q  is  related  to  the  load  at  the  impact  site  by 

M 

■>  ^q,n  ~  Qmn^m  COs((f,7i?/) 

ms=0 

where  q-mn  refers  to  the  m  and  n  components  of  the  solution  vector 
at  the  degree  of  freedom  q,  and  the  superscript  p  on  Gq  refers  to  the  impact  site. 
We  call  Gq  the  frequency  domain  transfer  (or  system  response)  function  which 
relates  displacement  at  point  q  to  load  applied  at  point  p.  Exact  solutions  at 
arbitrary  locations  between  nodes  can  be  obtained  from  the  nodal  values  {ti} 
simply  by  using  the  shape  functions  as  interpolating  functions. 

By  way  of  example,  we  consider  the  impact  of  a  simple  structure;  Reference  [5] 
gives  a  full  discussion  of  this  problem.  Our  test  structure  is  a  thin  walled  cylin¬ 
drical  box  with  a  square  cross  section  having  sides  of  length  102  mm  as  shown 
in  Figure  1.  We  model  it  as  a  collection  of  folded  plates  with  the  folds  located 
at  the  indicated  nodal  dots.  The  top  face  of  the  box  is  impacted  at  its  center 
with  a  smoothed  force  history  of  approximately  200  ps  duration.  What  we  wish 
to  do  here  is  show  the  effect  of  the  various  folds  on  the  reflections  and  in  doing 
so  illustrate  some  of  the  unique  features  of  the  spectral  element  method. 

Figure  6  shows  the  sequence  of  models  of  the  box  beam  where  an  additional 
corner  is  added  at  each  step.  For  clarity,  only  the  right  half  of  the  symmetric 
sections  are  shown.  The  first  four  models  in  this  figure  have  the  same  properties 
as  the  complete  102  mm  x  102  mm  structure.  Throw-off  elements  (denoted  by 
elements  ending  with  a  squiggle,  l)  absorb  all  waves  transmitting  through  the  last 
corner  in  each  model.  Each  fold  adds  a  new  set  of  reflections.  These  reflections  are 
discernible  in  Figure  7(a).  A  deeper  insight  is  gained  by  looking  at  the  system 
transfer  functions  G  for  the  same  cases.  What  we  see  in  Figure  7(b)  is  the 
formation  of  spectral  peaks.  This  is  essentially  the  vibration  resonance  behavior. 
Note  that  while  the  time  domain  responses  have  established  themselves  by  the 
third  fold,  the  frequency  plots  show  that  the  spectral  peaks  will  get  sharper.  This 
is  because  the  spectral  element  method  shows  the  system  response  not  modified 
by  the  spectrum  of  the  input  loading  P. 

This  dual  view  of  the  dynamic  response  -  time  domain  and  frequency  domain 
-  is  achieved  very  conveniently  using  spectral  elements,  and  is  one  of  the  prime 
features  of  the  approach. 

The  schematic  for  the  impact  of  a  complete  cylindrical  shell  in  shown  in 
Figure  8.  The  accuracy  of  the  curved  element  is  confirmed  in  Figure  9  where  a 
comparison  is  made  with  using  many  flat  spectral  elements.  The  a.greement  is 
excellent  out  to  a  significant  number  of  reflections. 
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4.  Waveguide  Modeling  with  Fluid  Loading 

Our  goal  here  is  to  formulate  the  acoustics  problem  in  terms  of  a  waveguide.  The 
difficulty  is  that  while  the  effect  of  the  fluid  loading  is  of  a  distributed  pressure, 
it’s  non-local  character  makes  it  different  in  many  respects  from  the  pressure 
caused  by  a  distributed  spring,  say,  and  hence  we  must  invoke  special  procedures 
to  handle  it. 

To  begin  our  construction  of  a  plate  waveguide,  we  ask  if  it  is  possible  for 
free  waves  to  propagate  in  the  plate  immersed  in  a  fluid.  The  spectral  form  for 
the  equations  of  motion  for  the  plate  and  the  fluid  can  be  written  as  [2] 

DV'^'V^w{x,y)-{phuj'^ -iur]h)w{x,y)  =  -p{x,y,z  =  0) ,  BV'^p  +  pau;^p  =  0 


where  the  second  equation  is  for  the  fluid  pressure  p(x’,y,  2).  Assume  a  solution 
for  the  plate  of  the  form  w  =  which  leads  to  the  pressure  response  of 

p  =  ,  fc.  = 

It  must  be  borne  in  mind  that  as  long  as  kz  is  chosen  as  above  then  irrespective 
of  the  value  of  k  the  fluid  equations  are  satisfied.  This  leads  to  the  characteristic 
equation 


iDkz 


=  0, 


The  third  term  in  the  first  equation  describes  the  effect  of  the  fluid  loading.  The 
roots  of  this  characteristic  equation  for  m  =  0  have  been  studied  extensively  in 
Reference  [11]. 

When  viewed  as  a  contour  integral  [12],  the  response  has  contributions  from 
two  poles  and  a  third  contribution  which  arises  from  the  branch  cut  associated 
with  kz.  This  latter  contribution  is  most  signiflcant  at  impact  points  and  corners. 
Reference  [13]  used  a  finite  element  model  to  show  that  this  branch  cut  contri¬ 
bution  can  be  neglected.  A  fluid  loading  of  €  =  0.02  was  used  which  corresponds 
to  a  loading  factor  nearly  ten  times  that  of  the  cases  of  interest  here. 

Numerical  solutions  for  the  roots  of  the  characteristic  equation  are  shown  in 
Figure  10  as  circles  along  with  the  in  vacuum  roots  indicated  as  the  dashed  lines. 
These  plots,  which  are  for  2,5  mm  aluminum  plates  in  air,  show  that  the  fluid 
loading  primarily  has  the  effect  of  altering  the  imaginary  part  of  the  first  mode. 
We  see  that  at  coincidence  and  beyond,  the  effect  is  of  increased  viscous  damping 
—  this  is  consistent  with  the  observation  that  the  fluid  is  receiving  more  of  the 
energy  at  these  frequencies.  But  otherwise  the  behavior  is  very  similar  to  the 
in  vacuum  behavior.  That  is,  the  pole  contributions  are  associated  with  root  ki 
which  corresponds  predominantly  to  the  propagating  flexural  wave  and  root  k2 
which  corresponds  predominantly  to  an  evanescent  flexural  wave. 


285 


Making  the  assumption  that  there  are  only  two  dominant  structural  waves 
allows  us  to  obtain  approximate  analytical  expressions  for  the  roots  as 


kzi  = 


k.2  =  Vkl+P-er.  (7) 

These  approximations  are  also  plotted  in  Figure  10.  There  is  very  good  agreement 
with  the  exact  numerical  roots  over  the  entire  frequency  range  including  the 
region  near  coincidence. 

An  enclosed  structure  is  viewed  as  having  two  distinct  regions;  an  interior 
region  and  an  exterior  region.  The  interior  region  has  loadings  due  to  both  the 
fluid  and  the  radiation  from  the  vibration  of  other  plates.  However,  the  exterior 
region  only  experiences  loadings  from  the  fluid.  Using  the  modified  spectrum 
relations,  the  fluid  loading  for  the  exterior  problem  can  be  accounted  for  without 
considering  the  fluid  response.  In  this  way,  the  solid/fluid  interaction  problem  is 
partially  decoupled. 

5.  Radiation  from  Finite  Plates 

When  investigating  the  interior  noise  of  a  cabin,  say,  the  response  of  the  fluid,  in 
addition  to  that  of  the  structure,  is  required.  We  are  also  interested  in  the  fluid 
response  because  it  can  be  the  source  of  an  excitation  on  a  different  part  of  the 
structure. 

In  determining  the  fluid  response  from  a  finite  plate,  we  encounter  a  difficulty. 
The  challenge  is  to  match  the  motion  of  the  finite  plate  to  that  of  the  fluid.  But 
the  domain  for  the  fluid  is  (at  least)  the  half  space  z  >  0  and  -oo  <  .t  <  oo 
which  is  considerably  larger  than  the  length  of  the  plate.  Therefore,  to  match 
the  plate  and  fluid  boundaries,  we  must  extend  the  plate  boundary  in  the  x 
direction.  If  the  finite  plate  is  baffled,  that  is,  extended  on  both  sides  with  very 
stiff  material,  then  the  displacements  can  be  matched  by  imposing  u;  =  0  outside 
of  the  finite  plate.  We  will  assume  that  this  can  always  be  done  even  if  the  plate 
is  not  physically  baffled  but  is  attached  to  other  plate  segments. 

At  the  surface  of  the  plate,  z  =  0,  the  fluid  displacement  must  be  equal  to  the 
plate  displacement.  This  response  in  the  fluid  has  the  spectral  representation 

m  j 

and  p  =  [pu)^ /[-ikz)]wmj’  By  extending  the  plate  deflection  over  the  full  space 
window  of  the  fluid,  we  can  then  give  it  the  spectral  representation 

=  cosiUy) 

m  j 


ki  ~  + 


Pa^ 


2Dik,il3‘^  ’ 


k2  «  +  e  + 


2Dik,2l5'^  ’ 


286 


Applying  this  to  the  shape  functions  gives 

+  '^29Zmj  +  L'ip294mj  >  9ij  =  9i{^)^ 

These  integrals  are  easily  evaluated  and  are  given  in  Reference  [2]. 

These  equations  were  applied  to  the  case  of  a  finite  aluminum  plate  in  air. 
The  pressure  responses  for  the  fluid  can  be  seen  in  Figure  12.  Similar  to  the  plate 
response,  these  responses  indicate  the  presence  of  multiple  reflections  occurring 
in  the  plate.  This  figure  also  indicates  that  the  baffled  finite  plate  not  only  excites 
the  fluid  directly  in  front  of  it  but  also  at  a  distance  along  the  baffle.  The  pressure 
at  X  =  2L,  z  =  0,  for  example,  is  non-zero  even  though  the  plate  is  baffled  at 
that  location  —  this  is  further  indication  that,  in  fluids,  the  relation  between  the 
pressure  and  displacement  is  non-local.  Also  shown  are  the  resonance  frequencies 
for  a  vibrating  plate,  it  is  clear  that  the  impact  has  excited  many  of  the  symmetric 
modes  of  vibration. 

It  can  be  seen  that  the  structural  resonances 

readily  transmitted  into  the  fluid.  Intuitively,  we  might  have  thought  that 
the  response  should  be  largest  along  a  line  normal  to  the  plate.  The  responses 
shown  in  Figure  12  indicate  that  this  is  not  so.  Furthermore,  the  frequency 
plot  shows  that  it  is  even  frequency  dependent.  Figure  13  shows  the  directivity 
patterns  at  a  number  of  frequencies;  the  near  field  behavior  was  computed  from 
the  fuU  solution  with  r  =  2L.  It  is  clear  that  these  patterns  are  very  sensitive 
to  direction  when  the  frequency  gets  close  to  coincidence.  Also  shown  are  the 
deflected  shapes  of  the  plate  at  each  frequency.  These  shapes  indicate  an  almost 
sinusoidal  plate  deflection  except  at  the  center  and  edges  —  these  are  the  points 
of  significant  radiation. 


6.  Discussion 

Based  on  the  problems  we  have  considered,  it  is  clear  that  once  there  is  more 
than  one  connection  in  a  structure,  it  is  essential  to  have  a  matrix  methodology 
to  handle  the  many  unknowns.  The  spectral  element  approach  presents  itself  as 
a  well  founded  matrix  method  that  embodies  a  number  of  efficiencies  we  have 
long  associated  with  the  conventional  finite  element  method.  For  the  range  of 
problems  they  are  suited  for,  the  spectral  elements  described  here  have  been 
shown  to  conveniently  model  wave  propagation  in  structures  made  of  multiple 
panels. 

Other  advantages  of  the  method  are  that  the  effect  of  material  damping  and 
viscoelasticity  can  easily  be  incorporated  simply  by  changing  the  spectrum  re¬ 
lation,  higher  order  plate  theories  can  be  implemented  without  adding  degrees 
of  freedom  to  the  system,  and  very  large  (semi-infinite)  bodies  are  handled  effi¬ 
ciently.  It  also  has  the  advantage  of  being  in  a  form  to  solve  deconvolution  type 
problems.  That  is,  if  the  response  is  known  at  some  location  then  the  disturbance 
causing  it  can  be  determined. 
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The  method  discussed  in  this  paper  is  a  work  in  progress  —  there  are  many 
more  developments  needed  (especially  as  it  applies  to  the  solid/fluid  interaction 
problem)  before  it  is  considered  mature.  Some  of  the  most  important  of  them  are 
itemized  as:  Verify  the  radiation  approximation  from  edges,  Implement  radiation 
from  curved  surfaces,  and,  Add  discontinuity  in  the  lengthwise  direction.  Perhaps 
the  biggest  immediate  challenge  is  to  implement  the  book-keeping  necessary  for 
solving  reverberation  in  a  enclosed  space. 

Although,  the  spectral  element  approach  to  extended  areas  is  still  in  relative 
infancy,  the  above  has  attempted  to  show  that  there  are  exciting  challenges  to  be 
overcome  in  extending  it  to  more  general  structural  problems.  The  success  of  the 
waveguide  spectral  elements  shows  that  such  an  effort  is  well  worth  undertaking. 
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Figure  5:  Dynamic  stiffness  for  fcii/(12D/X^)  and  fc22/(4D/ii^)  for  different 
values  of  m. 


Figure  6;  Folded  plate  sequence  geometries.  The  structures  are  symmetric. 
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Figure  7:  The  evolution  of  structural  resonances  at  the  impact  site,  (a)  Time 
responses,  w{t),  (b)  system  frequency  response  |G|. 


Figure  8;  Geometry  for  impacted  circular  cylinder. 


Figure  9:  Velocity  reconstructions  for  the  point  excitation  of  a  closed  cylinder. 
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Figure  11:  Geometry  of  the  finite  plate  baffled  to  infinity. 


Figure  12:  Time  and  frequency  domain  fluid  responses  for  an  impacted  alu¬ 
minum  plate  of  length  2L. 
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Figure  13:  Directivity  patterns  for  impacted  finite  plate.  Also  shown  are  the 
plate  shapes  at  each  frequency. 
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Laminated  composite  shells  with  piezoelectiic  layers  and  rigid  filler  are 
considered  in  this  paper.  For  such  shells  the  kinematic  model  is  plotted  on 
the  basis  of  the  model  of  shells  with  the  broken  normal  and  piezoelectric 
model  deduced  from  the  electromechanical  model  of  three-dimensional 
piezoelectric  body  and  variational  equations  of  movement  ai-e  received.  The 
finite  element  analysis  of  free  and  forced  vibration  of  laminated  composite 
shells  with  the  use  of  piezomaterials  is  conducted. 

1.  INTRODUCTION. 

The  adaptive  structures,  using  in  engineering  in  recent  year's,  attract  the 
large  attention  of  engineers  and  researchers  of  different  countries.  These 
structures  possess  increased  liveability,  allow  to  reduce  considerably  noise 
affects,  can  realise  the  control  of  damages  and  have  still  a  number  of 
advantages  in  comparison  with  usual  structures.  The  area  of  application  of 
adaptive  structures  is  extraordinaiy  high:  from  space  high  precision 
structures  to  devices  of  noise  suppression  in  passenger  planes.  Now, 
significant  interest  is  manifested  to  the  distributed  sensors  and  actuators  in 
the  capacity  of  which  may  serve  the  layers  from  the  adaptive  materials 
built-in  in  the  structure  (laminated  plate  or  shell).  Under  rather  great  choice 
of  adaptive  materials  preference  is  often  given  to  the  piezoelectric  materials 
(piezoelectric  ceramics  and  piezopolymers)  in  connection  with  the  fact  that 
they  can  perform  both  sensitive  and  actuative  functions  relatively  easy. 

In  1967,  Eer  Nisse  and  Holland  [3]  cast  the  equation  of  motion  of 
piezoelectric  shells  in  variational  form  and  introduced  a  Ritz  approximation 
for  piezoelectric  shells.  The  finite  element  method  has  also  been  extensively 
used  to  solve  the  problems  involving  piezoelectric  media,  (Allik  and 
Hughes  [4],  Naillon  et  al.  [5]  and  Osiergaard  and  Pawlak  [6]).  Tzou  [7,8] 
has  completed  several  studies  on  piezoelectric  shells  and  has  also  complied 
the  basic  elements  of  thin  piezoelectric  shell  theory. 

In  this  study,  approximate  theory  is  developed  for  the  analysis  of 
laminated  composite  shells  that  contain  piezoelectric  layers  and  rigid  filler. 
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The  theory  developed  herein  explicitly  represent  the  coupled  relationship 
between  the  elastic  and  electrical  variables  as  included  in  the  lineai*  theory 
of  piezoelectricity. 


2.  THE  KINEMATIC  MODEL. 

In  this  paper  the  gentle  laminated  shell,  which  consists  of  rigid  filler, 
non-piezoelectric  and  piezoelectric  layers  is  considered  (see  Fig.  1).  Here  it 
is  given  the  derivation  of  the  equations  on  the  basis  of  equations  for  the 
shells  with  the  broken  normal.  At  construction  the  equations  for  the  filler 
the  hypothesis  about  incompressibility  of  the  material  in  the  direction  of  the 
axle  x3  and  the  hypothesis  about  noncurving  of  the  normal  at  deformation, 
i.e.  stress  shears  ai*e  distributed  uniformly  according  to  the  thickness  of  the 
filler,  are  used.  For  the  other  layers  the  Kii'choff-Love’s  hypotheses  are 
used. 


Filler 


Piezoelectric 

layers 


Fig.  1 


Laminated  composite  shell,  quantity  of  layers  in  which  is  »,  is 
considered.  The  coordinate  jc  for  bottom  limited  surface  of  x:-th  layer  is 
equal  z^-i,  and  for  top  limited  surface  -  Zj^.  Neutral  surface  of  the  studied 
shell  in  the  initial  non-deformed  state  is  assigned  with  the  help  of  the 
material  curvilinear  coordinates  (here  and  subsequently  =^1..2) 

by  the  pai'ametric  equation  Rq  =  ^.nd  the  displacements  vector 

of  the  points  of  middle  surface  U  =  u(x^,x^Y 
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To  determine  mechanical  displacements  and  deformations  it  will  be 
necessary  to  represent  the  mechanical  displacements  vector  in  the  local 
basis  of  the  curvilinear  coordinates  system: 

U  =  up.r^  +  wr^  =  +  wr^ 

where  u^,  are  co variant  and  contravariant  tangential  components  of 
the  vector  U ,  w  is  deflection,  rf, ,  r*  are  coordinate  vectors  of  the  main 
and  mutual  basis  of  the  local  curvilineai*  system  of  coordinates,  m  is 
normal  unit  vector  of  non-deformed  neutral  surface. 

The  mechanical  displacements  vector  for  the  filler  in  accordance  with 
the  adopted  kinematic  model  has  a  form  of 

r/"'  =  1/  4-  jc  V 

where  the  top  index  for  mechanical  displacements,  deformations,  potential 
and  intensity  of  electrical  field,  and  bottom  index  for  efforts  and  moments 
here  and  subsequently  indicates  the  layer  number  (m  -  for  the  filler)  and  y 

is  turn  vector  of  the  normal  element  in  the  filler. 

The  deformation  of  the  transversal  shear  in  filler  is  connected  with  the 
mechanical  displacements  by  means  of  nonlineai*  relationship: 

sl3=^{ri  +  'v^i)  (3) 

To  simplify  the  subsequent  expressions  vector  a  is  introduced  which 
covaiiant  components  a  i=2s  '"3  =  r*  +  w',/.  Expressing  the  turn  vector 
of  the  normal  element  in  the  filler  y  thi'ough  the  vector  a  and  substituting  it 
into  the  expression  for  filler  mechanical  displacements  vector  we  have  for 
tangential  components  of  the  filler  mechanical  displacements  vector: 
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For  other  layers  tangential  components  of  the  mechanical  displacement 
vector  will  be  noted  by  the  following  way: 

=  U:  +  ca;  -  W 

(5) 

1  O  ^  ^ 

u  f  =  ui  -cai  -  w  ix 

Where  the  index  hi  means  the  numbers  of  layers  from  m  +  1  to  n,  and 
lo  -  numbers  of  layers  from  1  to  m-1. 

Then  the  deformations  will  equal 

e”ij  =  ey  +  o^yX^  +  ZyX^ 

e  ij  ~  ey  +  C(Xy  +  Xy^ 
e'?-  =  ey  -  cay  +  XyX^ 

where 

ey  =  I {uij  +  ujy)  -  byw;  a,y  =  i (a,- ^  ,•);  Xy  =  -»’,y  •  (7) 

And  bij  ai-e  components  for  the  second  square-law  form  of  the  initial 
surface. 

To  obtain  constitutive  laws  connecting  efforts  and  moments  in  the 
layers  with  the  deformation  of  the  middle  surface  it  is  necessary  to 
introduce  generalised  efforts  and  moments  express  them  by  means  of  the 
efforts  and  moments  in  the  shell  layers.  It  will  be  required  for  these 
purposes  to  express  the  variation  of  the  potential  energy  of  the  internal 
stresses  in  the  shell  both  thi*ough  efforts  and  moments  in  sepai'ate  layers 
and  through  generalised  efforts  and  moments. 

The  variation  of  the  potential  energy  if  the  internal  shell  stresses  with 
regard  for  the  sheai*  in  the  filler  may  be  written  the  following  way; 

n 

jSWsdV  =  JJ  /  +  E  j  cr‘jSeydx^  dx^dx^  = 

^  J  (8) 

=  JJ  {r’^Sey  +  H‘jday  +  M‘j5xy  +  Q^Sai^dx^dx^ 
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here  double  integral  is  extended  to  all  the  initial  surface. 

Proceeding  from  the  expression  for  the  variation  of  potential  energy  of 
the  internal  stresses  the  generalised  efforts  and  moments  ai*e  determined  by 
the  next  formulae: 


r'>'  =  X?/; 

a:=1  /c=1 

(  n  m-l 

W  -  S3’/ 

^ic'=m+l  K~l  '' 


=  M‘i  +  c 


(9) 


dx^ 


=  +4C 


^m-l 


where 


T  y  - 


(10) 


Let  we  receive  the  variational  equation  of  movement  for  integrated 
efforts  and  moments  of  the  shell  with  accounting  of  mechanical  boundary 
conditions,  expressing  deformations  through  the  mechanical  displacements 
and  shear*  of  the  neutral  surface: 


J  S  WsdV  =  -JJ  y^jSui  +  (H\j  -  + 

(m'-’m  +T'‘^bij +T'^w_ij +T‘j  jw-^Sw^dx^dx'^  + 
+\\^‘^Sui+H‘^Sai  dx^dx'^ 


(11) 


Noting  the  var’iation  of  the  work  of  the  external  forces  S  ,  variation  of 
the  work  of  the  inertia  forces  and  substituting  it  into  the  equation: 


dA^  +  5Ai-5n  =  0 


(12) 


we  obtain  equilibrium  equation  and  mechanical  boundaiy  conditions. 

The  variation  of  the  work  of  the  external  forces  for  the  shell  is  a  sum 
of  the  vaiiation  of  the  work  of  the  exter-nal  surface  load  5Ai  and  the 
variation  of  the  boundai*y  forces  5  Ai .  Let's  note  the  variation  of  the  work 
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of  the  external  surface  load: 


SA^l  =  II  Ui  +  qd  y^dx^dx^  (13) 

Variation  of  the  boundary  forces  5  Ai  is  noted  in  dependence  on  form 
of  contour.  Variation  of  the  work  of  the  inertia  forces  d  A^  can  be  submitted 
as  follows: 


SAi=-(\p  ^^Sui dx^dx^ 


where  p  -  weigh  of  square  meter  of  laminated  composite  shell. 

Then  the  vaiiational  equation  of  movement  of  considered  shell  may  be 
written  so: 

-ff  + 

+  T%j  +  P-’wy  +  w^dx^dx'^  +  (15) 

+H‘^Sai  +T‘-’  w  i^Sw  -  S  w  dx^dx^  = 

=  IJ  ^p‘S  Ui  +  qd  y^dx^dx^  + 

The  vaiiational  equation  (15)  will  be  hereinafter  used  for  substantiation 
of  finite  element  analysis  of  free  and  forced  vibration  of  laminated 
composite  shell  with  piezolayers. 

3.  PIEZOELECTRIC  MODEL. 

Kirchoff-Love's  hypotheses  ai'e  used  for  piezoelectric  layers.  It  is  not 
difficult  to  prove  that  if  piezoelectric  layer  is  sufficiently  thin  and  Kirchoff- 
Love's  hypotheses  ai*e  performed  for  it  then  the  potential  and  intensity  of 
the  electrical  field  will  be  linearly  distributed  in  the  layer  thickness: 

Ep=(p+^px'^-,  ^  =  q>  +  ifrx'^,  (16) 
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here  and  subsequently  p,  ^  =  1.  .3 . 

The  connection  between  the  intensity  of  the  electrical  field  and  potential 
is  noted  by  the  following  way: 


E 


p 


=  -<l>,p  => 


(17) 


It  is  obviously  that  the  electrical  displacements  will  be  linearly 
distributed  in  the  thickness  of  the  layer,  i.e.  it  will  be  possible  to  change  it 
by  the  electrical  "efforts”  and  "moments”  statically  equivalent.  It  is 
important  to  underline  that  electrical  efforts  and  moments  should  be 
introduced  by  connect  the  electrical  displacements  distributed  in  the 
thickness  with  the  deformation  of  the  middle  surface.  For  these  purposes 
lets  note  the  variation  of  the  potential  energy  of  the  electrical  displacements 
of  the  internal  electrical  field  in  the  piezoelectric  layer: 


J  5  W[,dV  =  JJJ  D^SEpClx^dx^dx^  = 

V 

=  JJ  (J  D‘’dx^Si;p  +  J  D^x’^dx^S^pYx^dx'^  =  (18) 

=  lHsPSCp+0'’S^pyx^dx'^ 


Hence  electrical  efforts  and  moments  will  be  written  in  the  same  way  as 
mechanical  efforts  and  moments: 

SP  D^dx^-  0P  =  j  D'’x^dx\  (19) 

To  obtain  Maxwell-Gauss's  vaidational  equation  for  electrical  efforts  and 
moments  of  the  piezoelectric  layer,  with  accounting  of  the  boundaiy 
conditions,  it  is  necessary  to  transform  the  expression  for  the  variation  of 
the  potential  energy  of  the  electrical  displacements  of  the  internal  electrical 
field  in  the  layer  expressing  the  intensity  of  the  electrical  field  by  means  of 
the  potential.  So,  transforming  the  expression  (18)  we  obtain: 

J <5  Wi)dV  =  IJ ^SCp  +  0  ‘’S^pYx^dx^  = 

V 

= -^^{s^5(p  +  &^5y/^  dx^dx^  +  ^20) 

+JI  ^*5*  \i5(p  +  \i  -h  S  ^jst//jdx^dx^ 
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We  consider  the  case,  when  external  electrical  field  is  not  applied  to 
piezoelectric  layers.  It  is  also  assumed  that  the  external  electrical  field  is 
not  applied  to  the  boundaiy  of  piezoelectric  layers.  So,  the  work  of  the 
external  electrical  field  equals  zero.  Hence  the  vaiiational  equilibrium 
equation  will  be  noted  in  the  following  way: 

jj (s  +  &  ^Si/A  dx^dx^  - 

(21) 

-JJ \iS(p  +  (0  \i  +  E  ^^5if^dx^dx^  =  0 

The  vai'iational  equations  (15)  and  (21)  are  the  main  equations  for  finite 
element  analysis  of  free  and  forced  vibration  of  laminated  composite  shell 
with  piezolayers. 

4.  FINITE  ELEMENT  ANALYSIS. 

To  draw  the  finite  element  model  it  is  necessaiy  to  note  the  system  of 
variational  equations,  which  represents  the  association  of  equations  (15)  and 
(21): 


■OUi  H - 1 —  O  W 


dt 


dt 


dx^dx^  - 


+[M^\ij  +T'jbij  +  + 

+\\yy5ui+H‘^Sai  + 

+  T'^w  -^S  w  -  M‘^S H' dx^dx^  = 

=  IJ  Bj  +  qS  w^dx^dx^  +  5Ag2 
IJ  (s  ^8q>  +  0  'St^  dx^dx^  - 
-JJ  y  ‘,iS(p  +  y  \i  +  S  ^yy^x^dx^  =  0 


(22) 


Bending  deformation  for  chosen  model  of  laminated  composite  shell  is 
determined  through  the  second  derivative  from  deflection.  Therefore  for  its 
approximation  is  necessaiy  to  use  a  polynom  not  less  than  second  order. 
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Also,  the  finite  element  mechanical  displacements  depend  on  the  co variant 
derivative  from  deflection,  according  to  kinematic  Kii'choff-Love's 
hypothesis.  Therefore  for  the  maintenance  of  appropriate  to  physical  sense 
of  smooth  of  change  of  displacements  on  interelement  borders,  it  is 
necessary  to  include  in  the  finite  element  node's  pai-ameters  not  only  the 
deflection,  but  also  the  covaiiant  derivative  from  deflection  by  coordinates 

Hence,  Eremite's  approximation  has  to  be  applied.  The  additional 
complexity  is  that  usually  to  simplify  determination  of  basic  functions  each 
finite  element  has  own  orientation  of  the  local  coordinate  system.  For  the 
maintenance  of  cinematic  connection  of  adjacent  finite  elements  is 
necessary  to  include  in  node  pai'ameters  the  covaiiant  derivative  from 
deflection  by  coordinates  of  some  uniform  for  all  finite  elements'  coordinate 
system.  In  these  purposes,  and  to  simplify  the  ensembling  of  the  global 
stiffness  matrix,  it  is  necessaiy  to  define  the  basic  functions  as  follows: 

We  consider  the  finite  element  of  the  shell  with  n  units.  Let  we 
approximate  displacements  within  the  limits  of  finite  element  by  following 
function: 


U  =  ZaJi  (23) 

i  =  l 

where  ai  -  ai*e  numerical  coefficients,  and  //  -  are  the  lineaiiy 
independent  functions  from  coordinates  in  uniform  for  all  finite  elements' 
coordinates  system. 

We  receive  the  system  from  n  lineai*  equations,  using  the  substitution  of 
node  significance  of  coordinates  and  displacements  in  equation  (23).  The 
following  significance  cii  is  the  decision  of  that  system: 

«  Af- 

=  (24) 

)=i 

where  Uj  -  node  significance  of  mechanical  displacements,  Af 

determinant  of  matrix  f* ,  obtained  from  node  significance  of  functions  fi , 
and  Afij  -  determinants  of  main  minors  of  matrix  /  ,  received  by 
deletions  i-th  column  and  j-th  row. 
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Hence,  the  required  basic  functions  may  be  noted  as  follows: 


(25) 

/=i 

Then,  we  can  write  the  approximations  of  neutral  surface's  mechanical 
displacements  and  the  approximations  electrical  potential  in  piezolayers, 
using  founded  basic  functions: 


n  n 

“1  =  “2  = 

i=l  i=l 

n  n  n 

w  =  Y.Ni  wi  +  2 Mi  +  Z 2^<-(^2),- ;  (26) 

i=\  i=\ 

i=l 

where  ,  U2i  and  Wi  -  node  significance  of  appropriate 

*  9k 

displacements,  and  -  node  significance  covaiiant  derivatives 

from  deflection,  and  <!>  /  -  node  significance  of  the  potential  of  electrical 
field. 

Approximations  of  deformations  and  intensity  of  electrical  field  can  be 
found  from  expressions  (7),  (17)  and  (26).  Further,  we  receive 

approximations  for  mechanical  and  electrical  efforts  and  moment  from 
constitutive  equations.  Let  we  assume  also  that  vaiiations  of  neutral 
surface's  displacements  and  vaiiations  of  electrical  potential  can  be 
approximated  by  the  same  basic  functions,  that  the  appropriate 

displacements  and  electrical  potential  and  substitute  approximation  for 
mechanical  and  electrical  efforts  and  moments  in  systems  of  variational 
equations  (22).  Then,  we  obtain  the  system  of  equations: 

=  (27) 


where  K  -  stiffness  matrix  of  finite  element,  M  -  matrix  of  weights, 

Q  -  vector  of  loads,  co  -  vibration  frequency,  and  u  -  vector  of 
displacements. 
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For  the  case  of  forced  vibration  of  laminated  composite  shell  the 
frequency  co  is  known.  Therefore  the  system  (27)  can  be  resolved 
concerning  to  amplitudes  of  node  significance  of  displacements  and 
potential  of  electrical  field. 

In  the  case  of  free  vibration  of  the  shell  the  own  frequencies  can  be 
found  from  condition  of  equality  to  zero  of  determinant  of  system  (27): 


det 


K-o) 


=  0 


(28) 


The  own  forms  of  vibration  of  considered  shell  can  be  found  from 
system  of  equations  (27),  taking  into  account  the  obtained  significance  of 
own  frequencies. 


5.  CONCLUSION. 

So,  stated  work  conducts  the  most  general  analysis  of  vibration  of 
laminated  composite  shells  with  piezolayers.  The  kinematic,  piezoelectric 
and  general  finite  element  models  of  the  considered  shell  are  constructed. 
The  purpose  of  the  work  consist  in  introduction  of  the  rigid  filler  in  the 
traditionally  considered  laminated  adaptive  shell.  We  assume,  that  the 
offered  design  of  adaptive  shell  finds  the  wide  application.  One  of  such 
applications  is  the  reflector  of  the  space  structures.  At  present,  on  the  base 
of  the  stated  finite  element  model,  the  programme  pack  for  behaviour 
simulation  of  such  reflector,  which  represent  laminated  composite  shells 
with  piezolayers  and  rigid  filler  is  developing. 

6.  REFERENCE. 

1.  Burfoot,  J.C.,  FERROELECTRICS  An  introduction  to  the  physical 
principles, Princeton,  New  Jersey  Toronto,  1967,  352p. 

2.  Jaffe,  B.,  Cook,  W.R.,  Jaffe,  Piezoelectric  ceramics,  Academic  Press, 
London  &  New  York,  1971,  288p. 

3.  R.  Holland  and  E.P.  Eer  Nisse,  Vaiiational  evalution  of  admittance  of 
multielectroded  thi'ee-dimensional  piezoelectric  structures,  IEEE 
Transactions  on  Sonics  and  Ultrasonics  15,  1968,  pp.  119-132. 

4.  H.  Allik  and  T.J.  Hughes,  Finite  element  for  piezoelectric  vibration. 
International  Journal  for  Numerical  Methods  in  Engineering  2,  1970, 
pp.  151-157. 


305 


5.  M.  Naillon,  R.H.  Coursant  and  F.  Besnier,  Analysis  of  piezoelectric 
structures  by  finite  element  method,  Acta  Electronica  25,  1983,  pp. 
341-362. 

6.  D.F  Ostergaai'd  and  T.P.  Pawlak,  Three-dimensional  finite  element  for 
analyzing  piezoelectric  structures,  IEEE  Ultrasonic  Symposium,  1986, 
pp.  639-644. 

7.  H.S.  Tzou  and  M.Gadre,  Theoretical  analysis  of  a  multi-layered  thin 
shell  coupled  with  piezoelectric  shell  actuators  for  distributed 
vibrations  control.  Journal  of  Sound  and  Vibration  132,  1989,  pp.  433- 
450. 

8.  H.S.  Tzou  and  C.I.  Tseng,  Distributed  piezoelectric  sensor/actuator 
design  for  dynamic  measurement/control  of  distributed  pai*ameter 
systems:  a  piezoelectric  finite  element  approach.  Journal  of  sound  and 
Vibration  138,  1990,  pp.  17-34. 

9.  Lammering,  R.,  Structural  Analysis  and  Optimization  of  Adaptive 
Structures  by  use  of  the  Finite  Element  Method,  Proceedings  531, 
AGARD,  Conference  on  Smait  Structures  for  Akcraft  and  Spacecraft, 
pp.  23.1-23.11. 

10.  Baier,  H.,  On  Shape  Contol  of  Precision  Structures:  Concepts, 
Analysis,  Technology,  Proceedings,  SPIE  1995  Conference  on  Smait 
Structures  and  Materials,  San  Diego,  California,  Feb.  27  -  March  3, 
Vol.  2443,  pp.  91-138. 

9.  Kim,  S.J.,Yu,  J.Y.,  Adaptive  design  of  laminated  composite  plate  by 
using  anisotropic  piezo  polymers.  Proceedings,  SPIE  1995  Conference 
on  Smait  Structures  and  Materials,  San  Diego,  California,  Feb.  27  - 
Mai-ch  3,  Vol.  2443,  pp.  385-395. 

10.  Shieh,  R.S.,  Multiaxial  Piezoelectric  Beam  Sensor/Actuator  Theory  and 
Design  for  3-D  Structural  Vibration  Control,  Archives  of  Mechanics, 
Wai'szawa  1993,  Vol.  47,  Session  J,  pp.  647-661. 

11.  Li,  Z.,  Bainum,  P.M.,  Vibration  Control  of  Flexible  Spacecraft 
Integrating  a  Momentum  Exchange  Controller  and  a  Distributed 
Piezoelectric  Actuator,  Ai'chives  of  Mechanics,  Warszawa  1993,  Vol. 
47,  Session  G,  pp.  402-415. 

12.  Song,  O.,  Librescu,  L.,  Rogers,  C.A.,  Static  Aeroelasticity  Behavior  of 
Adaptive  Aircraft  Wing  Structures  as  Composite  Thin-Walled  Beams, 
Proceedings  471,  AGARD,  Conference  on  Smait  Structures  for 
Akcraft  and  Spacecraft,  pp.  46-55. 


306 


13.  Yang,  J.S.,  Batra,  R.C.,  Liang  ,X.Q.,  The  Vibration  of  a  Simply 
Supported  Rectangular'  Elastic  Plate  due  to  Piezoelectric  Actuators, 
Proceedings,  SPIE  1995  Conference  on  Smart  Structures  and  Materials, 
San  Diego,  California,  Feb.  27  -  March  3,  Vol.  2442,  pp.  168-18  L 

14.  D’Cruz,  J.,  Clobal  Multivai'iable  Vibration  Control  with  Distributed 
Piezoceramic  Actuators,  Journal  of  Intelligent  Material  Systems  and 
Structures,  Vol.  6,  May  1995,  pp.  419-423. 

15.  Yu,Y.Y.,  Some  Recent  Advances  in  Linear  and  Nonlinear*  Dynamical 
Modeling  of  Elastic  and  Piezoelectric  Plates,  Journal  of  Intelligent 
Material  Systems  and  Structures,  Vol.  6,  Mar'ch  1995,  pp.  237-254. 


307 


308 


NUMERICAL  METHODS  I 


ANALYSIS  OF  INFLUENCE  OF  TECHNOLOGICAL  AND  DESIGN 
DISTORTIONS  OF  ROTATIONALLY  PERIODIC  SYMMETRY  ON 
FORCED  RESPONSE  CHARACTERISTICS  AND  STRESS  SCATTERING 

OF  BEADED  DISKS 

E.P.  Petrov 

SSTC  Research  Fellow  of  the  University  of  Liege,  Belgium* 

1  INTRODUCTION 

Small  distinctions  of  blade  characteristics  in  bladed  disks  of  axial  flow 
turbomachines  arise  inevitably  during  their  manufacturing  and  assembling 
on  the  disks.  Moreover,  sometimes  the  designs  of  linkage  blades  by  shrouds 
or  wires  are  used  that  distort  periodic  s)rmmetry  of  the  system.  These 
symmetry  distortions  provide  appearance  of  scattering  of  amplitudes  of 
stresses  for  different  blades  and,  more  important,  they  have  essential 
influence  on  maximal  stress  levels  upon  forced  vibration.  Importance  of 
vibration  analysis  of  mistuned  blade  disks  for  practice  of  turbomchinery 
stipulated  a  great  number  of  papers  devoted  to  this  problem.  Up  to  now  the 
most  widely  used  models  of  blades  are  single-degree-of-freedom  (SDOF) 
models  (e.g.  see  [l]-[4]).  These  models  are  good  enough  for  qualitative 
analysis  of  occurrences  arising  in  disordered  cyclic  symmetry  systems  but 
when  we  try  to  use  SDOF  models  in  analysis  of  practical  bladed  disks  md  to 
obtain  answers  for  questions  of  type:  whether  this  or  other  kind  of  mistuning 
leads  to  increasing  or  decreasing  of  stress  levels  for  the  considered  bladed 
disk  and  vibration  excitation,  how  vibration  stresses  are  distributed  among 
blades,  where  we  need  to  maintain  transmitters  for  experimental  testing  of 
the  bladed  disk  -  we  are  crossed  with  complete  inadequacy  SDOF  models. 
The  major  difficulties  that  detained  use  more  detailed  models  are:  large 
number  of  degrees  of  freedom  in  the  whole  system,  great  calculation 
expenses  and  complexity  to  support  accuracy  and  stability  of  computations 
of  the  systems  that  have  very  closely  spaced  resonance  frequencies  and  for 
which  vibration  of  blades  may  be  coupled  very  slightly  for  some  of  their 
families. 

In  the  paper  an  effective  technique  is  proposed,  which  allows  to 
overcome  these  difficulties  and  to  calculate  forced  and  natural  vibrations  of 
practical  bladed  disks  with  any  mistuning  and  manners  of  blade  connections 
by  shrouds.  Multi-degrees-of-freedom  (MDOF)  models  are  used.  Centrifugal 
and  Coriolis  forces,  elasticity  of  blade-disk  and  blade-shroud  joints, 
peculiarities  of  vibration  excitation  and  damping  are  accounted.  The 
technique  uses  finite  element  method,  transfer  matrix  method  and  multilevel 
substructuring  and  allows  to  consider  models  containing  hundreds  of 
thouscmds  degrees  of  freedoms  with  preservation  accuracy  of  computations. 


*  On  leave  from  Klrarkov  State  Polytechnic  University,  The  Ukraine 
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2  DISTORTIONS  OF  ROTATIONALLY  PERIODIC  SYMMETRY  OF 

BEADED  DISKS 

Bladed  disks  are  often  designed  to  have  rotationally  periodic  symmetry.  This 
kind  of  symmetry  is  characterized  by  invariance  of  characteristics  of  a  bladed 
disk  when  it  rotates  for  the  angles  that  are  multipliers  of  a  =  2K  /N  {N  -  total 
number  of  blades).  If  bladed  disks  are  actually  made  to  have  such  kind  of 
symmetry  then  under  rotating  loading,  which  occurs  really  upon  service,  aU 
blades  have  equal  amplitudes.  However  even  small  distortions  of 
rotationally  periodic  symmetry  lead  to  appearance  of  distinctions  between 
vibration  amplitudes,  that  may  be  varied  very  much  from  blade  to  blade,  and 
moreover,  stress  levels  are  very  sensitive  to  such  distinctions. 

There  are  two  major  reasons  of  distortions  of  rotationally  periodic 
symmetry  of  bladed  disks: 

1)  Scatters  of  geometry  shape  of  blades  that  are  connected  with 
manufacturing  and  assembling  inaccuracies.  These  scatters  are  small  £ind 
inevitable  as  a  rule.  Their  magnitudes  lie  inside  manufacturing  tolerances. 

2)  Use  of  special  design  of  a  bladed  disk  or  change  of  its  initial  design 
during  operating  service  that  distorts  rotationally  periodic  symmetry  or 
reduce  its  degree. 

For  the  first  case  a  few  manners  of  description  of  scatters  of  blade 
geometry  have  been  foreseen. 

•  If  actual  blade  geometry  may  be  measured  for  each  blade  of  a  bladed 
disk  then  individual  geometry  shape  for  each  blade  is  used  for  analysis  of  a 
bladed  disk. 

•  Measurement  of  actual  shape  and  size  for  all  blades  is  tedious.  At 

turbomachinery  plants  the  blade  shape  scattering  is  controlled  often  by 
measurement  of  frequencies  for  each  blade  from  a  manufactured  set.  The 
scattering  is  estimated  by  distinctions  of  lower  natural  frequencies  of  a  single 
blade  for  ;-th  blade  from  the  standard  magnitude  .  Since  geometry  of 
a  pretwisted  variable  cross-section  blade  is  usually  described  by  geometry  of 
a  set  of  datum  cross-sections  the  simulation  of  such  mistuning  is  carried  out 
by  multiplication  of  sizes  of  aU  datum  blade  cross-sections  for  each  ;-th  blade 
by  a  so-caUed  mistuning  parameter  .  The  cross-section  shapes 

are  assumed  to  be  invariable.  Owing  that  the  cross-section  characteristics 
used  in  equations  for  twisted  beam  may  be  recalculated  using  simple 
formulas:  =  = 

ei"  =  /  etc.,  where  A(z)  -  area,  /,(z),  J^{z),  J^(z),  /„(z),  J^,(z)  - 

inertia  moments  of  the  section,  h  (z)  -  moment  of  torsional  stiffness ; 
e^(z),e^(z)  -  projections  of  distance  between  inertia  and  shear  centers  of  the 
cross-section. 

•  If  there  is  not  deterministic  information  about  distribution  of  mistuning 
among  impeUer  blades  but  there  is  statistical  one  then  random  number 
generator  is  used  to  simulate  the  distribution.  In  the  calculations  the  normal 
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Gaussian  distribution  of  mistuning  with  restrictions  on  range  of  admissible 
mistuning  has  been  used.  Its  density  of  probability  takes  the  form: 

=  for|n-l|<8n^ 

I  0  for  |p-l|>5p.' 

where  5|ll  -  maximal  admissible  distinction  of  blade  frequency  from  standard 
one;  -  deviation  of  mistuning  distribution. 

The  second  case  of  symmetry  distortions  or  reduction  appears:  1)  due 
to  special  design  when  asymmetric  schemes  of  blade  connections  by 
interblade  linkage  are  used  intentionally;  2)  due  to  casual  violation  of  contact 
between  one  or  a  few  pairs  of  shrouded  blades  of  a  bladed  disk  during 
operating  service.  Some  such  schemes  are  shown  in  the  Table  1. 


Table  1.  Design  distortions  of  cyclic  symmetry  of  a  bladed  disk  - 


equal  packets  of  n 
blades  in  each 

equal  blade  packets 
connected  by 
circular  linkage 

different  numbers 
of  blades  in  packets 

violation  of 
interaction  through 
shroud  between  a 
pair  of  blades 

m 

■ 

3  CALCULATION  METHOD 
3.1  Vibration  excitation  and  damping 

The  vibration  excitation  is  considered  that  is  caused  by  nonhomogeneity  of 
gas  flow.  It  is  accounted  that  loads  are  distributed  inhomogeneously  in 
circumferential  and  radial  directions  of  the  impeller.  The  distributed  loads  act 
on  blades  and  they  may  be  reduced  to  the  resulting  forces :  axial  forces 
Py  (r,q)) ,  tangential  forces  (r,(p)  and  torsion  moment  P^  (r,(p)  (r,  (p  -  radial 

and  circumferential  coordinates).  The  vibrations  are  considered  in  the 
coordinate  system  that  is  coupled  with  the  bladed  disk  rotating  with  cingular 
velocity  co.  Loading  distribution  along  circumferential  direction  is  expanded 
into  Fourier  series  and  takes  the  form; 

P(r,(p,t)  =  P„  (r)  +  f^P,  ^  (2) 

Ji:=l 
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where  z  =  V^;  ={P^^{r),Pyir),P^{r)]'^  -  vector-column  of  complex 

functions  that  describe  varying  of  amplitudes  and  phases  along  the  blade  for 
/c-th  loading  harmonic. 

In  some  cases  the  kinematical  vibration  excitation  of  a  bladed  disk  by 
rotor  torsional  vibration  should  be  considered.  In  this  case  it  is  supposed  that 
frequency  co^  and  amplitude  Gq  of  rotor  vibration  at  the  place  of  the 
attachment  of  the  disk  to  the  rotor  are  known.  This  kind  of  excitation  may  be 
considered  as  vibration  excitation  by  inertia  forces  that  arises  during  rotor 
rotation  with  torsional  vibrations:  0  =  Gq  cosco^f  -  cDf .  Transfer  acceleration  is 

expressed  so:  a  =[Gxf]  +  [0x[GxF]]  and  multiplication  of  the  accelerations 
by  material  density  allows  to  obtain  excitation  loading  applied  to  unit 
volume.  For  a  mistuned  impeller  such  loading  is  inhomogeneous  along 
impeller  circumference. 

The  complex  elasticity  modulus  £  =  (1  +  /lii)  and  sheaf  modulus 

G  =  Go(l+zyc  are  used  to  take  into  account  damping  in  the  material 
( \|/£  and  \j/3  are  damping  factors  for  normal  and  shear  strains  accordingly). 
The  forces  of  aerodynamic  damping  and  blade  interaction  through  flow  are 
introduced  by  complex  aerodynamic  influence  coefficients.  These  coefficients 
have  been  calculated  in  [5]  upon  consideration  of  flow  through  vibrating 
lattice  of  thin  airfoils.  The  forces  acting  on  each  airfoil  of  ;-th  blade  are 
expressed  through  blade  vibration  amplitudes: 

h  +  V/CO/  (3) 

where  -  airfoil  displacements;  -  aerodynamic  influence 

coefficients,  which  are  dependent  on  airfoil  shape;  pf,Vj  -  density  and  speed 
of  gas  flow;  b  -  characteristic  size  of  airfoil;  x,  y,\\f  and  c=l  (for  ^  =  x,y)  or  c 
=  b  (for  ^  =  \|/);  -  maximal  number  of  blades  that  can  interact  through  flow 

(often  the  interaction  of  neighboring  blades  may  be  accounted  only). 

3.2  Models  and  relations  of  major  components  of  a  bladed  disk 

A  bladed  disk  consists  of  components  of  different  vibration  properties  such 
as  blades,  disk,  shrouds,  blade-disk  joints,  etc.  To  calculate  vibration  of  a 
bladed  disk  assembly  precisely  enough  and  to  supply  fast  calculations  of 
such  complicated  system  as  mistuned  bladed  disk  a  set  of  different  models 
and  methods  has  been  developed  that  is  aimed  to  obtain  matrix  relations  as 
for  the  bladed  disk  components  of  and  as  for  the  whole  assembly.  Special 
attention  has  been  devoted  to  ensure  computational  accuracy  and  stability. 

3.2.1  Blade.  A  pretwisted  variable  cross-section  beaim  model  is  used.  Matrix 
relation  of  blade  is  calculated  by  transfer  matrix  method.  To  obtain 
expressions  of  transfer  matrix  components  in  the  form  of  definite  integrals 
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the  blade  is  divided  into  elements  and  their  masses  are  lumped.  The  number 
of  elements  is  chosen  large  enough  so  that  to  supply  accurate  description  of 
vibration  properties  for  in  considered  wide  frequency  ranges. 

The  transfer  matrix  of  blade  element  relates  vibration  parameters  at  the 
begin  and  at  the  end  of  n-th  element: 

X„,,=L„X„+P„,  (4) 

where  X„  =  { u,  i;, li;, (p,  9,  \]/, :  ,  A1 )  Q}^  -  vector  column, 

which  consists  of  complex  ampKtudes  of  linear  u,v,zu  and  cingular  (p,0,\|/ 
displacements;  lateral  F^  ,  F^  and  longitudinal  F^  forces;  bending 

and  torsional  moments,  F„  -  transfer  matrbc;  -[p^^Pof  -  vector 

column  of  loading  components.  Recurrence  of  the  relation  (4)  provides 
obtaining  of  the  relation  for  whole  blade  or  for  any  its  part; 

x.,,.,=(nL„)x.+y(nL„)p^,  (5) 

/=1  n=n^-j 

where  -  the  number  of  elements  in  the  blade  or  in  a  considered  its  part. 
Transfer  matrices  are  calculated  for  all  blades  having  different  characteristics. 

Matrix  relation  of  a  blading  is  obtained  by  using  superelement 
approach  and  FEM  procedure  (see  section  3.3).  The  superelements  are 
chosen  the  parts  of  a  blade  that  are  divided  by  nodes  of  interblade  linkage 
(see  Table  1  and  Fig.l).  Degrees  of  freedom  at  blade-shroud  and  blade-disk 
joints  are  adopted  as  master  degrees  of  freedom.  To  use  finite  element 
procedure  the  matrix  relations  for  blade  are  transformed  from  the  form  of 
transfer  matrix  method  (5)  to  the  form  that  is  usual  in  finite  element  method. 
Since  size  of  the  transfer  matrbc  for  whole  blade  is  equal  to  size  of  matrix  for 
single  element  there  is  not  necessity  to  apply  special  procedure  to  exclude 
internal  nodes.  At  this  stage  the  boundary  conditions  at  a  blade  top  (if  it  is 
free):  Qyi  =  0  and  at  blade-disk  joints:  cj  12=  A^’^Q  12,  {where  -  compliance 


matrix  of  clamping  at  a  tail  of  ;-th  blade)  allow  to  reduce  number  of  master 
degrees  of  freedom  in  addition.  The  next  relations  are  obtained: 

-  for  blade  part  between  two  blade-shroud  joints: 

Qn\J  K2 

Qj2j  _~^21  ”^22^2^1  hlkl 


-tv, 


<7 

1  PQ  —  hlhl  Pq 


(6) 


-  for  blade  part  containing  free  top: 

Q/i  ==  +  (Pq  ~  hlklPq) 


(7) 


-  for  blade  part  containing  clamped  tail: 

Q;2  =  (t  -A^%r\A^^'pQ~p^)  (8) 


In  these  relations  -  are  blocks  of  the  blade  transfer  matrix  introduced  in 

(5). 
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3.2.2  Disk.  A  disk  model  is  circular  variable  thickness  plate  that  is  subjected 
out-of-plane  (flexural)  and  in-plcine  (longitudinal-torsional)  vibrations.  The 
following  original  technique  has  been  developed  to  supply  effective 
accounting  of  disk  axial  symmetry  for  obtaining  its  compliance  matrix  for  all 
nodes  of  blades  joining. 

Owing  to  axial  symmetry  of  the  disk  if  loading  varies  in  circumferential 
direction  harmonically  -  ,  then  strains  and  stresses  vary  in  the  same  form. 

Disk  vibrations  may  be  described  by  ordinary  differential  equations  in  which 
the  number  of  harmonic  m  is  included  as  a  parameter.  Transfer  matrix 
method  is  used  to  obtain  disk  matrix  relations  between  vector-column  of 
vibration  parameters  at  outer  4  and  at  inner  radii  of  a  disk: 

X  =  =  that  vary  harmonically  along  disk 

circumference  (here  -  -  tangential  and  radial  forces,  1/  -  generalized 

Kirchhoff s  transverse  force,  -  bending  moment,  aU  they  are  distributed 

along  disk  circumference  and  directed  along  its  radius).  Disk  transfer  matrix 
is  calculated  by  multiplying  transfer  matrices  of  all  elastic  and  inertia 
elements  similar  to  relation  (5).  Elastic  supports  of  the  disk  at  a  few  given 
radii  are  accounted  by  transfer  matrices  of  the  disk  supports  if  they  are 
present.  Since  in-plane  and  out-plane  vibrations  of  a  single  disk  are 
disconnected  they  are  considered  separately  upon  calculation  of  a  disk 
transfer  matrix  but  for  biaded  disk  assembly  these  kinds  of  disk  vibration  are 
coupled  through  blades  and  this  fact  is  accounted  in  the  technique. 

The  elasticity  of  attachment  of  the  disk  to  rotor  is  accounted  by  the 
relation:  ^  where  \  -  compliance  matrix  of  disk  attachment.  This 

relation  allows  to  express  displacements  through  forces  at  the  outer  disk 
radius  from  relation  of  transfer  matrix  method: 

(9) 

where  =  (^2 "  wave  dynamic  compliance  matrix  for 
wave  number  m;  1--  -  blocks  of  disk  transfer  matrix. 

The  disk  matrix  relation  is  determined  m  the  form  that  allows  to 
express  column  vector  0^  displacements  at  the  nodes  of 

blades  joining  to  the  disk  (see  Fig.l)  through  vector-column  of  forces 
Qd  ~  { Qi  /  Q2  /  ■  ■  ■  /  Qw }  • 

q,=A,(Q)Q,,  (10) 

where  -  dynamic  compliance  matrix  of  the  disk.  To  obtain  matrix  A^  the 
disk  vibrations  caused  by  forces  of  blade-disk  interaction  at  blade-disk  joints 
are  considered.  Distribution  of  these  forces  along  circumference  has  the  form: 

Q((p)  =  iQ,8((p-a(;-l)),  (11) 

/=! 
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where  5((p)  -  Dirac's  impulsive  function;  Qj  -  vector  column  of  forces  at  the 

place  of  joining  of  j-th  blade.  For  displacements  at  any  point  of  outer  radius 
of  the  disk  the  following  expression  may  be  obtained  by  expanding 
distribution  (11)  into  Fourier  series  and  using  relations  (9)  for  each  harmonic: 


/=! 


A,  +  A,„  +  Q, . 


(12) 


From  this  relation  the  displacements  at  all  disk-blade  joints  may  be  expressed 
in  the  required  form  (10)  and  the  disk  compliance  matrix  may  be  obtained: 

A,  =diag{A<’',AP> . A<'^'}+^  (13) 

where  -  compliance  matrix  of  blade-disk  joints;  -  symbol  of  Hermetian 
conjugation;  C  =  I  -  unit  matrix;  X^=0.5  (for  m=0)  or  1 


(for  m^).  It  should  be  noted  that  although  for  determination  a  set  of 
impulsive  functions  is  expanded  in  Fourier  series,  series  in  (13)  converge 
very  quickly  due  to  sharp  decreasing  of  wave  disk  compliance  when  m  is 
risen. 


3.2.3  Shrouds,  wires  and  blade-disk  joints.  Depending  on  design  of 
interblade  linkage  their  different  models  are  used  such  as  curvilinear  beam 
subjected  to  longitudinal-bending-torsional  vibrations,  plates  of  complex 
shape,  three-dimensional  solids.  For  blade-disk  joints  (fairtail,  dovetail,  etc.) 
finite  element  three-dimensional  models  of  tens  thousands  of  degrees  of 
freedom  and  the  developed  in  [6]  technique  are  used  to  supply  detailed 
description  of  intricate  shapes  of  blade-disk  and  blade-shroud  joints, 
different  conditions  on  contact  surfaces,  large  gradients  of  stresses.  The 
proposed  in  [6]  condensation  technique  allows  to  decrease  size  of  matrix 
relations  from  thousands  to  small  number  without  any  essential  simplifying 
assumptions  and  owing  to  that  it  allows  to  use  such  models  even  in  vibration 
analysis  of  a  mistuned  bladed  disk. 

3.3  Calculation  of  a  bladed  disk  assembly 

Since  mmimization  of  computational  expenses  is  vitally  important 
requirement  for  analysis  of  mistuned  bladed  disks  different  algorithms  have 
been  developed  for  analysis  of  bladed  disks  of  three  kinds  of  structure. 
Examples  of  such  kinds  of  bladed  disks  and  nodes  of  superelements  are 
shown  in  Fig.  1. 

3.3.1  Case  of  stiff  disk.  When  a  disk  is  stiff  and  its  natural  frequencies 
are  essentially  higher  than  frequency  range  for  which  calculation  should  be 
fulfilled  then  exact  enough  results  may  be  obtained  by  consideration  of 
vibration  of  blades-interblade  linkage  system.  Interaction  of  blades  through 
interblade  linkage  and  flow  is  considered  but  their  interaction  through  disk  is 
neglected.  Elastic  properties  of  blade-disk  joints  and  elastic  properties  of  disk 
itself  are  taken  into  account  by  matrices  of  compliance  coefficients  that  are 
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Fig.l.  Different  kinds  of  considered  systems:  a)  blading  with  stiff  disk,  b) 
bladed  disk  without  interblade  linkage,  c)  bladed  disk  with  any  linkage 

regardless  on  vibration  frequency.  The  matrix  relation  of  blading  is  obtained 
by  using  superelement  approach.  Parts  of  blades  that  are  divided  by 
interblade  linkage  and  parts  of  interblade  linkage  between  neighboring 
blades  are  superelements.  Any  manner  of  blade  cormections  by  one,  two  or 
more  interblade  Hnkages  that  are  used  in  power  or  transport  turbomachinery 
such  as:  packets,  circular  hnkage,  chess-hke  linkage,  etc.,  may  be  considered 
by  using  usual  finite  element  procedure  to  form  matrix  relation  of  blading. 
The  manners  of  interblade  linkage  are  described  by  incidence  matrix  and 
each  of  impeller  blades  may  have  its  own  characteristics. 

The  size  of  resulting  matrix  relations  is  determined  by  the  number  of 
blade-shroud  joints.  The  sparse  sky-line  structure  of  the  matrix  has 
symmetrical  form  but  asymmetry  of  its  complex  coefficients  is  taken  into 
account. 

3.3.2  Bladed  disk  without  interblade  linkage.  Interaction  through  disk  md 
disk  vibration  properties  should  be  accounted  in  the  most  cases.  For  bladed 
disk  without  any  interblade  linkage  the  following  effective  technique  may  be 
proposed  to  obtain  matrix  relation  of  blades-disk  system  without  necessity  of 
handling  of  large  matrices.  For  each  j-th  blade  of  the  impeller  its  matrix 
relation  from  form  (5)  is  transformed  to  the  form: 

9,i=«/Q/2  +  P/  (14) 

where  ;  p  ■  =  P,  -  «/Pg  •  By  combining  such  relations  for  all  impeller 

blades  we  have: 

^d  =  dfa^(«j)Q<,+Pd  (15) 

Displacements  of  a  disk  and  blades  at  blade-disk  joints  are  equal  and 
equilibrium  conditions  should  be  satisfied.  Using  these  conditions  and  the 
relation  (10)  we  obtain  the  resulting  matrix  equation: 

iA^+diag{a.))Q^=P^  (16) 

This  relation  has  solid  matrix  because  solid  matrix  reflects  interactions  of 
all  blades  through  disk. 

3.3.3  Blades-disk-shrouds  assembly.  For  this  case  the  matrix  relation  of 
blading  is  obtained  by  same  technique  as  for  case  of  stiff  disk  but  the  nodes 
at  blade-disk  joints  is  considered  as  superelement  nodes  also  cind 


corresponding  degrees  of  freedom  are  not  eliminated.  The  relation  for  the 
blading  takes  the  form: 


Kr 


(17) 


where  -  vector  columns  of  displacements  and  forces  at  nodes  of  blade- 

linkage  joints;  -  vector  columns  of  displacements  and  forces  at  nodes 

of  blade-disk  joints.  Equilibrium  conditions  at  blade-shroud  joints  (Qb  =  0) 
allow  to  obtain  from  (17)  the  next  relation: 


Q.  =  iK^-K,,K-X2k^  +  iP^-K2,K-^P,)  (18) 


Matrix  has  skyhne  form  and  the  other  matrices  in  (18)  are  very  sparse  so 
this  transformation  may  be  fulfilled  effectively.  Combining  (18)  and  the  disk 
relation  (10)  we  obtain  resolving  equation  in  the  form: 

[{K^-K,,K;^K,,)A,-IU=:K,,K-,X-P,  (19) 


AU  relations  here  were  deduced  for  case  of  forced  vibration.  For  natural 
vibration  analysis  the  terms  corresponding  to  loading  are  omitted  and 
damping  is  not  accounted.  When  displacements  at  master  nodes  of  the 
superelements  are  determined  then  displacements  and  stresses  for  aU  their 
rest  nodes  may  be  calculated  without  difficulties  using  transfer  matrix 
method. 


4  RESULTS 

The  proposed  technique  has  been  realized  and  used  for  analysis  of  natural 
and  forced  vibrations  of  practical  bladed  disks  of  power  turbomachines  and 
gas  turbine  engines. 

For  excimple  in  the  paper,  results  of  calculations  of  two  bladed  disks 
are  given: 

•  the  first  is  the  bladed  disk  that  contains  56  blades  and  has  a  flexible 
disk  (Figs.2a,3,6,7); 

•  the  second  is  the  bladed  disk  that  contains  33  long  pretwisted 
variable  cross-section  blades  connected  by  midspan  shrouds  and 
has  a  stiff  disk  (Figs.2b,4,5,8). 

For  the  first  bladed  disk  three  cases  have  been  examined: 

•  interblade  Linkage  is  absent; 

•  all  blades  are  connected  by  continuous  shroud  band  at  their  tips; 

•  the  shroud  band  has  been  broken  between  one  pair  of  the  blades 
and  there  is  a  long  packet  containing  all  blades. 

For  the  second  bladed  disk  two  cases  were  considered: 

•  the  case  of  circular  linkage  by  integrally  shrouds  connectiiig  blades 
at  1  /3  of  blade  length  from  its  tip  and 

•  the  case  when  contact  between  one  of  pair  of  the  blade  shrouds  has 
been  violated  and  there  is  long  blade  packet  also. 

Linear  along  blade  distribution  of  the  loads  was  adopted  and  shift  in 
phase  caused  by  rotating  harmonics  of  loads  was  accounted  for  both  bladed 
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disks  for  forced  vibration  analysis.  Material  damping  factor  was  adopted 
equal  0.03.  Each  from  blades  of  the  impellers  is  described  about  150  degrees 
of  freedoms  and  the  disk  model  contains  about  2500  degrees  of  freedoms. 
Stiffness  properties  of  shrouds  have  been  calculated  separately  from 
vibration  analysis  of  the  impeller  by  using  technique  described  in  [6].  The 
plate  finite  element  model  of  shroud  between  each  pair  of  neighboring  blades 
contains  about  900  degrees  of  freedom.  So,  for  example,  the  total  number  of 
degrees  of  freedom  for  the  first  bladed  disk  was  about  50.000.  The  random 
blade  mistuning  was  obtained  by  generator  supplying  restricted  Gaussian 
normal  distribution  with  deviation  o^=0.02  and  maximal  admissible 

mistuning  6ji=0.05. 

It  should  be  noted  that  for  analysis  of  the  considered  bladed  disks  the 
models  of  their  major  components  were  used  that  have  shown  their 
effectiveness  during  long-term  experience  for  vibration  analysis  of  tuned 
bladed  disks.  Owing  that  the  obtained  calculation  results  allow  to  estimate  of 
vibration  characteristics  of  mistuned  practical  disks  in  quantity. 

In  Fig.2  aU  natural  frequencies  in  prescribed  frequency  ranges  for  both 
considered  bladed  disks  with  tuned  blades  are  presented  in  dependence  on 
number  of  nodal  diameters:  a)  -  the  first  bladed  disk  without  shroud;  b)  -  the 
second  one  with  circular  linkage.  The  curves  on  the  figures  have  been 
munbered  on  the  right,  in  the  region  of  high  numbers  of  nodal  diameters. 
For  the  first  bladed  disk  blades  interact  through  disk  and  for  the  second  one  - 
through  shrouds.  Horizontal  parts  of  the  curves  correspond  to  the  cases 
when  stiffness  of  a  disk  (for  the  first  bladed  disk)  or  a  shroud  (for  the  second) 
becomes  so  high  that  its  further  increasing  does  not  practically  act  to 
vibration  of  a  tuned  bladed  disk.  For  the  first  bladed  disk  some  of  the  curves 
are  entire  near  horizontal,  e.g.,  the  curves  corresponding  to  prevalently 
tangential  blade  vibration  (the  curves  1,3)  or  and  torsional  blade  vibration 
(the  curves  4,6).  The  sloping  parts  of  other  curves  reflect  the  fact  of  essential 
interaction  of  axial,  tangential,  torsional  blade  vibration  and  axial,  tangential, 
radial  disk  vibration  in  the  region  of  small  numbers  of  nodal  diameters. 

For  mistuned  systems  all  natural  frequencies  corresponding  to 
frequencies  presented  in  Fig.2  were  calculated  also.  Natural  frequencies 
having  been  dual  for  tuned  system  for  all  values  of  nodal  diameters  except  0 
and  N/2  are  sp fitted  under  introducing  of  mistuning  and  change  slightly 
their  magnitudes.  Because  of  that  in  the  considered  frequency  ranges  the 
number  of  natural  frequencies  becomes  larger  almost  for  two  times.  In 
Table.2  the  example  of  natural  frequencies  of  the  mistuned  second  bladed 
disk  are  shown,  the  frequencies  that  corresponds  to  curve  1  in  the  Fig-2a. 

In  contrast  to  action  to  natural  frequencies  influence  of  mistuning  on 
natural  modes  and  forced  response  is  very  different  for  horizontal  and 
sloping  parts  of  curves  in  Fig.2.  In  Fig.3  axial  and  tangential  displacements  of 
blades  and  disk  radii  on  natural  modes  of  the  first  bladed  disk  are  plotted. 
Here  displacements  of  disk  radii  are  drawn  between  two  long  horizontal 
fines.  The  first  drawn  mode  corresponds  to  sloping  part  of  the  curve  2  in 
Fig.2a  the  next  two  corresponds  to  its  horizontal  part  and  the  last  -  to  sloping 
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part  of  the  curve  5.  Here  and  further  indexes  upon  frequencies  are  numbers 
of  the  modes  in  spectrum.  In  Fig.4  distribution  of  axial  displacements  at 
blade  tips  among  blades  on  natural  modes  corresponding  to  curve  1  of 
Fig.2b  and  results  of  their  harmonic  analysis  are  shown.  For  tuned  system  all 
blades  have  equal  modes  and  distribution  of  cimphtudes  along  disk 
circumference  obeys  to  harmonic  law.  For  the  mistuned  systems  large 
distortions  arise  for  modes  corresponding  to  horizontal  parts  of  the 
frequency  curves  and  even  harmonic  analysis  cannot  allow  to  trace  which 
mode  of  a  tuned  bladed  disk  has  been  distorted. 

In  Fig.5,6  examples  of  amplitudes  of  displacements  among  blades  of 
the  first  bladed  disk  are  shown.  Vibrations  were  induced  by  6th  harmonic  of 
loads  on  different  frequencies  far  from  resonances.  In  Fig.5  the  amplitudes 
are  plotted  that  are  selected  at  blade  tips  of  the  system  without  shrouds. 
Here  the  amplitudes  of  tuned  system  are  plotted  by  soUd  heavy  hne  (they  are 
equal  for  all  blades)  and  for  mistuned  assembly  they  are  marked  by  circles. 
Mistuning  leads  as  to  scatter  of  amplitudes  and  as  to  change  stress  levels  in 
large  extent.  Amplitudes  may  change  very  much  upon  small  variation  of 
excitation  frequency  (see  Figs.5a,b)  in  the  range  where  there  are  many 
resonance  frequencies  corresponding  to  horizontal  parts  in  Fig.2.  In  Fig.6 
amplitudes  at  tips  (rings)  and  middles  (circles)  of  the  blades  with 
discontinuous  shroud  are  shown  (solid  heavy  line  represents  ampKtudes  for 
circular  linkage).  Fig.6a  corresponds  to  system  with  equal  blades  and  Fig.6b  - 
with  random  mistuned  blades.  Shroud  discontinuity  leads  to  loss  of  cyclic 
symmetry  even  if  all  blades  are  equal  (Fig.6a)  and  to  appearance  scatter  of 
amplitudes  and  to  enlargement  of  their  total  levels. 

In  Fig. 7  forced  response  characteristics  for  maximal  stresses  that  have 
been  found  among  aU  blades  of  the  tuned  and  mistuned  2nd  bladed  disk  are 
shown  for  excitation  by  4-th  harmonics.  Cases  of  circular  linkage  (Fig.7a,b) 
and  violation  of  contact  between  a  pair  of  its  blades  (Fig. 7c, d)  are  presented. 
In  contrast  to  tuned  impeller,  for  which  natural  modes  resonate  only  if  the 
next  relation  between  nodal  diameter  number  m  and  excitation  harmonic 
number  k  is  valid:  k=±m+jN  (;=0,1,2,...),  for  the  mistuned  impeller  even 
harmonic  excitation  induces  all  resonance  modes.  The  condition  k=±m+jN 
continues  to  determine  major  resonance  peaks  but  frequency  ranges  having 
high  stress  levels  widened  and  stress  levels  at  major  resonance  peaks  for 
mistuned  impeller  become  higher  essentially.  Design  symmetry  distortion 
due  to  violence  of  shroud  contact  leads  to  very  large  chcmge  of  response  in  aU 
excitation  range  but  in  this  case  mistuning  affect  on  amplitudes  essentially 
also. 

Contours  of  the  ratio  of  maximal  stresses  of  mistuned  and  tuned 
system  are  shown  in  Fig. 8  against  parameters  of  mistuning  jx.  The  second 
bladed  disk  with  circular  linkage  was  considered.  Maximal  stresses  were 
found  among  aU  points  of  the  system  amd  excitation  frequencies  from  range 
470. ..510  Hz.  Parameters  of  mistuning  were  varied  for  two  of  blades,  and  the 
other  blades  were  adopted  equal.  It  is  obvious  that  mistuning  is  very 
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sensitive  to  variation  of  mistiming,  and  for  considered  system  it  increases 
stress  levels  up  to  factor  1.8. 


5  CONCLUSIONS 

In  contrast  to  preceding  investigations  of  forced  vibrations  of  mistuned 
bladed  disks  that  were  carried  out  mainly  for  SDOF  blade  models  in  the 
paper  an  effective  computational  technique  and  results  of  numerical 
investigations  of  practical  bladed  disk  have  been  suggested  that  are  based  on 
MDOF  models. 

The  technique  allows  to  perform  extensive  investigations  of  forced  and 
natural  vibrations  of  bladed  disks  having  any  kind  of  distortions  of  blading 
symmetry  and  any  schemes  of  blade  linkage  that  include  as  separated  and  as 
simultaneous  action  of  design  and  small  manufacturing  distortions  of 
symmetry.  Forced  vibrations  caused  by  rotating  field  of  aerodynamic  loads 
and  by  torsional  vibrations  of  rotor  may  be  considered. 
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Fig.2  Natural  frequencies  of  the  tuned  bladed  disks:  a)  blades-disk  assembly,  b) 
shrouded  blading  with  circular  linkage 
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Fig.3.  Some  natural  modes  of  the  mistuned  bladed  disk 
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Fig .4.  Natural  modes  of  mistuned  blading  and  results  of  tlieir  harmonic  analysis 
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Table  2.  Natural  frequencies  of  the  mistuned  bladed  disk 


Numbers 

Natural 

frequencies, 

Hz 

Numbers 

Natural 

frequencies, 

Hz 

Numbers 

Natural 

frequencies, 

Hz 

1 

41.47 

11 

90.84 

21 

96.48 

2 

85.43 

12 

92.85 

22 

96.93 

3 

86.04 

13 

93.00 

23 

96.95 

4 

86.52 

14 

94.05 

24 

97.05 

5 

86.69 

15 

94.42 

25 

97.21 

6 

86.76 

16 

94.74 

26 

97.49 

7 

86.97 

17 

95.22 

27 

97.72 

8 

87.93 

18 

95.73 

28 

98.09 

9 

88.51 

19 

95.88 

29 

98.13 

10 

90.67 

20 

96.11 

30 

98.55 

31 

98.69 

32 

99.00 

33 

99.65 
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ESSENTIALLY  NONLINEAR  FORCED  VIBRATIONS  OF  MISTUNED 
TURBINE  BLADE  PACKETS 

E.P.  Petrov 

Dynamics  and  Strength  of  Machines  Department,  FTiarkov  State  Polytechnic 
University,  Frunze  St.  21,  Kharkov,  The  Ukraine 


1  INTRODUCTION 

For  increasing  of  strength  and  efficiency  of  stages  of  axial  flow  turbomachine 
their  blades  are  connected  by  interblade  linkage.  One  of  the  most  widespread 
kinds  of  blade  design  used  in  gas  turbine  engines  and  power  turbomachines 
is  their  manufacturing  in  the  form  of  so  called  "integrally  shrouded"  blades. 
Parts  of  shrouds  of  such  blades  are  interacted  with  neighboring  ones  through 
contact  surfaces  (Fig.l).  Assembling  of  the  blades  on  a  disk  is  carried  out  as  a 
rule  to  supply  tight  press  of  the  shrouds  at  contact  surfaces  but  for  some 
operating  regimes  and  blade  designs  interaction  forces  have  essentially 
nordinear  character.  The  reasons  of  nonlinear  forces  are:  unilateral  character 
of  interaction  forces  at  contact  surfaces,  dry  friction-  forces,  impact  damping 
forces,  variation  of  contact  conditions  during  period  of  vibration,  etc. 


Figure  1.  System  of  MDOF  blades  interacting  through  shrouds  (a)  and  two 
stages  of  reduction  of  shroud  nodes  (b) 

Mistuning  of  blades  may  lead  to  dramatically  large  change  of  stress 
levels  for  some  regimes  of  forced  vibrations  even  upon  small  magnitudes  of 
inevitable  mistuning  caused  by  technological  tolerances  of  blade 
manufacturing.  Large  practical  and  theoretical  value  of  analysis  of  mistuned 
bladed  disks  determines  a  great  number  of  publications  devoted  to  this 
problem.  However  in  preceding  investigations  analysis  of  system  of 
mistuned  blades  was  carried  out  for  cases  of  linear  vibrations  only.  Since 
nonlinear  interaction  of  blades  appears  rather  frequently  it  is  important  to 
develop  method  and  fulfill  analysis  of  essentially  nonlinear  vibrations  of 
systems  of  mistuned  blades. 
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There  are  a  small  number  of  papers  devoted  to  analysis  of  nonlinear 
vibration  of  blade  systems.  In  the  papers  [l]/[2]  the  questions  of  development 
of  computational  models  were  considered  for  calculation  of  forced  response. 
Nonlinear  friction  on  contact  surfaces  upon  microslip  and  macrosHp  of 
shrouds  as  weU  as  gap  between  neighboring  shrouds  are  examined. 
Harmonic  balance  method  is  used  and  an  approximation  by  first  harmonic  is 
applied;  analysis  of  vibration  of  blade  system  is  reduced  to  analysis  of 
equations  describing  one  blade  by  imposing  a  relation  between 
displacements  of  all  blades  in  the  system.  In  paper  [3]  vibration  of  single 
blade  with  friction  damper  was  calculated  by  harmonic  balance  method  and 
approximation  up  to  three  terms  was  used. 

In  these  papers  ideally  tuned  or  single  blades  were  considered. 
Moreover  use  of  the  methods  that  are  based  on  assumptions  in  respect  to 
variation  of  displacements  during  period  (such  as  harmonic  balance  method, 
harmonic  linearization  method,  etc.)  is  collided  with  difficulties  for  essential 
nonlinear  blade  systems  with  abrupt  varied  parameters  during  vibration. 
Such  difficulties  are  increased  sharply  with  increasing  of  number  of  degrees 
of  freedom  and  retention  of  large  number  of  terms  in  series  used  for 
approximation  the  displacements.  Assumptions  about  m-time  process, 
introduced  by  these  methods,  for  badly  investigated  problems  should  be 
examined  and  based  on  analysis  by  numerical  methods  that  guarantee 
preservation  of  all  regimes  that  are  possible  for  adopted  computational 
model. 

This  paper  is  devoted  to  development  of  method  and  models  for  search 
and  tracing  of  periodic  regimes  of  forced  essentially  nonlinear  vibration  of 
mistuned  blade  systems.  The  method  is  aimed  to  analyze  blade  systems 
based  as  on  single  degree  of  freedom  (SDOF)  blade  model  and  as  on  multi- 
degrees-of-freedom  (MDOF)  finite  element  models  and  dose  not  restrict 
search  of  periodic  solutions  by  any  assumption  about  in-time  vibration 
process. 


2  VIBRATION  EQUATIONS  OF  BLADE  PACKETS 
2.1  Case  of  SDOF  models  of  blades 

Single  degrees  of  freedom  models  of  blade  are  widespread  enough  for 
analysis  of  linear  vibrations,  especially  for  very  time-consuming 
computational  problems,  such  as  analysis  of  bladed  disks  with  mistuning, 
optimization.  Since  they  are  quite  suitable  for  analysis  qualitative  vibration 
characteristics  of  such  systems  they  are  used  here  for  analysis  the  nonlinear 
problem. 

For  the  group  consisted  from  n  single  degree  of  freedom  blades  the 
simultaneous  set  of  motion  equations  may  be  written  in  the  form: 

miX.+cfx  +  iix,  +  R,_,-‘R,-:=Pi(i)t-2K(i-l) /N) 
for  (z  =  l,nj 
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where  m-  and  c-  -  mass  and  stiffness  of  the  i-th  blade;  P{t)  -  arbitrary 
periodic  excitation  force  that  is  equal  for  all  blades  but  acts  with  shift  in 
phase  27r(f-l)  /N  between  neighboring  ones  due  to  rotation  of  the  impeller; 
CO  -  rotation  speed  of  a  bladed  disk;  Uy  -  number  of  blades  in  the  group;  N  - 
total  number  of  blades  on  a  considered  bladed  disk; 

-  forces  of  blade  interaction  through  shrouds,  which  consist  from  forces  of 
elastic  interaction  ,  dry  friction  forces  and  impact  damping  forces 
^impact  Plastic  interaction  forces  are  dependent  on  contact  conditions  and  are 
expressed  using  different  stiffness  coefficients  for  cases  of  shroud 
compression  -  c-"'  and  extension  -  c/'(for  practically  important  case  of 
unilateral  interaction:  c/"=0).  The  condition  of  occurrence  of  shroud 
compression  is  -r, -i-^<  0,  where  g  -  initial  gap  between  shroud  contact 
surfaces  (if  there  is  initial  tension,  then  g  has  the  corresponding  negative 
value).  Forces  of  elastic  interaction  are  expressed  in  the  form: 

^shroud  _  i^i+1  ~  ^  ~  0  ^2) 

'■  [cr  ~  X,  +  g\  for  -  X,  +  ^  <  0 

Since  the  normal  force  at  contact  surface  is  proportional  to  then  the 
force  of  dry  friction  takes  the  specific  form: 

5jj^2a  sign(x,.^i  -  x,. )  (3) 

where  -  coefficient  of  dry  friction,  a  -  angle  between  direction  of  vibration 
and  sup  plane.  SUp  at  contact  surfaces  arises  only  if  <  \tg{K  /2-  a)| . 

Impact  damping  arises  in  result  of  transformation  of  part  of  kinetic 
energy  to  high  frequency  waves  that  are  not  reflected  m  the  used 
computational  model  and  as  result  of  some  local  deformations  at  contact 
surfaces: 

(4) 

where  S  -  impact  damping  force  impulse,  which  is  assumed  to  be 
proportional  relative  velocity  of  impacting  surfaces;  -  Dirac's 

impulse  function;  f  -  moments  of  time  when  contact  conditions  change  from 
contact  absence  to  its  presence  (such  moments  may  be  many  per  a  period). 

2.2  Case  of  MDOF  models  of  blade  system 

For  analysis  of  practical  problems  models  should  allow  to  describe  in  detail 
geometry  shape,  interaction  of  system  parts  and  their  vibration 
characteristics.  Most  effectively  it  may  be  performed  by  use  of  finite  element 
method  (FEM).  However  the  numbers  of  degrees  of  freedom  in  finite  element 
models  of  blade  systems  are  too  large  to  use  these  models  immediately  in 
analysis  of  nonUnear  vibrations.  It  is  necessary  to  develop  technique  for 
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condensation  FEM  matrices  of  the  blade  system  that  would  remain  essential 
properties  of  the  system,  that  were  included  in  initial  MDOF  model,  in 
analysis  of  nonlinear  vibrations.  Taking  into  account  peculiarities  of 
geometry  shape  and  vibration  characteristics  of  a  blade  and  a  shroud,  we 
use  for  them  different  finite  element  models  and  different  methods  for 
reduction  of  a  number  of  degrees  of  freedom.  The  approaches  for  such 
reduction  accoimt  that  the  parts  of  system  are  linear  deformed,  and  their 
interaction  forces  are  nonlinear  only. 

2.2.1  Beam  model  of  a  blade.  A  blade  is  considered  as  pretwisted  rod  of 
variable  along  blade  asymmetric  cross-section.  Bending  vibrations  in  the 
plane  of  blade  rotation  and  in  the  plane  perpendicular  to  it,  as  well  as  torsion 
vibrations  are  coupled  owing  to  initial  twist  and  asymmetry  of  the  cross- 
section.  At  each  node  of  FE  blade  model  the  vector  column  of  nodal 
parameter  has  the  form:  ^  =  {w,t7,(p^,(py,(pj^,  where  u  and  v  displacements  in 
rotation  plane  and  perpendicular  to  it,  bending  angles,  (p^  -  torsion 

angle.  Matrix  equation  for  whole  blade  is  composed  by  standard  FEM 
routine  and  is  written  in  the  form: 


where  -  so-called  'master'  displacements  that  are  retained  after  matrix 
condensation  and  -  so-called  'slave'  displacements  that  will  be  removed 
after  condensation.  Mode  synthesis  method  is  used  for  the  condensation  in 
the  from  of  fixed  boundaries  [4].  In  accordance  with  this  method  aU  nodal 
displacements  can  be  expressed  through  'master'  displacements  and  natural 
modes  of  the  substructure  in  the  following  form: 


where  O  -  matrix,  consisted  from  vector  column  of  natural  modes  of  the 
blade  with  clamped  'master'  degrees  of  freedom;  I  -  unit  matrix; 
introduced  column  of  degrees  of  freedom,  which  are  coefficients  upon 
natural  modes. 

Writing  motion  equation  in  the  basis  of  independent  variables 
and  taking  into  account  that  the  natural  modes  are  orthonormal  in  respect  to 
mass  matrix  the  condensed  equations  for  a  blade  take  the  form: 

•f  ^<t>m  ^C>0  ^  ^  =  (7) 

where  I2  =  diag(co^)  -diagonal  matrix  consisted  from  natural  frequencies 
corresponding  to  modes  <5.  Matrices  and  vector  column  of  loads  are  obtained 
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by  projecting  of  matrices  from  relation  (5)  to  this  basis:  K  =V^KV; 
M'-V'^MV)  C*=V^CV  ;  P*  =V^P  .  Here  V  -  matrix  of  relation  (6)  and 
matrices  without  asterisk  correspond  to  equation  (5). 

2.2.2  Plate  model  of  a  shroud.  Natural  frequencies  of  a  shroud  are  much 
higher  as  a  rule  than  ones  of  a  blade  and  higher  than  considered  frequency 
range  of  excitation  and  vibration  of  blade  system.  Accounting  that  the  inertia 
forces  in  result  of  shroud  deformation  are  neglected,  but  inertia  forces  of 
displacements  of  a  shroud  as  a  rigid  body  are  applied  to  blades  at  place  of 
shroud  attachment.  Three-nodal  triangular  plate  finite  elements  accounting 
bending  and  membrane  deformations  are  used  as  it  is  shown  in  [5].  The  used 
MDOF  models  of  the  shroud  allow  to  describe  its  complex  geometry  shape 
and  variable  along  boundary  contact  conditions.  Vector  column  of 
displacements  at  i-th  node  of  finite  elements  has  the  form: 

q.  =  .  It  is  assumed  that  contact  boxmdary  and  conditions  are 

given.  The  technique  aEows  to  reflect  any  practical  case  for  each  part  of 
contact  boundary:  fuE  contact,  sEp  along  contact  boundary,  fracture  or 
relative  rotation  of  middle  planes  of  contacting  shrouds,  etc.  Matrix  relation 
for  shrouds  between  neighboring  blades  is  formed  by  FEM  routine  in  the 
form: 


(8) 


where  and  q^  -  displacements  at  shroud  nodes  adjoined  to  blade  and  at 
internal  nodes  correspondingly.  Size  of  this  relation  is  counted  by  hundreds 
or  thousands.  Condensation  of  this  relation  is  fulfEled  in  two  stages  (see 
Fig.  lb).  At  first  stage  displacements  at  internal  nodes  are  excluded  and  static 
condensation  of  stiffness  matrix  is  reaEzed: 

Q,  =  {K,,-K^K;:%,)q,  (9) 

At  second  stage  we  take  into  account  that  a  shroud  is  joined  to  rod  blade 
model,  which  cross-section  is  not  deformable.  Displacements  of  aE  nodes 
adjoined  to  z-th  blade  <7^  may  be  expressed  through  displacements  of  blade 
cross-section  <7^,.  and  aE  nodal  forces  Q^.  may  be  reduced  to  vector  column 
forces  appEed  to  shear  center  of  the  z-th  blade  :  q^^  =  R„iq„,i;  Qw/  =  ^liQbi  • 
Here  reduction  matrix  depends  on  coordinates  of  nodes  adjoined  to  blade 
and  coordinates  of  shear  center  of  blade  cross-section.  Size  of  shroud  stiffness 
matrix  is  reduced  to  size  of  rod  matrix  using  these  relations.  Relation  (9)  for 
interaction  forces  of  neighboring  z-th  and  (z+l)-th  blades  through  shroud  is 
transformed  to  the  form: 


1  Qr.:  ] 

0 

■ 

K,;.,  ' 

X,  0  If  1 

[ 
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2.2.3  Matrix  relation  of  blade  system.  Differential  equations  of  blade 
system  are  formed  by  combining  matrices  of  blades  and  shrouds  in  the 
following  form: 

Mk  +  C(X,X)X  +  X(X,X)X  =  P{t)  (11) 

If  there  is  no  contact  between  shrouds  then  their  stiffness  matrices  are  not 
added  to  system  matrix.  Impact  damping  is  accounted  by  decreasing  of 
translation  velocities  of  blade  nodes  that  are  nearest  to  the  impact  surface. 

3  SEARCH  AND  ANALYSIS  OF  PERIODIC  REGIMES 


Although  there  are  well-developed  methods  for  integration  of  equations  that 
contain  second  deviations  in  respect  of  time  it  is  more  convenient  for  our 
purposes  to  transform  the  equatioxrs  (1)  and  (11)  to  the  form: 

xir  0  I 

Xj  -M-'C 

and  to  use  for  their  integration  methods  of  Runge-Kutta's  family  with  varied 
step.  Since  we  are  not  going  to  use  any  assumptions  about  in-time  variation 
of  degrees  of  freedom  the  search  of  periodic  regimes  is  carried  out  only  from 
periodicity  conditions: 

+  =  0  (13) 

where  Y(t)  =  {X,X}^.  Periodicity  condition  (13)  may  be  considered  as  a  set  of 
nonlinear  equations  in  respect  of  vector  column  of  displacements  and 
velocities  at  initial  time  moment  Yq  =  y(to) : 

F(%)^Y(Yo,4  +  T)-Yo  =  0  (14) 


X 


+ 


0 

-u 


X  -M-T(f) 


(12) 


where  Y(YQ,tQ+T)  is  determined  as  result  of  integration  of  differential 
equations  (12).  To  find  main,  sub-,  superharmonic,  combinative  vibration 
regimes  any  rational  relations  between  period  of  the  found  solution  T  and 
period  of  excitation  Tp  may  be  examined,  i.e.  T  =  zTp  /;,  where  z,;  -  integer 

numbers.  Search  of  solution  of  equations  (14)  is  based  on  version  of  globally 
convergent  Newton's  method  described  in  [6].  Finite-difference 
approximation  for  Jacobian  of  the  set  of  equations  (14)  is  calculated  by  finite- 
difference  formula  at  start  of  the  iteration  process: 


_dF  FiY,+e,h,)  F{Y,+e,h,)  F(y,+eX) 

L  ^  ^  .  K 


(15) 


where  n  -  number  of  components  in  vector  columns  Yq,F 
e.  =  5yy  -  Kronecker's  symbol.  Then  iterations  is  calculated  in 

accordance  with  the  next  formulas: 
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(16) 


up  to  reaching  of  required  accuracy  for  equations  (14).  Parameter  ^  is  chosen 
at  each  fc-th  iteration  to  be  equal  1  if  it  supplies  decreasing  of  Euclidean  norm 
||f(yo)|  otherwise  it  is  found  in  range  [0,1]  by  minimization  |f{X))l- 
Approximated  Jacobian  is  recalculated  by  Broyden's  formula  at  each 
iteration: 

J(M)  ^  /(g^g)  (17) 

It  should  be  noted  that  only  one  integration  of  equations  (12)  per  an  iteration 
is  fulfilled  here  for  updating  the  Jacobian  instead  of  n  times  that  would  be 
necessary  with  utilizing  finite-difference  approximation  (15).  To  supply 
accuracy  of  analysis  of  the  solution  stability  and  of  tracing  of  periodic 
regimes  it  is  necessary  to  have  more  precise  approximation  of  Jacobian  than 
Broyden's  one.  Because  of  that  at  last  iteration  the  Jacobian  is  calculated 
using  formula  (15). 

Stability  of  a  periodic  regime  is  reduced  to  analysis  of  stability  of  trivial 
solution  for  the  equations  that  are  obtained  by  linearization  of  the  considered 
nonlinear  equations  in  vicinity  of  the  found  periodic  regime.  Owing  that 
Floquet's  theory  is  applied  for  such  analysis.  Analysis  of  stability  of  the 
foxmd  periodic  regime  is  performed  by  analysis  of  eigenvalues  of  a 
monodromy  matrix.  The  approximation  of  the  monodromy  matrix  is  matrix 
/(Yq  )-I  calculated  for  vector  column  Yj  supplying  periodic  vibration.  For 
each  found  periodic  solution  eigenvalue  problem  is  solved: 

[J{Y,)-I]y  =  Xf  (18) 

The  characteristic  of  stability  of  found  periodic  regime  is  so  called  "spectral 
radius":  p  =  max|A.,|  {X.  eigenvalues  of  the  problem  given  by  the  equation 

(18)).  If  p<l  -  then  the  foimd  regime  is  stable  otherwise  it  is  unstable. 
Vibrations  during  period  are  calculated  by  integration  for  found  vector 
column  of  initial  conditions  .  Computed  displacements  are  expanded  into 
Fourier  series  to  analyze  spectrum,  obtain  dominant  harmonics  in  vibration, 
determine  superharmonic  regimes. 

4  TRACING  OF  PERIODIC  REGIMES  UPON  PARAMETER 

VARIATION 

For  nonlinear  systems  due  to  rich  variety  of  vibration  regimes,  existence  of 
bifurcation  points  tracing  of  periodic  regimes  upon  variation  of  system 
parameters  is  necessary.  When  response  characteristics  of  blade  packets  are 
calculated  such  varied  parameter  y  is  often  excitation  frequency  but  it  may  be 
the  parameter  of  excitation  level  or  some  another  design  parameter  also. 

The  tracing  technique  is  based  on  the  following  approach.  Iteration 
process  described  in  Section  3  aEows  to  obtain  for  given  system  parameters 
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the  vector  coluirm  of  initial  conditions  Vq*  that  supplies  periodic  vibration 
regime.  If  one  of  system  parameters  is  varied  then  the  vector  column 
Z  =  {¥0*^,7)^  consisted  from  Yq  and  the  varied  parameter  y  will  describe  in 
coordinate  space  Z  a  trajectory  that  corresponds  to  periodic  regimes,  i.e. 
Z  =  Z(s) .  Here  s  -  some  formally  introduced  parameter  of  trajectory  length 
that  is  counted  along  the  trajectory.  The  trajectory  is  surrounded  by  the  tube 
that  restricts  domain  of  convergence  of  the  iteration  process  (16).  Choice  of 
approximation  of  initial  conditions  inside  the  tube  allows  to  obtain  periodic 
regime  connected  to  the  initially  found  periodic  regime.  The  closer  to 
solution  the  approximation  is  chosen  the  more  quickly  iteration  process  is 
converged.  In  accordance  with  this  the  most  effective  way  of  tracing  of  the 
periodic  regimes  is  moving  from  the  already  obtained  point  in  direction  of 
tangent  to  the  trajectory.  Taking  into  account  that  the  equations  (14)  are 
dependent  on  parameter  y  as  well  as  on  initial  conditions  Yq  they  may  be 
differentiated  in  respect  to  s.  As  a  result  the  following  equation  in  respect  to 
directing  cosines  of  the  tangent  to  the  trajectory  is  obtained: 


dy  ds 


(19) 


It  should  be  noted  that  if  y  is  excitation  frequency  then  dependence  of 
vibration  period  on  excitation  frequency  is  taken  into  account  =2%  /y  for 

calculation  of  deviations  3F(Yq  )  /9y .  Solution  of  this  set  of  n  linear 
homogeneous  linear  equations  (19)  with  (n+1)  unknowns  0Z  /ds  gives  the 
direction  of  the  following  step  along  the  trajectory  of  periodic  regimes.  If  the 
rank  is  equal  n,  then  tangent  direction  is  determined  uniquely  and  the 
considered,  point  on  the  trajectory  is  not  branch  point  otherwise  the 
considered  point  is  a  branching  point  of  periodic  solution.  The 
approximation  of  the  next  point  on  the  trajectory  is  calculated  in  the  next 
form: 


Z(s  +  As)  =  Z(s)+Asr(s) 


(20) 


where  normalised  vector  column  of  trajectory  directing  cosines  takes  the 
form:  r(s)  =||3Z(s)/3s||~^3Z(s)/0s .  Length  As  for  the  first  step  is  determined 
by  prescribed  first  step  in  respect  of  varied  parameter  y  but  lengths  of  aU  next 
steps  are  governed  by  absolute  value  ^  of  scalar  product  of  normalised  vector 
columns  of  trajectory  directing  cosines  at  considered  point  and  at  preceding 
points,  i.e.  ^  =  |(T(s  + As),r(s))|.  It  is  obvious  that  if  the  direction  is  not  varied 
at  the  considered  step  then  ^=1,  and  the  range  of  magnitudes  of  ^  should 
satisfy  the  next  relation  0<5"<5<^^<1.  Step  changing  is  fulfilled  when  ^ 
leaves  the  range  ]  in  other  cases  it  is  invariable.  When  then  step 
As  is  decreased  by  such  way  As  =  As  A  (fc>l)  and  when  it  is  increased 
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As  =  kAs .  Magnitudes  of  k  and  ^  are  dependent  on  specific  nature  of  the 
considered  system  and  should  be  chosen  from  experience. 

Important  feature  of  the  iteration  process  for  tracing  of  periodic 
regimes  is  equal  status  of  Yo"  and  y  in  equation  (14).  The  iterations  are 
fulfilled  in  respect  of  n  selected  components  of  vector  column  Z.  The 
selection  is  done  by  analyzing  of  normalized  tangent  cosines  T{s)  at  each 
tracing  step.  One  component  with  maximal  such  cosine  is  fixed  and  rest 
components  are  found  from  the  iteration  process.  Such  choice  corresponds  to 
searching  of  solution  in  coordinate  plane  that  cuts  the  trajectory  with 
maximal  angle.  This  supplies  that  the  plane  drawn  through  point  of  solution 
approximation  inside  convergence  tube  contains  the  nearest  solution  point 
on  the  trajectory. 


5  RESULTS 

The  proposed  technique  has  been  realized  in  computer  codes  and  a  number 
of  numerical  investigations  of  practical  blade  packets  as  well  as  test  problems 
have  been  fulfilled. 

5.1  SDOF  models  of  blades 

The  blade  packet  consisted  from  5  steel  blades  of  length  19  cm  that  interacts 
nordinearly  through  shrouds  at  blade  tips  were  considered  using  SDOF 
model  of  blades.  Stiffness  coefficient  q  =2.807-10^  N/m  and  mass 
mj,  =  0.5235  kg  of  SDOF  model  of  tuned  blade  were  chosen  to  supply  exact 
first  natural  frequency  and  static  response  to  force  applied  at  blade  tip.  The 
shrouds  were  assumed  having  different  stiffness  characteristics  for 

compression  and  extension  c®“.  Shroud  stiffness  was  adopted 
=1.869-10^  N/m  for  compression  and  a  set  of  different  shroud  stiffness 
characteristics  was  adopted  for  extension.  Harmonic  excitation  was  applied 
to  blades  with  shift  in  phase  387i:  /77  between  adjacent  blades.  Amplitude  of 
excitation  force  was  adopted  equal  10  N  and  coefficient  of  viscous  damping 
has  been  adopted  equal  20  kg /sec.  Amplitudes  of  forced  vibrations  were 
obtained  for  tuned  and  mistuned  blade  packets.  Mistuning  was  considered 
for  case  when  one  of  the  blades  had  natural  frequency  increased  for  5%  in 
comparison  with  the  other  tuned  blades  (mass  and  stiffness  were  multiplied 
by  1.05^  and  1.05^  correspondingly).  Response  characteristics  were  obtained 
for  different  shroud  stiffness  characteristics  by  tracing  of  periodic  regimes  of 
nonlinear  vibrations.  Initial  periodic  regime  was  searched  at  excitation 
frequency  3  kHz  and  then  excitation  frequency  was  decreased.  Among 
collection  of  possible  regimes  the  periodic  regimes  were  searched  that  have 
period  coinciding  with  excitation  period. 

In  the  Table  1  major  resonance  frequencies  for  a  few  ratios  c^~  are 
shown  for  tuned  and  for  mistuned  blade  packet. 
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Table  1  Resonance  frequencies  for  different  shroud  nonlinearities 


Nonlmearity 

degree 

Resonance  frequencies,  Hz 

fi 

fs 

/4 

i 

Tuned  blades 

1.0 

364.4 

688.1 

1168.4 

1568.4 

1830.2 

0.5 

364.4 

613.6 

998.61 

1331.6 

1548.6 

0.1 

364.4 

509.1 

753.8 

980.2 

1178.9 

0.0 

364.6 

476.9 

631.4 

825.9 

Mistuned  blades 

1.0 

368.8 

682.1 

1154.5 

0.5 

368.7 

608.6 

990.3 

1323.2 

1547.9 

0.1 

366.9 

518.9 

752.0 

981.2 

1159.4 

0.0 

368.8 

481.4 

638.5 

834.0 

976.9 

It  is  obvious  that  the  first  resonance  frequency  is  practically  unchanged 
upon  variation  of  c®"  as  for  tuned  and  as  for  mistuned  packets  but  the  four 
next  are  changed  very  much  upon  variation  of  ratio  c^~  /c^* .  This  fact  is 
connected  with  different  character  of  blade  interaction  under  excitation  on 
these  frequencies.  Analysis  of  natural  modes  of  linear  vibrations  of  this  blade 
packet  was  fulfilled.  It  shows  that  for  the  first  mode  all  blades  vibrate  in 
phase  with  equal  amplitudes  but  for  the  next  four  blades  vibrate  out-of¬ 
phase  and  with  different  amplitudes.  The  first  natural  frequency  for  blade 
packet  is  close  to  first  natural  frequency  of  a  single  blade  and  accounting  on 
nonlinearity  of  interaction  conditions  during  vibration  period  acts  on  this 
resonance  frequency  for  a  little.  The  magnitudes  of  the  other  four  frequencies 
are  strongly  dependent  on  interaction  of  blades  through  shroud  and  this  fact 
is  reflected  in  large  variations  of  corresponding  resonance  frequencies  for 
different  magnitudes  c^~  .  Comparison  of  forced  response  characteristics 

for  the  packet  of  tuned  and  mistuned  blades  is  shown  in  Figs.5,6.  Since  the 
vibration  process  is  nonharmonic,  on  these  figures  maximal  displacements 
are  shown  that  were  calculated  by  integration  of  equations  (12)  over 
vibration  period  using  foxmd  from  iteration  process  (16)  initial  magnitudes. 
In  addition  so  called  "spectral  coefficient'  is  plotted  on  these  figures  to  show 
distinction  degree  in  calculated  response  from  pure  harmonic.  This 
coefficient  is  equal  to  ratio  of  the  largest  two  harmonics  in  the  spectrum  of  in- 
time  vibration  process:  %  =  /^max  •  Although  forced  response 
characteristics  for  considered  blade  models  are  similar  as  for  tuned  and  as  for 
mistuned  packets  but  spectrums  of  nonlinear  vibration  is  very  different. 
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Fig.6  Forced  response  characteristics  for 
linear  (a),  nonlinear  (b)  blade  interaction 
and  spectral  coefficient  (c)  for  nonlinear 
vibrations 


5.2  MDOF  models  of  blades 

The  blade  packet  from  the  same  blades  was  analyzed  with  MDOF  models 
and  bending  blade  vibration  in  tangent  direction  was  considered.  Mistiming 
was  introduced  by  increasing  of  blade  cross-sections  for  one  of  the  blades  for 
5%.  Each  blade  of  the  packet  was  modeled  by  FE  model  having  30  degrees  of 
freedom. 

Applicability  and  parameters  of  the  reduction  technique,  described  in 
section  2.2  were  examined.  Natural  frequencies,  modes  and  forced  responses 
of  linear  vibration  were  compared  with  results  obtained  from  all-nodal 
models  by  technique  developed  earlier  [7].  Two  degrees  of  freedom 
corresponding  to  linear  and  angular  bending  displacements  at  each  blade  tip 
were  retained  for  description  of  nonlinear  interaction  of  blades.  Results  of 
calculation  of  natural  frequencies  using  different  numbers  of  component 
modes  are  shown  in  Table  2.  Excellent  convergence  of  results  with  increasing 
of  number  of  component  modes  is  obvious.  For  exact  enough  description  of 
modal  properties  of  a  blade  in  wide  frequency  range  a  small  number  of 
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degrees  of  freedom  may  be  used  -  two  master  degrees  of  freedom  at  blade 
tip  and  one  degree  corresponding  to  one  component  mode.  Forced  response 
analysis  for  this  packet  has  been  fulfilled  in  [8]  and  it  has  shown  good 
coincidence  of  results  for  reduced  and  all-modal  models. 


Table  2  Natural  frequencies  (Hz)  of  packet  of  7  blades  with  different  number 
of  component  modes  per  a  blade 


Frequency 

number 

Reduced  blade  models 

All-nodal 

blade 

model 

Number  of  component  modes  per  a  blade 

0 

1 

2 

3 

1 

454.6 

451.3 

451.1 

2 

2205 

1650 

1648 

1648 

3 

2251 

1665 

1663 

1663 

4 

1683 

1681 

1681 

1678 

5 

2319 

1692 

1690 

1690 

1685 

6 

2378 

1714 

1712 

1712 

1706 

7 

2387 

1716 

1714 

1714 

1707 

Forced  response  characteristics  and  spectral  radius  of  tuned  and 
mistuned  packets  of  two  blades  for  case  of  MDOF  models  are  shown  in 
Figs.7,8.  In  Fig.7a  resonance  modes  of  linear  system  are  shown  too.  For 
nonlinear  cases  in  presence  of  contact  of  shrouds  as  transversal  and  as 
bending  moment  were  supposed  to  be  transmitted  to  blades  but  in  absence 
of  contact  they  were  adopted  0.  For  both  linear  and  nonlinear  cases  the 
damping  matrix  has  been  adopted  to  be  proportional  to  stiffness  matrix.  To 
simulate  frequency-independent  damping  in  material  of  blades  and  shrouds 
this  matrix  was  represented  in  the  form  C(X)  ,  where  ]x  - 

damping  coefficient;  Q.  -  varied  excitation  frequency;  ^2^  -  frequency  for 

which  [I  was  determined.  Although  from  the  figures  it  may  be  seen  that  the 
curves  are  similar  in  general  for  tuned  and  mistuned  packets  but  it  is 
necessary  to  note  that  the  forced  response  characteristics  are  plotted  in 
semilogarithmic  scales.  More  detailed  information  about  resonance 
frequencies  and  amplitudes  is  shown  in  Table  3.  It  is  obvious  essential 
influence  of  nonlinear  blade  interaction  not  only  on  frequency  of  out-of¬ 
phase  blade  vibration  mode  -  ^  but  on  frequency  of  in-phase  mode  -  / .  This 
is  connected  with  the  fact  that  the  used  MDOF  models  take  into  account  as 
variation  of  interaction  forces  and  as  bending  moment  in  contrast  to 
considered  above  case  of  SDOF  blade  model.  Influence  of  mistuning  to 
resonance  amplitudes  is  large  and  for  considered  regimes  it  leads  to 
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reduction  of  amplitudes.  It  is  interesting  that  unilateral  blade  interaction 
leads  to  increasing  of  vibration  amplitudes  of  mistuned  packet  for  first 
resonance  regime  approximately  of  factor  1.8  and  for  the  second  one 
amplitudes  are  increased  up  to  factor  3.3  in  comparison  with  linear  vibration. 
In  the  range  of  high  excitation  frequencies  the  found  periodic  regimes  were 
unstable  as  it  is  obvious  from  Figs.  7d,8d. 


Table  3.  Resonance  frequencies  and  amplitudes  of  linear  and  nonlinear 
vibrations  (case  of  MDOF  models) 


Tuned  blades 

Mistuned  blades 

c*- 

1 

0 

1 

0 

i-Hz 

427.0 

376.8 

434.0 

386.7 

ampl^ ,  cm 

0.0822 

0.184 

0.075 

0.126 

i,Hz 

1648.7 

584.2 

1684.0 

599.3 

flmp4  /  cm 

0.0142 

0.0483 

0.0140 

0.0460 

6  CONCLUSIONS 

Models  and  the  effective  method  for  calculation  of  essentially  nonlinear 
forced  vibrations  of  blade  packets  have  been  developed.  They  allow  to  study 
as  timed  and  as  mistuned  blade  packet  using  SDOF  and  MDOF  models  as 
well.  For  the  first  time  the  numerical  investigations  of  periodic  regimes  of 
nonlinear  vibrations  of  mistuned  blade  packets  have  been  fulfilled  and 
comparison  with  different  vibration  characteristics  of  tuned  packets  has  been 
shown.  The  results  show  essential  influence  of  mistiming  on  amplitudes,  in¬ 
time  variation  of  displacements  during  vibration  period  and  its  spectrum. 
Importance  of  accounting  of  nonlinearity  of  blade  interaction  and  essential 
influence  of  nonlinearity  degree  to  amplitudes  and  resonance  frequencies  has 
been  demonstrated  as  for  tuned  and  as  for  mistuned  blade  packets. 
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ABSTRACT 

The  standard  component  mode  synthesis  method  expresses  the 
modes  of  a  large  structure  in  terms  of  the  component  modes  of  its 
substructures,  which  are  usually  formed  by  artificial  partitioning  for 
the  ease  of  numerical  computation.  In  this  paper,  a  modified 
method  is  developed  for  an  assembled  structure  consisting  of 
physically  divided  substructures  joined  together  by  elastic 
connections  such  as  bolts,  rivets,  bars,  springs  or  elastic  mounts,  etc.. 
The  system  dynamics  is  expressed  as  the  Lagrangian  function  which 
includes  the  motions  of  substructures  expressed  in  terms  of 
component  modes  and  the  motions  of  the  joints  modeled  as  general 
beam  elements.  The  joints  are  thus  capable  of  resisting  and 
transmitting  axial  forces,  bending  moments  about  the  two  principal 
axes  in  the  plane  of  its  cross  section,  and  twisting  moments  about  its 
centroidal  axis.  The  constraints  that  the  motions  of  substructures 
and  that  of  the  elastic  joints  be  identical  at  interfacial  points  are 
imposed  by  Lagrange  multipliers.  Both  free-interface  and  fixed- 
interface  formulations  are  presented  for  component  modes  with 
free  and  fixed  interfacial  point  boundary  condition,  respectively. 
Numerical  examples  are  given  for  two  cantilever  beams  connected 
by  a  spring  at  their  end  points.  Results  calculated  from  the  free-  and 
fixed-interface  formulation  are  compared  and  shown  in  good 
agreement  with  each  other  and  with  that  calculated  from  the  finite- 
element  method. 


INTRODUCTION 

Component  mode  synthesis  method  expresses  the  modes  of  a 
large  structure  in  terms  of  the  component  modes  of  each  of  its 
substructures  [1-6].  Substructures  are  usually  formed  for  the  ease  of 
numerical  eigenvalue  analysis  by  artificially  partitioning  a  large 
continuous  structure.  The  methods  of  synthesis  for  calculating  the 
original  unpartitioned  structural  modes  are  usually  accomplished 
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by  expressing  the  system  dynamics  in  terms  of  component  modes 
with  constraints  that  motions  at  any  pair  of  interfacial  points  along 
the  boundaries  of  partition  be  identical.  This  implies  that 
substructures  are  reattached,  or  rigidly  connected,  at  any  pair  of 
interfacial  points.  In  many  practical  cases,  however,  substructures 
are  formed  not  for  ease  of  computation  but  rather  for  actual 
representation  of  a  large  assembled  structure  consisting  of  many 
physically  divided  substructures  joined  together  by  elastic 
connections  such  as  bolts,  rivets,  springs,  bars,  beams,  or  elastic 
mounts,  etc.. 

In  principle,  existing  methods  mentioned  above  can  also  solve 
this  problem  by  either  treating  the  elastic  joints  as  substructures  or 
allotting  the  joints  to  one  of  the  two  adjacent  substructures.  The 
former  solution  may  become  cumbersome  when  there  are  many 
joints.  In  the  latter  solution,  the  joints  become  parts  of  a 
substructure,  which  is  inefficient  for  a  dynamic  design  process  that 
is  required  to  optimize  the  elastic  joint  design  to  obtain  the  most 
desirable  dynamic  feature  of  an  assembled  structure.  This  is 
because  the  latter  solutions  not  only  lose  the  joint  dynamic 
property  as  an  independent  parameter  but  they  also  require  many 
repetitive  computation  of  the  component  modes  of  the 
substructure  containing  the  joints;  i.  e.,  each  time  the  dynamic 
properties  of  the  joint  are  changed  during  design  iteration,  those 
component  modes  containing  the  joints  must  be  recalculated.  This 
paper  presents  a  more  explicit  and  efficient  method  of  modal 
synthesis  for  an  assembled  structure  using  component  modes  of 
substructures  excluding  the  joints.  The  system  dynamics  is 
expressed  as  the  Lagrangian  function  which  includes  the  motions 
of  substructures  expressed  in  terms  of  component  modes  and  the 
motions  of  the  joints  in  the  inertial  frame  of  reference  [7].  The 
joint  dynamic  properties  are  expressed  as  independent  variables  in 
the  Lagrangian  fxinction.  The  constraints  that  motions  of 
substructures  and  that  of  the  joints  at  any  pair  of  interfacial  points 
be  identical  are  imposed  by  Lagrange  multipliers.  This  method  is 
formulated  by  using  the  component  modes  with  either  free  or 
fixed  boundary  condition.  Numerical  examples  are  given  for  the 
case  of  two  cantilever  beams  connected  by  a  spring  at  their  end 
points.  Results  calculated  from  the  free-  and  fixed-interface 
formulation  will  be  compared  with  each  other  and  with  that 
calculated  independently  by  the  finite-element  method. 
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METHODOLOGY 


As  shown  in  Fig.  1,  an  assembled  structure  system  may  consist 
of  many  substructures,  A,  B,  C,  and  D,  etc..  Any  of  these 
substructures  are  connected  to  at  least  one  of  the  other 

y 


^  X 


Fig.  1  A  sketch  of  an  assembled  structural  system. 

substructures  via  elastic  joints.  In  the  mathematical  formalism, 
however,  we  will  show  only  the  synthesis  of  two  elastically 
connected  substructures,  say  Substructure  A  and  Substructure  B. 
The  extension  to  including  all  substructures  is  a  rather 
straightforward  process.  The  elastic  joints  will  be  modeled  as 
general  beam  elements  which  are  thus  capable  of  resisting  and 
transmitting  axial  forces,  bending  moments  about  the  two 
principal  axes  in  the  plane  of  its  cross  section,  and  twisting 
moments  about  its  centroidal  axis.  In  the  simplest  case,  the  joint 
may  be  modeled  as  a  linear  spring  with  two  lumped  masses  at  its 
opposite  ends.  The  two  substructures  may  be  joined  together  by 
any  arbitrary  number  of  elastic  joints.  Each  of  the  joints,  say  the  n‘^ 
joint,  will  be  represented  by  a  mass  and  a  stiffness  matrices,  M" 
and  K";  both  are  12x12  matrices  for  a  general  beam  element  (6 
degrees  of  freedom  for  each  of  its  end  points).  Since  one  of  the  end 
points  is  connected  to  Substructure  A  and  the  other  to 
Substructure  B,  as  will  be  shown  later  it  is  more  convenient  to 
partition  these  matrices  as  shown  below: 
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and 


K''  = 


Kn 

aa  -“^ab 

Kn  i^n 
ba  -"^bb 


where  the  diagonal  matrices  characterize  the  dynamic  properties  of 
the  joint  at  the  interfacing  points  while  the  off  diagonal  matrices 
are  the  coupling  mass  and  stiffness  matrices  between  two  end 
points.  The  coupling  mass  matrices,  and  MJ3,  will  be  neglected 
because  they  are  usually  either  small  or  zero.  The  coupling 
stiffness  matrices,  K"b  and  KJa  are  crucial  to  transmit  forces  and 
moments  across  the  elastic  joint.  As  mentioned  earlier,  two 
methods  of  synthesis  which  use  component  modes  with  different 
boundary  conditions  at  the  interfacial  points  (where  the  joint  and 
substructure  meet)  will  be  presented.  The  free-interface 
formulation  will  be  first  discussed  and  then  followed  by  the  fixed- 
interface  formulation. 


Free-Interface  Method 


In  the  free-interface  method,  both  substructures  have  a  free 
boundary  condition  at  the  joint  interfacial  points.  Depending  on 
the  boundary  condition  that  may  be  imposed  elsewhere  on  the 
substructures,  each  substructure  will  be  required  to  have  zero  to  six 
rigid  body  (three  translational  and  three  rotational)  modes  in 
addition  to  the  required  elastic  modes.  A  modal  synthesis  is  by 
definition  to  seek  the  solution  for  the  displacement  fields,  w(x,t) 
and  u(x,t)  for  Structures  A  and  B,  respectively,  to  be  expressed  in 
terms  of  the  following  expansion: 

W(x,t)  =  E  q„(t)  (p„(x) 

m  =  l 

U(x,t)=  E  p„(t)v„(x) 

n  =  l 

where  N[  and  are  the  total  numbers  of  modes  (elastic  and  rigid 
body,  say  the  elastic  mode  from  number  1  to  and  the  rigid 
body  mode  from  number  N^b+l  to  j,)  to  be  included  in 
Substructure  A  and  B,  respectively.  The  displacement  vectors  and 
eigenvectors  shown  in  Eq.  (1)  will,  in  general,  contain  the 
translational  and  rotational  displacements,  which  is  common  in 
the  finite-element  analysis.  In  classical  analyses,  however, 
solutions  are  often  given  for  the  translational  displacement  only. 

In  such  a  case,  the  rotational  displacement  can  be  usually  obtained 
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by  simply  taking  the  spatial  derivative  of  the  translational 
displacement  field.  Let  the  displacement  fields  for  motions  of  the 
two  subsystems  A  and  B  be  associated  with  self-adjoint  stiffness 

and  mass  operators,  t,  and  ^  the  Hilbert  space.  The  mass 
operator  may  be,  simply,  the  mass  density,  mass  per  unit  area,  or 
mass  per  unit  length  for  a  3-dimensional,  2-dimensional,  or  1- 
dimensional  structure,  respectively.  Imposing  the  stiffness 
operator  on  a  rigid  body  mode  will  produce  no  net  force,  i.e., 

^ab^rigid  Accordingly,  the  kinetic  energy,  T,  and  the  potential 
energy,  U,  of  the  joined  system  can  be  expressed  as  follows: 


Nc 


U  =  |(w,  w)  +  i(u,  u)+  IZ 


Wi 

kLkL 

kLkL 

Wi 

Ui 


(3) 


where  <  ,  >  is  the  inner  product  in  the  Hilbert  Space,  "  • "  is  a  dot 
product  between  two  vectors,  upper  dot  is  the  time  derivative, 
is  the  number  of  elastic  joints,  w  =  w(x,t),  u  =  u(x,t),  -w.  =  w(Xi,t),  = 
u{x'i,t),  and  x-  and  x'.  are  a  pairs  of  interfacial  points  where  the  i‘^ 
elastic  joint  is  connected  to  the  substructures.  Although  x^  and  ' 
are  in  general  two  separate  points,  we  will  use  w.  =  w(Xi,t)  and  = 
u(Xi,t),  because  and  Uj  are  by  definition  the  quantities  at  two 

separated  points. 

According  to  Eq.  (1),  at  the  elastic  joint  and  the  substructure 
connecting  points,  it  is  required  that: 


Wi  =  w(Xi,t)=  Z  qm(t)  <Pni(Xi) 

m  =  1 

Ui  =  u(Xi,t)  =  Z  Pn(t)\l/„(Xi) 


n  =  1 


i  =1,2,--,N, 


(4) 


This  is  the  required  constraint  among  the  generalized  coordinates, 
[q„  q^, pi,  Pj,  w,,  Wj, Uj,  u^,  ...]^  at  each  interfacing  point. 
Therefore,  the  constraint  equations  are  given  as  follows: 
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fi  =  Wi  -  s  q^ft)  tpn,(Xi)  =  0 

m  =  1 

fi  =  Ui-S  P„(t)Vn(Xi)  =  0 


!•,  i  =  1,2, -.N, 


(5) 


n=  1 


It  follows  that  the  Lagrangian,  L,  of  the  constrained  system  is 
now  of  the  form 


L 


(6) 


where  \  and  are  the  Lagrange  multipliers.  Substituting  Eqs.  (1-5) 
into  (6)  and  then  substituting  the  resulting  Eq.  (6)  into  the  Lagrange 
equations  of  motion  with  respect  to  the  generalized  coordinates, 

[qi,  q2,...,  Pi,  P2,  ..•/  W2, Ui,  U2, ...  y.  This  yields  the  constrained 

equation  of  motion  given  as  follows: 


Mqii  +  K,q  +  ^  Xi  •  (|)(Xi)  =  0 

^  1  =  1 

MpP+  KpP  +  i  1;  ■  l|»(Xi)  =  0 


Mi,  Wi  +  Ki,  W;  +Kib  Ui  -  A.;  =  0 ; 
Mil,  iii  +  Ki,  Wi  +Kit  u;  -  Xi  =  0 ; 


i  =I.2,--,N, 
i  =1,2,--,N, 


(7) 


where  and  Mp  are  the  mass  matrices  (excluding  the  joint 
masses)  with  respect  to  the  generalized  coordinates  q  and  p, 
respectively;  and  Kp  are  the  corresponding  stiffness  matrices; 

P  =  [Pu  Pv  -r;  q  =  [qi'  q2'-f ;  <P(Xi)  =  [(p,(Xi),(pj(x,), . f;  and 

V(Xi)  =  [¥i(Xi),¥2(Xi), . f- 

The  Lagrange  multipliers  in  Eq.  (7)  can  be  eliminated  by 
substitution  within  the  equation  itself  and  the  generalized 
coordinates,  w^,  and  can  also  be  eliminated  by  substitution  of  the 
constraint  condition,  Eq.  (5),  into  Eq.  (7).  If  we  further  assume  that 
the  motion  to  be  time-harmonic,  i.e.. 


q(t)  =ae-’“^;  p(t)  =be-^“^  ,  (8) 
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by  eliminating  A-i ,  ,  w^,  and  in  Eq.  (7),  we  have  the  following 

generalized  linear  eigenvalue  equations: 


Kaa  Kab 

a 

=  0)2 

Maa  Mab 

a 

b 

Mba  Mbb 

b 

(9) 


where 


Nc 


MAA.„n=(<Pm.  Pa<Pn)  +  Z  'Pm(Xi)  '  ML<p„(Xi) 


i=l 

Nc 


m,n=l,2,-,N‘ 


KAA,Hm=(<Pm,  +  X  <p„(Xi)  •  lCa<Pn(Xi) 


i=l 


Nc 


(10) 


MBB,mn=(Vm.  PbVn)  +  X  Vm(Xi)  ’ 

i=l 

Nc 

KBB,mn=(Vm.  ^hWn)+L  Vm(Xi)  '  K^bV/X;) 


m,n=l,2,-,Nb 


KAB,nm=X‘Pm(Xi)-KlbVn(Xi),  m=l,2,-,N‘;  n=l,2,-,Nb 


i=l 


^d  Kba  -  K!ab  >  Mab  -  Mba-0. 

Since  the  elastic  component  modes  (for  mode  numbers  up  to 
N^b)  orthogonal  with  respect  to  and  the  inner  products 
shown  above  may  be  simplified  as  follows: 


<Pi,  PatPj)  =  M,i5^ ,  PbVj)  =  Mbi6y 


Vio<N,,,  (11) 


where  and  M^i  are  the  modal  masses  for  Structures  A  and  B, 

respectively,  and  00^^  and  co^i  are  the  corresponding  modal 
resonance  frequencies.  However,  when  a  rigid  body  mode  (the 
mode  number  >  is  involved,  the  orthogonality  will,  in 
general,  not  hold,  e.g., 
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(<Pi>Pa‘Pj)=MAA,ij 

('Pi.-K'a<Pj)  =  0  , 


i  or  j  >  N, ;  (Vi,  =  Mbb.^  i  or  j  >  Nb 
(Vi,  ■^b¥j)  =  0  when  i  or  j  >  N^  b 


(12) 


which  shows  that  some  of  the  cross  modal  mass  terms  between 
elastic  and  rigid  body  modes  may  not  be  zero  and  rigid  body  modes 
produce  zero  modal  stiffness.  The  mass  matrices,  and  Mge, 
contain  the  modal  masses  defined  above  and  the  non-diagonal 
mass  terms  contributed  by  the  joint  masses,  M!,^  and  Because 
we  assume  that  =  Mj,^  =  0,  there  is  no  coupled  mass  term 
between  A  and  B,  i.e.,  M^g  =  Mg^  =  0.  The  stiffness  matrices, 
and  Kgg,  contain  the  uncoupled  modal  stiffness  (the  diagonal 
terms)  and  the  cross  modal  stiffness  within  structures  A  and  B, 
respectively,  contributed  by  the  joints.  The  other  stiffness  matrices, 
K^g  and  Kg^,  are  evidently  the  cross-coupling  matrices  between  the 
modes  in  Structures  A  and  those  in  Structure  B. 


Fixed-Interface  Method 

In  the  fixed-interface  method,  the  component  mode  functions 
must  satisfy  the  fixed  boundary  condition  at  the  joint  interfacial 
points.  Summation  over  all  of  these  modes  produces  no  net 
displacement  at  the  joint  interfacing  points.  In  this  formulation,  the 
interfacial  point  motions  at  each  degree  of  freedom  is  usually 
described  by  a  static  influence  function  [6].  The  component  of  the 
static  influence  function  for  Substructure  A  at  i^^  joint  location,  g“ , 

is  the  internal  displacement  of  the  structure  due  to  a  unit 
component  displacement  at  that  location  while  all  other 
components  at  that  location  and  all  components  at  all  other 
interfacing  points  fixed.  These  functions  may  be  considered  as  static 
modes  which  replace  the  rigid  body  modes  in  Eq.  (1).  If  we  let  the 
number  of  degrees  of  freedom  at  each  interfacing  point  to  be  Uj,  and 
define  a  mapping  of  (i,^)  into  a  number  sequence,  say  m=  N^+(i- 
l)nj+i  and  n=  Ng+(i-l)nj+^,  we  may  represent  g“  and  gj’^by  cp,^(x) 
and  Vn(x),  respectively.  Consequently,  the  expansion  including 
static  influence  functions  can  then  be  represented  by  Eq.  (1). 

With  the  expansion  described  above,  the  equations  for  the  free- 
interface  formulation,  Eqs.  (2)-(3),  are  also  applicable  to  this  case. 
According  to  the  definition  of  g“  and  ,  Eq.  (4)  becomes 
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Wi{  -  (lNa+(i-l)nj  +  Cj 


PN[j+(i-l)nj  +  ?5 


where  Wj^  and  Uj^  are  -component  of  and  Uj,  respectively.  With 
this  simplified  constraint  condition,  using  Lagrange  multipliers  will 
no  longer  advantageous.  In  order  to  reach  Eq.  (9),  we  may  substitute 
above  relationship  into  Eqs.  (2-3)  and  form  the  Lagrangian,  L.  By 
substituting  L  into  the  Lagrange  equations,  we  reach  Eq.  (9)  with  the 
following  mass  and  stiffness  matrices: 


m,n<N, 

(q>m,  Pa9n),  m  <  u  >N,  OP  m  >  n 
ML,ff+(q>m.Pa9n),  m  =  N,+(i-l)nj4  n  =N,+(i-l)nj+5' 


(similar  to  MAA  n^n,  except  replacing  subscript  "a"  and 
symbol  "cp"  by  "b"  and  'y respectively. 


COLMani^nm,  m,n  <  N, 

((P^,  m  <  N^,  n  >N,  or  m  >  N^,  n  <N, 

K;3,{5.+(cp^^3(P,),  m  =  N,+(i-l)nj4  n  =N,+(i-l)nj+C' 


(13) 


\  similar  to  KAA.^n,  except  replacing  subscript  "a"  and 
]3y  'y'  and  ’V",  respectively. 


0,  m<N3,n<Nb 
m  =  Na+(i-l)nj+6,  n  =Nb+(i-l)nj+5' 


and  Kba  —  -  Mba— 0- 
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It  is  to  note  that,  the  inner  product  of  two  static  influence 
functions  does  not  vanish.  Instead,  it  is  equal  to  the  external 
stiffness,  ^  and  for  Substructure  A  and  B,  respectively  [4],  i.e., 

when  m=Nab+(i-l)nj+C,  n=Nab+(i— l)nj+C'. 

External  stiffness  matrices  relate  the  forces  and  displacements  for 
all  degrees  of  freedom  at  the  interfacing  points.  The  eigenvalue 
analysis  with  the  fixed-interface  method  can  then  be  performed 
with  the  matrices  defined  by  Eqs.  (9)  and  (13). 

The  major  advantage  for  the  above  modal  synthesis  is  the 
possibility  of  determining  the  modal  interaction  between 
substructures  via  the  coupling  effect  of  elastic  joints.  For  example,  if 

is  the  eigenvector  for  eigenvalue,  coj,  we  can  determine  the 

modal  interaction  by  evaluating  the  coefficients  a^^'s  and  b^/s  at 
that  frequency  because  these  coefficients  represent  the  level  of 
component  mode  participation  in  that  mode.  The  deviation  of 
assembled  structural  modes  from  those  of  the  unassembled 
component  modes  depends  on  the  coefficients  a^^^'s  and  b^„'s  as 
well.  For  example,  if  either  a^^'s  or  b^^'s  are  dominated  by  one 
particular  term  then  there  is  a  mode  in  Structure  A  or  a  mode  in 
Structure  B  that  is  not  affected  by  the  coupling  of  elastic  joints.  On 
the  other  hand,  if  a^^^'s  and  b^/s  are  broadly  distributed,  the 
mode  of  the  assembled  structure  are  then  substantially  modified 
from  the  component  modes  of  the  uncoupled  structures,  which 
indicates  that  the  two  structures  are  strongly  coupled  at  angular 
frequency,  co^ 

NUMERICAL  EXAMPLES  AND  RESULTS 

Examples  of  using  component  mode  synthesis  methods 
formulated  previously  with  free-interface  and  fixed-interface 
boundary  conditions  will  be  given  in  this  section.  The  system 
consists  of  two  cantilever  beams  connected  by  a  linear,  massless 
spring  at  their  respective  endpoints.  This  is  depicted  in  Fig.  2.  For 
both  beams,  the  mass  density  is  0.000733  Ibs-sec^/in^,  Young's 
modulus  is  30,000,000  Ibs/in^,  spring  constant  is  100,000  Ibs/in.  The 
height  and  width  of  beam  A  are  5  inches  and  2  inches  respectively, 
its  length  is  144  inches;  the  height  and  width  of  beam  B  are  4  inches 
and  2  inches  respectively,  and  its  length  is  72  inches. 
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In  the  free-interface  method,  the  component  modes  are 
calculated  with  the  fixed-free  boundary  condition  and  there  is  no 
rigid  body  mode.  All  elastic  modes  are  orthogonal  with  respect  to 
the  mass  and  stiffness  operator.  The  elastic  joint  stiffness  matrix  is 
obviously. 


where  k  is  the  spring  constant.  The  formation  of  the  matrices  for 
eigenvalue  analysis  is  quite  straightforward  according  to  Eqs.  (9)  to 
(12). 

In  the  fixed-interface  method,  the  component  modes  are 
calculated  with  fixed-hinged  boundary  condition.  The  static 
influence  function  is  the  normalized  cantilever  beam  deflection 
function  due  to  a  load  at  the  tip  of  the  beam.  The  external  stiffness 

matrices  (1x1  matrices)  are  3EI/(La^)  and  3EI/(Lb^)  for  beam  A  and 
B,  respectively.  Again,  the  formation  of  the  matrices  for  eigenvalue 
analysis  is  quite  straightforward  according  to  Eqs.  (9)  and  (13). 


Fig,  2  The  system  of  two  cantilever  beams  cormected  by  a  spring. 


The  calculated  eigen  frequencies  of  the  joined-beam  with  the 
two  methods  are  tabulated  in  Table  A.  In  order  to  provide  a 
independent  check,  a  finite-element  analysis  is  also  performed  for 
the  same  system.  Considering  there  are  only  10  modes  in  each  beam 
are  used  in  the  synthesis,  results  from  ail  three  methods  converge  to 
the  solution  with  small  errors.  If  we  use  the  finite-element  results 
as  the  reference,  the  difference  between  the  fixed-interface  and 
finite-element  solutions  are  less  than  1%  while  that  between  the 
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free-interface  and  finite-element  methods  are  less  than  10%.  The 
mode  shapes  calculated  with  the  free-  and  fixed-interface  methods 
are  compared  and  shown  to  be  similar  (see  Fig.  3).  For  Mode  1, 
results  using  the  two  methods  are  identical.  The  differences  for 
Mode  3  are  also  small. 


Table  A:  Comparison  of  calculated  resonance  frequencies  by 
free-  and  fixed  -interface  method  and  finite-element  method 


FINITE- 

ELEMENT 

METHOD 

(Hz) 

FREE 

INTERFACE 

METHOD 

(Hz) 

% 

ERROR 

FIXED 

INTERFACE 

METHOD 

(Hz) 

% 

ERROR 

14.5 

14.5 

0 

14.4 

0 

44.1 

44 

0 

44 

0 

103.7 

99.4 

4.1 

104.3 

0.5 

142.9 

143.9 

0.7 

143 

0.06 

230.5 

215 

6.7 

232.2 

0.7 

299.1 

273.6 

8.5 

300.8 

0.6 

*  ERROR  =  (Current  method  calculations  -  FEM  calculations) /(FEM  calculations) 


SUMMARY  AND  CONCLUSION 

In  this  paper,  a  modified  component  mode  synthesis  method 
has  been  developed  for  an  assembled  structure  consisting  of 
physically  divided  substructures  joined  together  by  elastic 
connections  such  as  bolts,  rivets,  springs,  beams,  or  elastic  mounts, 
etc..  Both  free-interface  and  fixed-interface  methods  are  presented 
for  the  component  modes  with  free  and  fixed  interface  boundary 
conditions,  respectively.  Numerical  examples  are  given  for  the  case 
of  two  cantilever  beams  connected  by  a  spring  at  their  end  points. 
Results  calculated  from  the  free-  and  fixed-interface  formulation  are 
compared  and  shown  in  good  agreement  with  that  calculated  from 
the  finite-element  method. 

In  the  simple  numerical  example  shown  in  this  paper,  use  of 
component  mode  synthesis  with  fixed  interface  boundary 
conditions  produce  better  results  than  those  calculated  using  free- 
interface  boundary  conditions.  This  trends  to  confirm  with  Farstad 
and  Singh's  [6]  conclusion  that  component  mode  synthesis 
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formulated  with  fixed  interface  boundary  conditions  converge  to 
the  lower  mode  solution  faster  than  that  with  the  free  interface 
boundary  conditions. 


Fig.  (3)  Comparison  of  the  calculated  first  and  third  mode  using 
free  (dash  line)  and  fixed  (solid  line)  interface  methods. 
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ABSTRACT 

This  paper  presents  a  method  for  the  calculation  of  eigenvalues 
and  eigenvectors  of  frequency  dependent  soil-structure  interacting 
systems.  Two  sets  of  orthogonality  conditions  are  derived  for 
subsequent  apphcation  in  dynamical  analyses.  Numerical  apphca- 
tions,  showing  the  performance  of  the  method,  are  also  reported. 

INTRODUCTION 

The  dynamical  response  of  structures  to  earthquake  excitations 
is  usually  evaluated  by  considering  the  supporting  soil  as  rigid.  This 
is  a  sufficiently  accurate  assumption  for  relatively  flexible 
structures  on  firm  soil.  As  the  soil  becomes  softer  and  the  structure 
becomes  stiffer  and  massive,  the  above  hypothesis  is  no  longer 
adequate.  In  this  case  soil- structure  interaction  may  significantly 
effect  the  structural  response.  The  relative  importance  of  these 
effects  depends  on  several  parameters  as  has  been  pointed  out  in  the 
hterature  [1,  2].  A  review  paper  on  the  subject  by  J.E.  Luco  was 
pubhshed  in  the  early  eighties  [3]. 

The  subject  has  received  considerable  attention  in  the  Hterature, 
especiaUy  in  connection  with  the  design  of  nuclear  power  plants, 
and  is  now  included  as  a  chapter  in  some  of  the  best  known 
textbooks  on  Structural  Dynamics  [4,  5].  Some  speciahst  books  have 
been  pubhshed  in  recent  years  [6,  7]  and  in  1993  a  NATO  Advanced 
Study  Institute  was  dedicated  to  Developments  in  Dynamic  Soil- 
Structure  Interaction  [8]. 

Obviously  the  interaction  between  soil  and  structure  occurs 
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through  the  foundation  system.  In  the  literature  this  has  been 
considered  either  rigid  or  flexible.  Although  a  truly  rigid  foundation 
system  is  only  an  idealisation,  it  has  been  shown  that  in  many  cases 
such  an  assumption  is  sufficiently  representative  of  the  actual 
behaviour  of  the  structure-foundation  system  [9].  A  flexible 
foundation  would  definitely  be  a  more  realistic  model,  but  the 
analysis  of  the  structural  response  would  be  much  more  involved. 

In  this  paper  only  the  case  of  a  rigid  foundation  is  considered. 
The  soil  is  modelled  as  an  elastic  half-space  with  a  rigid  massless 
foundation  bonded  to  it.  The  interaction  between  the  soil  and  the 
structure  is  then  described  by  the  forces  exchanged  through  this 
rigid  interface.  In  order  to  write  the  equations  of  motion  for  the 
structure,  the  forces  applied  to  it  by  the  soil  through  the  foundation 
system  are  needed.  These  are  usually  provided  by  the  so-called 
impedance  functions  of  the  rigid  foundation  in  terms  of  the  six 
degrees  of  freedom  of  the  foundation  itself.  The  impedance  functions 
were  initially  provided  for  a  rigid  circular  massless  foundation  [10, 
11]  and  extended  by  several  authors  to  foundations  of  various 
shapes  [12].  Originally  the  impedance  functions  were  computed 
numerically  and  were  provided  in  the  form  of  tables  as  a  set  of 
values  depending  on  the  excitation  frequency.  Subsequently 
analytical  expressions  were  fitted  in  order  to  facilitate  their  use  in 
the  numerical  calculation  of  the  structural  response  [13,  14]. 

The  analytical  expressions  for  the  impedance  functions,  besides 
being  obtained  through  curve-fitting  procedures,  have  also  been 
derived  from  physical  models  [15-18].  These  present  some 
particularly  appealing  features  for  the  analysis  that  will  be  pursued 
in  this  paper.  It  should  be  recognised  that  the  representation  of  the 
soil  by  the  impedance  functions  is  equivalent  to  a  set  of  springs  and 
dash-pots  whose  properties  are,  however,  dependent  on  the 
frequency.  Furthermore,  the  impedance  functions  are  complex  in  the 
algebraic  sense  of  the  term,  even  if  the  excitation  frequency  is  real. 
This  imphes  that  the  natural  frequencies  of  a  soil-structure 
interacting  system  are  generally  complex,  although  sometimes  a  few 
of  them  may  be  purely  imaginary.  The  problem  of  finding  the 
natural  frequencies  and  the  corresponding  modes  of  vibration  of 
such  systems  has  not  so  far  been  solved.  Therefore  only  approximate 
procedures  have  been  presented  in  the  literature  for  the  calculation 
of  the  dynamical  response  of  soil-structure  interacting  systems  in 
the  time  domain  [19-21]. 

In  this  paper,  after  briefly  describing  the  impedance  functions 
for  the  rigid  massless  foundation-soil  system,  the  equations  of 
motion  for  a  typical  soil-structure  system  are  formulated. 
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Subsequently  the  free  vibration  problem  is  analysed  and,  through 
some  simple  algebraic  manipulations,  is  transformed  into  a  constant 
coefficient  eigenvalue  problem.  Two  sets  of  orthogonality  conditions 
are  estabhshed  for  the  eigenvalues  and  eigenvectors  for  subsequent 
use  in  the  evaluation  of  the  dynamical  response.  Numerical 
apphcations  are  finally  reported  in  order  to  show  in  actual 
calculations  the  performance  of  the  proposed  method  and  the 
satisfaction  of  the  orthogonality  conditions. 

IMPEDANCE  FUNCTIONS 


The  impedance  functions,  Figure  1,  relate  the  amplitude  of  the 
harmonic  forces  applied  to  the  rigid  massless  foundation  to  that  of 
the  corresponding  displacements  in  the  following  form 


'V 

'K^(co) 

Kn^ico)- 

'k 

K^{w) 

A. 

where 

~  -^5(^22  ^^0^22) 


In  the  above  expressions  kij  and  aj  are  dimensionless  coefficients 
depending  on  Poisson’s  ratio  v  for  the  soil  and  on  the  frequency 
parameter 

where  To  is  the  radius  of  the  foundation  plate  and  Cs  is  the  shear 
wave  velocity  in  the  soil.  This  latter  is  given  by 


where  G  and  p  are  the  shear  modulus  and  the  mass  density  of  the 
soil.  Furthermore 


K=- 


8G7; 

2- V 


and 


^  3(1 -V) 


are  the  translational  and  rotational  static  stiffnesses  of  the 
foundation  plate  respectively. 


Uo-\  '1^0=0 


lio  =  0 


Figure  1.  Definition  of  impedance  functions  for  rigid  massless  foundations  on 
elastic  or  visco-elastic  sod. 
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The  representation  of  the  impedance  functions  may  be  found  in 
the  literature  as  graphs  of  the  real  and  the  imaginary  parts  in  terms 
of  the  frequency  [4,  10]. 

In  the  literature  the  coupling  terms  have  been  found  to  be  small 
and  have  often  been  neglected  in  the  applications  to  the  evaluation 
of  the  structural  response.  The  cone  theory,  that  was  originated  by 
Ehlers  [22]  and  has  been  subsequently  developed  by  Meek  and 
Veletsos  [15]  and  by  Meek  and  Wo]f  [16-18],  does  not  account  for  the 
coupling  terms.  In  this  paper  the  cone  model  theory  is  used  for  the 
particularly  appealing  analytical  expressions  which  prove  to  be 
extremely  useful  in  the  subsequent  developments. 

For  the  applications  that  foUow  only  two  particular  cones  are 
needed,  i.e.  the  horizontal  translational  cone  and  the  rotational  or 
rocking  cone.  The  impedance  functions  for  such  cones  take  the 
following  expressions 

K^{o))  =  KX\  +  ia,c^,)  (la) 


where 


=;z:(2- v)/8  ,  k^{a^)  =  l~\dal-\  ,  , 

3  5  o  +a^ 


1  Cl^ 


TT  }\\CJ 


b  =  ^  — 


-^2  VC. 


forK^l/S  _c__  U2(l- v)/(l-2v/)  forv<l/3 


[0.3  7z{v- 1/3)  for  v  >  1/3  ’  c,  [2  for  v  >  1/3  ‘ 

A  representation  of  these  impedance  functions  in  terms  of 
frequency  is  given  in  reference  [18].  This  representation,  as  are  all 
the  others  presented  in  the  Literature,  is  based  on  the  assumption 
that  the  frequency  parameter  ao  is  real.  However,  as  has  been 
mentioned  in  the  introduction,  the  natural  frequencies  are  usually 
complex  and  those  expressions  need  appropriate  conversion  in  terms 
of  real  and  imaginary  parts  of  the  frequency  parameter.  A 
particularly  simple  expression  can  be  found  for  the  case  when  the 
frequency  is  a  purely  imaginary  number  and  the  eigenvalue 
parameter  So  =  iao  is  a  real  number.  In  this  case  the  impedance 
functions  become  real  and  take  the  following  expressions 

Kyy(6))  =  K^X'^  +  s^cJ  (2a) 


1  +  b^d  o  d  o 

35 
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which  have  been  represented  in  Fibres  2,  3  and  4.  Obviously 
expressions  (1)  and  (2)  are  in  fact  equivalent  and  can  be  reconverted 
from  one  set  into  the  other. 

It  should  be  noticed  that  the  translational  impedance  has  one 
zero  corresponding  to 

=  -is„„  =  i/c. 

in  terms  of  a  purely  imaginary  frequency.  This  corresponds  to  a  free 
creeping  motion  of  the  soil  with  the  bonded  rigid  foundation  towards 
the  static  equilibrium  position. 


Figure  2.  Translational  impedance  function  for  the  real  eigenvalue  parameter  So. 

The  rocking  impedance  presents,  instead,  two  complex  conjugate 
zeros  for  v  <%,  namely 

b[-3±iS)/2  or  a„s  = -is„s  =  b(±  ^/3 +3i)/2  , 

which  correspond  to  a  damped  free  vibration  motion  of  the  soil  with 
the  bonded  rigid  foundation.  For  >3  <  v  <  K  there  exist  two  complex 
conjugate  zeros  and  a  real  one  which  cannot  be  expressed  in  a 
simple  mathematical  form.  They  correspond,  respectively,  to  a  free 
vibration  motion  and  to  a  creeping  motion  of  the  soil  with  the  rigid 
foundation  bonded  to  it.  Furthemore  the  rocking  impedance  exhibits 
a  pole  provided  by 

=  ib 

in  terms  of  a  purely  imaginary  frequency.  This  corresponds  to  a  free 
creeping  motion  of  the  soil  with  the  bonded  rigid  foundation  and 
zero  surface  rotation  and  translation. 
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So 

Figure  4.  Rocking  impedance  function  for  the  real  eigenvalue 
parameter  5o  ( v  =  l/3 ). 


So 

Figure  4.  Rocking  impedance  function  for  the  real  eigenvalue 
parameter  So  ( v  =  l/2). 


EQUATIONS  OF  MOTION 

The  equations  of  motion  for  the  free  vibrations  of  a  soil-structure 
interacting  system  may  be  written  as  follows 

”M|M,Tu]  rClC.Tul  TKI  K,  Tul  rol 

MftM  ^  [cf  I  c”lirj  ^  [Kfi  k;;;  k;J[u  J  “  [o_ 

where  u  is  the  displacement  vector  of  the  structure  and  ub  is  the 
vector  that  contains  the  degrees  of  freedom  of  the  rigid  foundation. 
It  should  be  noticed  that  in  the  case  where  U6  =  0,  i.e.  when  the  soil 
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is  rigid  and  there  is  no  interaction,  the  equations  of  motion  reduce  to 
those  for  the  free  vibration  of  the  structure,  that  is 

Mu  +  Cii  +  Ku  =  0 . 

The  meaning  of  the  matrices  Mt6,  C66,  K66,  Mb,  Cb,  Kb  may  be  found 
in  textbooks  on  Structural  Dynamics  and  Earthquake  Engineering 
[5],  while  Ki  is  the  matrix  of  the  impedance  functions  for  the  rigid 
massless  foundation. 


THE  EIGENVALUE  PROBLEM 


By  taking  the  following  expressions  for  the  displacement  vectors 
u(0  =  u  exp{st} ,  u^(0  =  exp{si} 

the  equations  of  motion  become 


J  TM  1  M,1  rc  I  CJ  TK  1  K, 

f  [mH  m;;J  ^  ®  [cfi  c,J  ^  1 K,, + K, 


(3) 


It  should  be  noted  that  all  the  matrices  in  the  above  equations  are 
constant  with  the  exception  of  the  impedance  matrix  which  is 
dependent  on  the  frequency  or,  for  that  matter,  on  the  eigenvalue 
parameter  s.  With  reference  to  a  plane  problem,  in  which  only  the 
horizontal  translational  motion  and  the  rocking  motion  are 
considered,  these  impedance  functions  take  the  form  already 
speci&ed  in  a  previous  paragraph.  In  terms  of  the  eigenvalue 
parameter  s  these  may  conveniently  be  written  as  follows 


where 


K^{b  +  0.  +  bc^)as  +  } 


Ka\b  +  as  + 


{l  +  b^d)a" 


in  which  a  =  rolcs.  The  cumbersome  dependence  of  the  impedance 
functions  on  the  frequency  or  on  the  eigenvalue  parameter,  makes  it 
difficult  to  apply  standard  algorithms  for  the  solution  of  the 
eigenvalue  problem.  However  this  problem  can  be  transformed  in  a 
standard  form  by  some  appropriate  algebraic  manipulations.  To  this 
aim  it  is  convenient  to  write  the  impedance  matrix  in  the  following 
form 

with 
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K 


70  ~ 


~Kh 

0 


0 


Kn  = 


KSl  +  hcJa 
0 


0 


0 

0  ii:,(l  +  6'cZ)aV(35)_  ’ 

Next  it  is  necessary  to  remove  the  pole,  given  by  Sp  =  -  6/a,  from  the 
eigenvalue  equations.  This  may  be  achieved  by  multiplying  the 
eigenvalue  equations  by  h  +  as.  These  then  become 


0  0 
0  K.days 


(6  +  os)  ^ 


f  ^ 

'M  1  M,' 

C  1C," 

+  s 

"i”  C 
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By  performing  the  algebraic  operations  these  equations  may  be 
simplified  as  follows 

(s^Ag  +  s^Ag  +  sA^  +  Aq)  y  =  0  (5) 


where  y^  =  [u^lu^]. 


aM  1  aM, 

5  Ag  — 

6M  +  aC  1 

6M,  +  aC, 

^aM,  j  a]VI„H-Kjg^ 

[feM^+aCr 1 

^^66  ^^bb  1^72 

"  bC  +  oK  1  6C,  +  aKi, 

_ 

A 

■  6K  1  6K, 

_6Cr+aKr  i&C,3+aK33+K„j 

>  Aq  — 

This  cubic  eigenvalue  problem  (5)  may  be  transformed  into  a  linear 
one  through  simple  algebraic  manipulations.  By  noting  that 

sy  =  y,  sV  =  y, 

equation  (5)  may  be  written 

s(A3y  +  A2y  + Aiy)  +  Aoy  =  0.  (6) 

By  including  the  two  identities 


Iz  -  Iz  =  0  ,  Iz  -  Iz  =  0  , 

and  the  supervector  z^  =  [y^  1  y^  ! 
the  following  linear  eigenvalue  problem  may  be  formulated 

(A  +  sB)  z  =  0  (7) 

where 
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1 - 

o 

>— 1 

o 

1 _ 

A  = 
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T  T  ~ 

A  1  A  >  A 

L^3  1-^2  1 

This  may  be  solved  through  standard  methods  for  non-symmetrical 
eigenvalue  problems.  It  should  be  noticed  that,  to  the  knowledge  of 
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the  authors,  this  formulation  has  not  been  presented  previously  in 
the  hterature.  The  transformation  of  the  cubic  eigenvalue  problem 
(5)  in  the  linear  eigenvalue  problem  (7)  requires  the  ampli&cation  of 
the  order  of  the  problem  from  A^to  SN. 

The  technique  used  for  the  removal  of  the  pole  from  the 
impedance  matrix  imphes  that  this  will  appear  as  an  eigenvalue  of 
the  transformed  problem.  In  fact,  all  but  one  term  of  the  eigenvalue 
equations  (4)  are  multiplied  by  b  +  as  and  therefore  the  pole  wiU 
appear  as  an  eigenvalue  of  multiplicity  N~  1.  By  excluding  the  pole 
there  remain  2N  +  1  eigenvalues.  Therefore,  for  the  fundamental 
theorem  of  algebra  and  corollaries,  there  exists  at  least  one  real 
eigenvalue.  Most  of  the  remaining  eigenvalues  occur  in  complex 
conjugate  pairs,  but  a  few  of  them  may  turn  out  to  be  real. 

ORTHOGONALITY  CONDITIONS 


The  orthogonality  conditions  will  be  established  in  a  form 
suitable  for  subsequent  dynamical  analyses.  Therefore  reference  is 
made  to  equation  (3)  which  is  rewritten  in  the  following  form 

[s^M,  +  sC,+K,(s)]y  =  0.  (8) 

The  mass,  damping  and  stiffness  matrices.  Me,  Cc  and  Kc  are  the 
complete  matrices  reported  in  partitioned  form  in  equation  (3). 
When  equation  (8)  is  written  for  the  7ith  eigenvalue  Sn  and  the 
corresponding  eigenvector  yn,,  becomes 

[sX+s„C,+K,(s,)]y„  =  0.  (9) 

Similarly  for  the  /nth  eigenvalue  and  corresponding  eigenvector  the 
following  equation  is  obtained 

[s^M,+s„C,  +  K,(sj]y„=0.  (10) 

Multiplying  equation  (9)  to  the  left  by  and  equation  (10)  by 
and  by  taking  into  account  the  symmetry  of  the  matrices  Me,  Cc  and 
Kc,  the  following  two  conditions  are  obtained 

s„yi;C,y,  +  y:K,(s Jy„  =  0  (11) 

^y^M.y,  +  s^ylay^  +  y:K,(s  Jy,  =  0 .  (12) 


Subtracting  equation  (12)  from  equation  (11)  it  follows  that 

(s"  -  s^)ylM,y„  +  (s„  -  s^)y^c,y„  +  y^K^CsJ  -  K,(s„)]  y„  =  0 


(s,.  +  s„)ylM,y„  +  ylC,y,  + 


ylKisJ-KXsj]  y„ 
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which  provides  the  first  set  of  orthogonality  conditions.  Multiplying 
equation  (11)  by  Sm  and  equation  (12)  by  Sn  the  following  is  obtained 

+  s„s„yIC,y„  +  s„y^K,(s„)y„  =  0  (14) 

s„s^ylM,y„+s„s„y^C,y„  +  s„yX(s™)y„  =0.  (15) 

Subtracting  equation  (15)  from  equation  (14)  it  follows  that 

(sn  -  s„)sAyj;M,y„  -  yi;[s„K,(s„)  -  s„K,(s„)]  y„  =  0 


SnS™ylM,y„  - 


yl  s„K,(s„)-s„K,(sJ  y„ 


which  provides  the  second  set  of  orthogonality  conditions.  It  may  be 
interesting  to  notice  that,  when  the  matrix  Kc  is  frequency 
independent,  the  orthogonality  conditions  (13)  and  (16)  become 
identical  with  those  provided  by  Veletsos  and  Ventura  [23]  for 
frequency  independent  non-classically  damped  systems 

(s„  +  s„)y^M,y„  +  yIC,y„  =  0 
SAylM^y„  -  y^K,y„  =  0 

The  two  sets  of  orthogonality  conditions  (13)  and  (16)  are  only  valid 
if  the  eigenvalues  are  distinct.  It  may  happen,  however,  that  an 
eigenvalue  has  a  multiplicity  k  greater  than  one.  In  such  cases  it 
follows  that  Sm.  =  Sn  for  m^Ji  and  the  terms 


K/s„)-K,(sJ 


in  equations  (13)  and  (16)  take  a  finite  limit.  However  equations  (13) 
and  (16)  are  no  longer  satisfied  by  an  arbitrary  couple  of 
eigenvectors  associated  to  the  same  eigenvalue.  Nevertheless  it  is 
always  possible  to  find  in  the  /e-dimensional  eigenspace  associated  to 
the  multiple  eigenvalue,  k  eigenvectors  that  satisfy  the 
orthogonality  conditions. 

NUMERICAL  APPLICATIONS 


The  method  for  the  evaluation  of  eigenvalues  and  eigenvectors  of 
soil-structure  interacting  systems  presented  in  the  previous 
paragraphs  can  be  applied  to  any  plane  structure  and  can  be 
extended  to  space  structures  in  a  straightforward  manner.  For  the 
sake  of  simplicity  it  will  be  applied  here  to  a  periodic  shear-type 
framework.  For  such  a  structural  system  the  mass  and  stiffness 
matrices  may  be  written  as  follows 
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"l 

0 

0 

...  0 

o' 

2 

-1 

0  ••• 

0 

0 

0 

1 

0 

...  0 

0 

-1 

2 

-1  ... 

0 

0 

0 

0 

1 

...  0 

0 

,  K  =  k 

0 

-1 

2  ••• 

0 

0 

0 

0 

0 

...  1 

0 

0 

0 

0  •  ■ 

2 

-1 

1 - 

o 

0 

0 

...  0 

1_ 

0 

0 

0  ••• 

-1 

1_ 

where  m  is  the  floor  mass  and  k  is  the  interstorey  stiffness.  In  order 
to  dej&ne  the  complete  mass  and  stiffness  matrices  of  the  interacting 
system  the  following  submatrices  are  needed 


K,  =  0,  K,,  =  0, 


=  771 


1 

1 

1 


h 

2h 

3h 


1  (N-l)h 
1  Nh 


+Nm 

N 

mJi^i 

i=l 


N 

mJi^i 

i=l  ^ 


where  N  is  the  number  of  storeys,  h  is  the  in  ter  storey  height,  mo  is 
the  mass  of  the  foundation,  L  and  I  are  the  moments  of  inertia  of  the 
foundation  and  storey  masses.  The  impedance  matrix  Ki  has  been 
defined  in  a  previous  paragraph.  Structural  damping  is  neglected  in 
this  apphcation  and  therefore  the  damping  matrix  Cc  is  set  equal  to 
zero. 


Dimensionless  parameters 

The  dynamical  characteristics  of  the  system  defined  above  may  be 
described  in  terms  of  a  few  dimensionless  parameters.  These  were 
identified  as  follows 


N 

number  of  storeys, 

a  =  mjm 

mass  ratio, 

It 

rotational  inertia  ratio, 

Y  =  yjmh^/I 

storey  slenderness  ratio, 

X  =  Nh/r^ 

geometrical  ratio, 

s  =  GrJk 

stiffness  ratio, 

V  =  pc, n  r;l -Jkm 

radiation  damping  ratio, 

V 

Poisson’s  ratio  for  the  soil. 

The  previously  defined  mass  and  stiffness  matrices  take  the 
following  expressions  in  terms  of  these  dimensionless  parameters. 


363 


M.  =  m 


1  1 
1  2 
1  3 

1  N-l 
1  N 


=  m 


a 


+  N 


N 

Hi 

i=l 


Hi 

t=i 


.  fi  +  N 


r 


t=l 


'  8g 
2-v 


+  7]  S 


SeN'^  b  +  ds  +  [(l  +  b^d)/3b]d^^^  +  (ddVS) 
3(l-v)A“  b  +  ds 

k  Tj 


Kj=k 

where 


a-  I - ^  s  =  s/  Jk/m 

hn  ns 

is  the  dimensionless  eigenvalue.  It  should  be  noticed  that,  in  order 
to  achieve  this  representation,  rotations  have  been  multiplied  and 
moments  have  been  divided  by  the  interstorey  height  h. 


Eigenvalues  and  eigenvectors 

The  calculations  of  the  eigenvalues  and  the  eigenvectors  have  been 
carried  out  for  the  following  values  of  the  dimensionless  parameters 

iV  =  l,  a  =  l,  r  =  4, 

A  =  2,  ^  =  3,  v=l/3. 

The  three  cases  reported  in  Tables  1,  2  and  3  have  been  considered. 
Table  1.  Eigenvalues  and  eigenvectors;  ;/  =  4. 


n 

Eigenvalues 

sj^klm 

Ei^ 

^envectors  yn 

yOn 

D 

-0.0072  +  0.83591 

2.7625  +  0.05851 

0.1917-0.04241 

1.0000 

2 

-0.0072-0.83591 

2.7625-0.05851 

0.1917  +  0.04241 

1.0000 

3 

-  2.0000  (pole) 

4 

-  2.0000  (pole) 

5 

-  2.8302 

-0.8230 

-  0.0742 

1.0000 

6 

-  1.9480  +  3.27101 

0.1727 -0.5688i 

-  1.2015  +  0.53961 

1.0000 

7 

-  1.9480 -3.2710i 

0.1727  +  0.56881 

-  1.2015-0.53961 

1.0000 

8 

-  1.6298  +  4.63231 

-  1.1308-0.00031 

0.0942  +  0.02961 

1.0000 

9 

-  1.6298-4.63231 

-  1.1308  +  0.00031 

0.0942  -  0.02961 

1.0000 

It  should  be  noticed  that  the  value  77  =  7,533145  was  chosen 
specifically  to  obtain  two  real  eigenvalues  very  close  to  each  other, 
as  may  be  seen  from  Table  2. 
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Table  2.  Eigenvalues  and  eigenvectors;  rj  =  7.533145. 


n 

Eigenvalues 

Eigenvectors  yn 

yin 

:Vo. 

1 

-0.0204+  0.82881 

2.5193  +  0.27951 

0.1614-0.05331 

1.0000 

2 

-0.0204-0.82881 

2.5193-0.27951 

0.1614  +  0.05331 

1.0000 

3 

-  1.0620  (pole) 

4 

-  1.0620  (pole) 

5 

-  1.8634 

-  0.6457 

-0.1684 

1.0000 

6 

-  3.6604 

-0.1807 

-0.8058 

1.0000 

7 

-  3.6688 

-0.1796 

-0.8071 

1.0000 

8 

-  3.4474  +  3.07441 

-  1.1094  +  0.02971 

0.1167  +  0.02181 

1.0000 

9 

-  3.4474  -  3.07441 

-  1.1094-  0.02971 

0.1167-0.02181 

1.0000 

Table  3.  Eigenvalues  and  eigenvectors;  77  =  8. 


n 

Eigenvalues 

Eigenvectors  yn 

:^in 

:y'on 

1 

-0.0227  +  0.82801 

2.4873  +  0.31871 

0.1579-0.05331 

1.0000 

2 

-0.0227-0.82801 

2.4873-  0.31871 

0.1579  +  0.05331 

1.0000 

3 

-  1.0000  (pole) 

4 

-  1.0000  (pole) 

5 

-  1.8289 

-0.6172 

-0.1982 

1.0000 

6 

-2.4827 

-0.3867 

-  0.5506 

1.0000 

7 

-3.6830  +  2.73081 

-  1.1027  +  0.03011 

0.1193  +  0.01971 

1.0000 

-  3.6830-2.73081 

-  1.1027-0.03011 

0.1193-0.01971 

1.0000 

IH 

-  5.2771 

-0.0299 

-  0.9690 

1.0000 

For  increasing  values  of  77  these  eigenvalues  tend  to  become 
more  distant,  as  may  be  seen  from  Table  3.  In  fact,  the  two  complex 
and  conjugate  eigenvalues  corresponding  to  zi  =  6  and  n~l  for  77  =  4 
(Table  1)  become  real  for  77  =  7.533145  (Table  2).  For  77  =  8  they 
become  further  apart  and  correspond  respectively  to  7i  =  6  and  n  =  9. 
It  should  be  noticed  that  eigenvalues  and  poles  have  been  ordered  in 
terms  of  increasing  amplitude. 

Orthogonality  conditions 

Tables  4,  5  and  6  were  constructed  in  order  to  verify  the 
orthogonahty  conditions  (13)  and  (16).  The  amphtude  of  the  left- 
hand  side  of  equations  (13)  and  (16)  is  reported  in  part  (a)  and  part 
(b)  respectively  of  the  above  mentioned  tables.  In  spite  of  the  fact 
that  two  of  the  real  eigenvalues  corresponding  to  77  =  7.533145  are 
very  close,  the  orthogonality  conditions  are  satisfied  exactly,  as  is 
shown  in  Table  5. 


365 


Table  4.  Orthogonality  conditions;  ij-A. 

(a)  equation  (13)  (b)  equation  (16) 


H 

1 

2 

3 

4 

5 

6 

7 

1 

29 

0 

0 

0 

0 

0 

0 

2 

0 

29 

0 

0 

0 

0 

0 

3 

0 

0 

71 

0 

0 

0 

0 

4 

0 

0 

0 

76 

0 

0 

0 

5 

0 

0 

0 

0 

76 

0 

0 

6 

0 

0 

0 

0 

0 

8.4 

0 

D 

0 

0 

0 

0 

0 

0 

8.4 

m'^ 

1 

2 

3 

4 

5 

6 

7 

1 

27 

0 

0 

0 

0 

0 

0 

2 

0 

27 

0 

0 

0 

0 

0 

3 

0 

0 

3.2 

0 

0 

0 

0 

4 

0 

0 

0 

12 

0 

0 

0 

5 

0 

0 

0 

0 

12 

0 

0 

6 

0 

0 

0 

0 

0 

1.3 

0 

7 

0 

0 

0 

0 

0 

0 

1.3 

Table  5.  Orthogonality  conditions;  rj  =  7.533145. 

(a)  equation  (13)  (b)  equation  (16) 


m" 

1 

2 

3 

4 

5 

6 

7 

1 

23 

0 

0 

0 

0 

0 

0 

2 

0 

23 

0 

0 

0 

0 

0 

3 

0 

0 

1.2 

0 

0 

0 

0 

4 

0 

0 

0 

0.006 

0 

0 

0 

5 

0 

0 

0 

0 

0.006 

0 

0 

6 

0 

0 

0 

0 

0 

0.8 

0 

7 

0 

0 

0 

0 

0 

0 

0.8 

Bi 

1 

2 

3 

4 

5 

6 

7 

1 

29 

0 

0 

0 

0 

0 

0 

2 

0 

29 

0 

0 

0 

0 

0 

3 

0 

0 

27 

0 

0 

0 

0 

4 

0 

0 

0 

20 

0 

0 

0 

5 

0 

0 

0 

0 

20 

0 

0 

6 

0 

0 

0 

0 

0 

1.4 

0 

n 

0 

0 

0 

0 

0 

0 

1.4 

Table  6.  Orthogonality  conditions;  77  =  8. 

(a)  equation  (13)  (b)  equation  (16) 


Bi 

1 

3 

4 

5 

6 

7 

1 

23 

0 

0 

0 

0 

0 

0 

2 

0 

23 

0 

0 

0 

0 

0 

3 

0 

0 

0.9 

0 

0 

0 

0 

4 

0 

0 

0 

0.8 

0 

0 

0 

5 

0 

0 

0 

0 

0.7 

0 

0 

6 

0 

0 

0 

0 

0 

0.7 

0 

7 

0 

0 

0 

0 

0 

0 

2.8 

m 

1 

2 

3 

4 

5 

6 

7 

1 

28 

0 

0 

0 

0 

0 

0 

2 

0 

28 

0 

0 

0 

0 

0 

3 

0 

0 

24 

0 

0 

0 

0 

4 

0 

0 

0 

20 

0 

0 

0 

5 

0 

0 

0 

0 

0.5 

0 

0 

6 

0 

0 

0 

0 

0 

0.5 

0 

7 

0 

0 

0 

0 

0 

0 

28 

The  case  iV  =  1  was  considered  only  for  the  sake  of  brevity  in  the 
representation  of  the  eigenvalues  and  the  eigenvectors.  However  the 
method  has  also  been  applied  to  large  values  of  N  without  any 
complication. 


CONCLUSIONS 

A  method  for  the  calculation  of  eigenvalues  and  eigenvectors  of 
frequency  dependent  soil-structure  interacting  systems  has  been 
presented.  Two  sets  of  orthogonality  conditions,  to  be  used  in 
subsequent  dynamical  analyses,  have  been  derived.  Some  numerical 
applications  showing  the  performance  of  the  method  have  been 
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reported  and  the  orthogonality  conditions  have  been  verified. 

The  method  presented  allows  the  exact  calculation  of 
eigenvalues  and  eigenvectors  of  soil-structure  interacting  systems 
and  equivalently  the  calculation  of  frequencies  and  modes  of 
vibration.  The  complex  modal  analysis  can  therefore  be  applied  also 
to  soil-structure  interacting  systems  for  the  evaluation  of  the 
dynamical  response.  This,  up  to  now,  has  not  been  possible  because 
a  method  for  the  calculation  of  the  eigenvalues  and  the  eigenvectors 
of  such  systems  was  not  available.  Therefore  only  approximate 
solutions  were  presented  in  the  literature. 
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EIGENVALUE  EVALUATION  FOR  NONLINEAR  MATRIX 
POLYNOMIALS  IN  STRUCTURAL  DYNAMICS  IN  ORIGINAL 

SPACE  OF  DOF. 

P.  Ruge 

Professur  Dynamik  der  Tragwerke,  Technical  University  Dresden, 
D-01062  Dresden,  Germany. 

Abstract  The  numerical  treatment  of  the  equations  of  motion  in  struc¬ 
tural  dynamics  and  control  is  accompanied  by  nonlinear  algebraic  eigen¬ 
value  representations.  High-performance  eigenvalue  solvers  are  developed 
for  only  pairs  A,  B  of  matrices;  that  means  for  linear  eigenvalue-problems 
Ax  =  ABx.  To  profit  from  software  packages  it  is  common  practice  to 
transform  the  nonlinear  eigenvalue  problem  into  a  formal  linear  one  but 
with  multiple  order  compared  with  the  original  number  of  DOFs. 

This  paper  presents  a  vector  iteration  process,  which  actually  works  in  the 
original  space  of  DOFs  and  which  needs  no  simultaneous  approach  if  con¬ 
jugate  complex  eigenvalues  with  identical  norm  have  to  be  calculated. 


INTRODUCTION 


Nonlinear  eigenvalue-problems 

(So  +  ASi  +  A^S2  -f- . . .  -f  A^Sp)  q  =  0,  qi  •  ■  -  Qn  j  ,  (1) 

with  p=2  are  typical  in  structural  dynamics  including  general  viscous  dam¬ 
ping  and  gyroscopic  efltects.  The  standard  symmetric  situation, 

50  =  K,  K  =  K^, 

51  =  D,  D  =  D^, 

52  =  M,  M  =  M^,  (2) 


with  mass  M,  damping  D  and  stiffness  K  can  be  transformed  into  a  cor¬ 
responding  hypersystem  with  matrices  A,  B  of  double  order  2n,  still  sym¬ 
metric  but  not  definite  in  general. 

p  =  2  :  (K  -F  AD  +  A^M)  q  =  0. 

r  -rr  -l  r  .  ^  ^  “I  r  .  ^ 


■  M  o' 

■  Aq 

=  A 

0 

M  ■ 

■  Aq  ■ 

0  -K 

q 

M 

D 

q 

short  form  Az  =  ABz. 


A  =  A^,  B  -  B^  if  M  =  M^,  D  =  D^,  K  =  K^. 

An  alternative  gyroscopic  part  HAG  with  skewsymmetric  G,  G^  =  —  G, 
instead  of  damping  D  in  the  eigenvalue  problem  (3)  can  be  incorporated 
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in  such  a  way,  that  hypermatrix  A  is  symmetric  and  B  skewsymmetric. 

p  =  2  :  (K  +  AfiG  +  A2M)q  =  0, 

=  —  G,  ft  :  angular  velocity. 


■  M 

0  ' 

Aq 

=  A 

0 

M 

Aq 

0 

K 

q 

-M 

-HG 

q  . 

short  form  Az  =  ASz, 
A  =  A^,  =  -S. 


The  special  gyroscopic  situation  with  D  =  0  is  characterized  by  sets 
A  =  ±(a  ±  z/?)  of  4  complex  eigenvalues  with  identical  norm.  Matrix  poly¬ 
nomials  (1)  with  degree  p>2  are  common  in  structural  control;  for  example 
if  systems  with  time  delay  ([1],  [2])  have  to  be  considered. 

Further  nonlinear  eigenvalue  problems  arise  from  algebraic  representati¬ 
ons  of  dynamic  BEM-formulations.  The  natural  BEM-approach  allows  no 
formulation  incorporating  the  eigenvalue  (eigenfrequency)  A  directly  as  a 
parameter  for  itself.  This  disadvantage  can  be  avoided  by  using  methods 
like  multiple  reciprocity  or  power  series  expansion  of  the  fundamental  so¬ 
lution. 

Whatever  the  mechanical  background  may  be;  the  resulting  eigenvalue  pro¬ 
blem  (1)  has  to  be  solved  and  it  is  common  practice,  to  introduce  hyperma¬ 
trices  A,  B  of  order  n  •  p  which  are  passed  over  to  high-performance  solvers. 


TRANSFORMATION  AND  CONDENSATION 

Symmetry  properties  of  each  of  the  matrices  Sj  involved  in  (1)  can  be 
saved  with  respect  to  the  hypermatrices  A,  B  if  the  original  parts  Sj  are 
arranged  in  a  very  special  manner;  equation  (5)  shows  the  situation  for 
p=4: 

Original  space  of  DOF;  order  n. 

Degree  p=4. 

(So  +  ASi  +  A'Sj  +  A^Ss  +  A"S4)  q  =  0,  S,  =  Sj. 

Expanded  linear  problem;  order  p  •  n: 


'  0 

0 

S4 

0  ■ 

r  A^ql 

'  0 

0 

0 

S4 1 

[A^ql 

0 

S4 

S3 

0 

A^q 

=  A 

0 

0 

S4 

S3 

A=q 

S4 

S3 

S2 

0 

Aq 

0 

S4 

S3 

S2 

Aq 

0 

0 

0 

-So  . 

.  q  . 

.  S4 

S3 

S2 

Si . 

.  q  . 

short  form  Az  =  ABz. 

A  =  A^,  B  =  B^ifS,=Sj. 
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Otherwise,  without  total  symmetry,  A,  B  should  be  arranged  as  sparse  as 
possible. 

Original  nonlinear  problem 

(So  +  ASi  +  A'Sj  +  A'Ss  +  A^S4)  Zq  =  0. 


Expanded  linear  problem 


■  1 

0 

0 

0  ■ 

■  0 

1 

0 

0  ■ 

0 

1 

0 

0 

z  =  A 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

,  0 

0 

0 

-So  . 

.  S4 

Ss 

S2 

Si  . 

(6) 


Some  properties  of  the  eigensolutions  Xj,Zj  are  well  known  and  are  added 
for  the  sake  of  completeness.  If  A  and  B  are  pure  real  any  complex  eigen¬ 
value  X  —  a  ifS  has  a  conjugate  complex  partner  X  =  a  —  i/S.  A  normal 
pair  A,  B  of  symmetric  matrices  can  be  transformed  into  a  diagonal  pair 
by  means  of  the  modal  matrix  Z  which  contains  all  of  the  p  •  n  complex 
eigenvectors  Zj; 


■  A^Xi  . 

■  '  '^471^471 

■  XA^  ■ 

A^Xi  . 

A^„X4n 

XA^ 

AjXi  . 

■  •  A4Y1X471 

XA 

.  Xi 

■  •  X471  _ 

.  X 

Z^AZ  =  diag  {fl;},  7  =  1,...,  pn. 

Z^BZ  =  diag  {6,},  (7) 

A  =  diag  {Xj}. 


aj=zjAzj  =  3  AJ  xJS4Xj  +  2  A|  xJSsXj-j- 

A|xJS2Xj  -xJSqXj, 

bj  =  zjBzj  =  4A5xp4Xj  +  SA^xJSsXj-f 
2  Xj  xJS2  Xj  -f  xJSi  Xj.  Xj  = 

The  scalar  products  aj,bj  are  complex  numbers  in  general  which  can  be 
taken  to  describe  the  eigenvalue  Xj  directly. 


Rather  similar  but  real  products 

aj  =  zjAzj,  bj  =  zjBzi  (8) 

using  conjugate  complex  solutions 

{\j,Zj),  (Xj,Zj)  (9) 

are  zero.  These  properties  present  no  new  information;  they  are  part  of  the 
orthogonalities  hidden  in  Z^AZ  =  diag  {flj}  and  Z^BZ  =  diag  {6j}; 
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if  we  take  the  2  solutions  from  (9)  we  immediately  get  the  result  already 
mentioned: 

zjBz,  =  0;  zJAz,  =0.  (10) 

A  detailed  evaluation  of  the  identities  (10)  for  a  typical  complex  pair  allows 
a  real-valued  scalar  condensation  of  the  (pn)-ordered  problem: 

■  A^x 
A^x 
=  Ax 

X 

CLj  ~  Aj[.  . .]  So  0, 

bj  =  [.■•]  +  +  saAj  -j-  S2Xj  +  Si  =0, 

[. . .]  =  |s4(A^ -h  A^ -1- AjAj) -i- S3(Aj -f  Ay) -b  S2}  Aj.  (11) 

Sk  =  xJSkXj. 

Eliminating  the  bracket  [. . .]  in  dj,bj  (11)  results  in  a  scalar  polynomial 
of  fourth  degree  with  real  coefficients  if  all  of  the  matrices  Ak  are  real 
symmetric. 

p{x)  =  So  +  Asi  -f  A^S2  +  A^S3  -b  A'^S4  =  0, 

5*  =  xfSi-Xj  €  R;  Sk  =  Sl. 
p(Xjk)  =  0,  fc  =  l,2, 3,4. 

(12) 

Eigensolution: 

XjfXj^  XjiyXj2i  Aj3,  Ay4, 

The  roots  Xjk  of  the  polynomial  (12)  are  the  corresponding  eigenvalues  of 
the  eigenspace  Xy,  xy,  including  Ay,  Ay, 

A  normal  pair  A,  B  of  unsymmetric  matrices  can  be  transformed  into 
a  diagonal  pair  by  means  of  the  left  eigenvectors  ij  arranged  in  the  left 
modal  matrix  L  and  the  right  eigenvectors  ry  with  R. 

p  —  i  : 

Avj  =  AjBr;. 

L  =  [  ] 


■  -^fyi  • 

•  A|„y4„  ■ 

YA® 

A?yi  . 

YA^ 

Aiyi  • 

YA 

.  yi  • 

y4n  . 

.  Y 
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R  =  ri  ...  r4„ 


Ajxi  . . .  A3^X4n  1  r  XA^  ■ 

A^Xi  .  .  .  A2^X4n  ^  XA^ 

AjXi  . . .  A471X472,  'X.\ 

Xi  . . .  X4n  J  LX 

L^AR  =  diag  {aj},  L^BR  =  diag  {6^}, 

A  =  diag  {Aj}.  =  1,  . . . ,  p  •  n.  (13) 

Once  more,  the  products  a^,  6^  in  (13)  are  complex  numbers. 

Taking  a  pair 

(Ay,r,);  AeC,  (14) 

of  2  different  eigensolutions  with  complex  A  results  in  similar  products 

=  aj  =  0, 

fjBr,  =  bj  =  0  (15) 


as  in  (13)  but  zero- valued.  The  exact  eigenvectors  ij,rj  restrict  the  origi¬ 
nal  (p-n)-ordered  eigenvalue  problem  to  a  scalar  polynomial  wffh  degree 
p  which  contains  the  spectral  information  corresponding  with  ij,rj;  that 
means  at  least  Aj,Aj. 

The  following  sections  present  special  equations  and  results  for  p=2.  The 
condensed  version  (11),  (12)  for  symmetric  matrices  S2,  Si,  So  simplifies  to 
a  quadratic  scalar  equation  with  real  coefficients: 


Qj  ~  S2AjAj  —  So  =  0, 


bj  =  52(Aj  -f  Xj)  -j-  5i  —  0. 

Sk  =  xJS^Xj,  sjb  e  IR  if  Sfc  =  S^.  (1^) 

Corresponding  scalar  equation 

S2  +  i?  Si  -|-  -So  —  0, 
with  Ri  =  Aj,  R2  =  Xj. 

The  unsymmetric  version  with  Sf  ^  S^  is  described  by  similar  formulae 
but  with  different  values  Sk- 

si  ^Sk:  Sk  =  yJStXj.  (17) 
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VECTOR  ITERATION.  SYMMETRIC  MATRICES 


Vector  iteration  methods  combine  two  essential  properties: 

•  Known  eigensolutions  from  similar  problems  can  be  taken  to  accele¬ 
rate  the  iteration. 

•  The  most  interesting  first  greatest  or  first  smallest  eigenvalues  can 
be  calculated  instead  of  all  eigenvalues. 

The  algorithm  presented  here  for  p=2  operates  within  the  original  space 
of  degrees  of  freedom  of  order  n.  Nevertheless  the  theoretical  justification 
of  the  modified  method  turns  back  to  the  2n-order  pair  A,B  in  equation 
(16),  because  the  vector  iteration  itself  and  its  convergence  properties  can 
be  proved  and  explained  only  for  a  pair  of  matrices. 

First  results  for  symmetric  matrices  have  been  presented  by  the  author 

[3] .  In  literature  there  seems  to  exist  only  one  contribution  by  Nordmann 

[4]  which  deals  with  vector  iteration  in  the  original  space  of  order  n.  The 
subject  of  his  paper  are  eigenvalue  problems  in  rotordynamics  where  a  ve¬ 
locity  part  Du  in  the  equations  of  motion  can  be  caused  by  damping  and 
by  gyroscopic  effects,  as  well.  Special  attention  is  paid  to  double  roots, 
that  means  a  complex  pair  A  =  a  ±  f/?  of  eigenvalues  with  identical  norm. 
Nordmann’s  method  as  well  as  the  identical  power  iteration  can  not  decide 
whether  to  approach  Zi  =  ai  -1-  fbi  for  Ai  =  a  +  f/3  or  Zi  =  ai  —  zbi  for 
X2  =  a  "  ip]  in  other  words,  a  kind  of  simultaneous  iteration  has  to  be 
established. 


Here,  the  vector  iteration  towards  the  smallest  eigenvalue  Ai  starts  with  a 
trialvector  Wq  and  generates  a  sequence  Wi,  W2  . . .  towards  the  correspon¬ 
ding  hypereigenvector  Zi  to  Ai. 


M 

0 


Vi 

.  . 

In  General 


■  0  M  ■ 

Vo 

M  D 

.  "^0  . 

Awj+i  =  Rj  B  Wj . 

Wj  — ^  Zi]  Rj  — y  Aj. 


Wo 


Vo 

Uo 


(18) 


The  convergence  of  this  process  depends  on  the  magnitude  r  =  |A|  = 
|a  +  z/?|  =  of  the  two  eigenvalues  with  smallest  magnitudes.  The 

decision  whether  to  approach  A  =  a  +  z/3  or  A  =  a  —  in  situations  with 
conjugate  complex  eigenvalues  is  made  when  solving  the  scalar  condensed 
equation  (16).  The  approximation  R  choosen,  either  for  A  or  for  A,  shows 
the  iteration  Awj+i  =  RjBwj  where  to  go;  either  towards  z  or  towards  z; 

[3]. 
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The  special  internal  structure  of  A  and  B  allows  a  sequential  calculati¬ 
on  of  the  n-order  parts  Uj  and  Vj  of  the  2n-order  vector  Wj. 


Vi  =  Vi- 

—Kui  =  i?o(Mvo  +  Duo)  Ui- 


(19) 


In  general,  Uo  and  Vq  can  be  choosen  any  way.  Known  eigenvectors  from 
similar  problems  should  be  taken  advantage  of.  Otherwise  total  neutrality 
with  Uj  =  1;  j  =  1,  . . . ,  n  would  be  an  optimal  choice.  A  corresponding 
partner  Vq  with  Uq  should  reflect  the  relation  between  the  parts  of  the 
exact  eigenvector  z. 


Vo  =  RqUq.  z  = 


Ax 

X 


(20) 


A  proper  value  Ro  follows  from  solving  the  scalar  ’’condensed  algebraic 
equation”  (16)  evaluated  with  Uq. 


R'^thq  RdQ  kQ  —  0. 

— y  Roots  Ri ,  R2  • 

Rq  =  \Rj\Min’  (^^) 

mo  =  u^Muo,  do  =  u^Duo,  ^0  —  UqKuq. 

mo,do,A:oeRifM  =  M^,  D  =  D^,  K  =  K^. 


A  typical  k.  iteration  step  from  Uj,  v^,  Rj  to  u^,  v^,  Rk  follows  from  equa¬ 
tion  (19): 

k.  step 


Input:  u j ,  Vj ^Rj.  Vj  =  Rj-i  u 1 . 
Output:  ~Kuk  =  Rj(Mvj  Du;). 

Rk  from  R?mk  +  R  djt  +  /cjt  =  0. 
Vfc  =  RjUj.  Here  Rj,  not  Rk\ 


The  vector  iteration  towards  A2,  Z2  and  higher  eigenterms  must  be  free  from 
parts  in  direction  of  Zi;  otherwise  the  first  eigenpair  will  be  approached  once 
more.  An  explicit  way  in  order  to  produce  clean  vectors  takes  a  provisional 
iterated  vector  Wj+i, 

Awj+i  =  RBwj,  (23) 


and  eliminates  the  Zi-part. 


Wj  +  l  =  Wj+i  - 


zfBwj+i 

zfBzi 


Zl 


(24) 
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(25) 


This  process  can  be  extended  with  respect  to  r  known  eigensolutions. 


k.  step 


Input.  iij^'VjjRj^  ^1 5  ^1)  ^1? 

Output:  Vk  =  RjUj, 

-Kujt  =  Rj{Mvj  +  Duj). 

Since  complex  eigenpairs  Xi,  Ai  appear  together  with  a  conjugate  pair  Xi,  Ai 
these  parts  are  taken  together  to  evaluate  the  sweeping  process. 

Sweeping  process  with  respect  to  Xi,Ai;xi,Ai  :  (26) 


Vjt  —  Vfc  ^AjXi  ^^•AiXi, 

U/:  =  Ufc 

N  =  xfDxi  +  2AixfMxi, 

N*  =  xfDxi  +  2AixfMxi  =  N. 

Z  =  xf  Dua:  +  AixfMufc  +  xJ’Mvfc, 
Z*  =  xf  Dufc  +  Aixf  Mu^fc  +  xfMvfc. 

Root  Rk  from  R'^ruk  Rdk  +  kk  =  0. 

Rk  =  \R\,2\Min^ 


End  of  k.  step. 


VECTOR  ITERATION.  UNSYMMETRIC  MATRICES 

The  vector  iteration  towards  the  smallest  eigenvalue  Ai  starts  with  a  pair 
of  left  trial  vector  Wlo  and  right  trial  vector  w^o  and  generates  sequences 
wx,i,  wi,2,  •  •  ■  and  whi,  wk2,  •  •  •  towards  the  corresponding  hypereigenvec¬ 
tor  li.vi  with  eigenvalue  Ai.  S2,Si,So  are  replaced  by  M,  D,  K  in  order 
to  simplify  the  comparision  with  the  equations  from  the  former  section. 


M  0  vhi  _  d  0  M 
0  -K  J  [  J  “  [  M  D 

In  general  Awtrj+i  =  Rj'B'WRj. 

whj r^;  Rj  ^  Xi. 


■  0  1  r  Vi,i  ]  _  r  0 

0  -K^  J  [  ULi  J  ' 

In  general  A^’Wlj+i  =  RjB'^wij- 
'^Lj Rj  ^  Xi. 


,  Wro  = 


,  W£,0  = 
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Once  more,  the  unknowns  (vhi,uhi),  (vli,uli)  can  be  calculated  separa¬ 
tely  from  n-order  linear  equations. 

Vi?i  =  Ro'^ro, 

— Kujji  =  i?o(MvKo  +  Du/?o)-  (2^) 

vli  =  Ro'^lo^ 

-K^ui,i  =  i?o(M^V£,o  +  D^ulo)- 
Identical  starting  vectors, 

Uro  ~  U£,o  =  [  1  -  •  •  1  ] 

define  a  condensed  scalar  form  similar  to  (17) 

R^ttiq  R  do  ko  =  0 j 

mo  =  u^o  do  -  ulo  Duho,  (30) 

ko  =  u^o  Kuho- 

— >■  roots  Ri^  R2-  Rq  —  1-^1, 2 1  Min  5 

from  which  the  smallest  root  Rq  is  taken  to  approximate  Ai  and  to  calculate 
v/?o  =  Ro^ro  and  vlq  =  RqUlo^  Higher  iteration  steps  are  similar  to  the 
starting  step. 

k.  step 

Input:  ULj,  VLj]  uhj,  VHj.  Rj 

Output:  VLk  —  Rj^Lj,  ^Rk  =  Rj^Rj- 

— Kuha:  =  i^i(Mv/?j  -f  Du/jj),  (31) 

-K'^ULk  =  Rj{M'^VLj  +  Dulj). 

Rk  from  R'^mk  +  Rdk  +  kk  ~  0. 

Roots  Ri,R2-  Rk  =  |^l,2|iWtn- 

mk  =  U-lk^^Rk,  dk,  kk  dito. 

A  simplified  iteration  process  towards  Xi  with  only  right  trial  vectors  URj 
instead  of  left/right  pairs  u^j,  u/^j  results  in  a  scalar  condensed  equation, 

R^ S2  +  Rsi  -fi  So  =  0, 

-Sfc  =  ^Rj^k^Rj'i  S2  =  M,  Si  =  D,  So  =  K,  (32) 

with  complex  coefficients  Sk  in  general.  Finally,  the  result  Xi,Ai  of  an 
iteration  process  should  be  examined  by  the  original  eigenvalue  problem 

(A^S2  +  AiSi  -|-  So)xi  =  0. 

The  iteration  towards  A2,-^2,r2  must  be  free  of  parts  in  direction  of 
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ri,ri.  An  explicit  way  in  order  to  produce  clean  vectors  takes  provisional 
iterated  vectoTs^wij^WRj, 


Awr^j+i  =  RjBwRj, 
A^WLj+I  = 

and  cleans  them  with  respect  to 


WHJ+l 

^1 


=  WK,i+l  - 


ZfBri  =  bi. 


1*1  - 


ril 


Wij+i  -  Wi,,+i- 

rfB^^i  =  ^[Bri=6i,  rfB^A  =  ij. 


(33) 


(34) 

(35) 


An  amount  of  r  known  eigensolutions  is  treated  in  a  similar  manner. 

The  numerical  process  itself  can  be  evaluated  within  the  original  space  of 
order  n  corresponding  with  the  number  of  degrees  of  freedom. 


^Rk 

^Rk 

hi 

Zr 

Zr 


AiYi 

yi 


ri  = 


AiXi 

Xi 


B 


0 

M 


M 

D 


Z%- 

^Rk - ^AiXi  -  y-AiXi. 

6i  bi 

Zr  Z*r_ 

^Rk - T~^l  ~ 

hi  oi 

fTiD^  _ I  o\  -.tT 


i^Bri  =  y/Dxi  +  2AiyJ  Mxi. 

tiBwRk  =  AiyfMuRji  +  yf(MvBi  +  Dur*), 

l^BwRk  =  AjyfMuRi  +  yf(MvRt  +  DuRt). 


(36) 


vl* 

UL/fc 

bi 

Zl 

ZL 


Zl  Z*  - 

^Lk  —  T^AiYi  -  ^AiYi. 
hi  oi 


Zl 

ULfc  -  T-yi 

hi 


K- 

hi 


y^Dxi  +  2AiyJ'Mxi. 

rfB^WL)fe  =  AixfM^ULJt  +  xf 

ffB^WLJfc  =  AixfM^ULjt  +  xf  (M^VlA:  +  D^ULfc). 


(37) 

(38) 
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EXAMPLES 


Example  1:  A  simple  but  significant  example  shown  in  fig.  1  is  examined 
in  order  to  demonstrate  the  iteration  process  towards  the  first  two  pairs  of 
complex  conjugate  eigenvalues. 


I  I  I 

Fig.l:  Vibration  system  with  massless  elastic  beams,  discrete  elastic 
and  viscous  elements  and  masses. 

Each  of  the  5  beams  is  approximated  by  cubic  interpolation  functions; 
consequently  there  are  n=10  degrees  of  freedom. 

=  I  lUi  <^l  W2  ■  ■  ■  Uls  <^5  ]  ■ 

M  =  diag  {1.5,  0.1,  2.0,  0.1,  1.0,  0.1,  1.5,  0.1,  1.0,  0.1}; 
dij  =  0  except  d^z  =  0.2  +  0.2  =  0.4, 

dzQ  =  dgs  =  —0.2,  dgg  =  0.2; 

'  27  0  -12  -6  0  0  -3  0  0  O' 

08  62  00  00  00 

-12  6  27  0  -12  -6  0  0  -3  0 

-62  08  62  00  00 

_  00  -12  6  12  6  00  00 

^  ~  00  -6  2  64  00  00' 

-3  0  0  0  0  0  27  0  -12  -6 

00  00  00  08  62 

0  0  -3  0  0  0  -12  6  15  6 

00  00  00-62  64 
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The  iteration  sequences  towards  Ai,2  and  A3, 4  are  shown  in  table  1. 

step  k 

R  — >  Ai^2 

R  A3, 4 

1 

-0.0133  333  ±3.50  2351 

-0.0133333  ±3.50  235  f 

2 

-0.0149  064  ±0.329  0751 

-0.0092  787  ±  1.33  050  i 

3 

-0.0154106  ±0.3315811 

-0.0123  665  ±  1.248  325  i 

5 

-0.0149038  ±0.3269851 

-0.0138118  ±  1.244  679  z 

10 

-0.0141 243  ±0.3250451 

-0.0139  574  ±  1.244  747  i 

15 

-0.0144 109  ±0.325  1881 

-0.0139575  ±  1.244  747  z 

20 

-0.0140193  ±0.3251271 

-0.0139  575  ±  1.244  747  z 

30 

-0.0141  902  ±0.325 1101 

QZ 

-0.0141902  ±0.3251101 

-0.0139575  ±  1.244  747  z 

Table  1:  Iteration  sequences  for  example  1. 

The  results  achieved  by  using  the  QZ-algorithm,  described  by  Moler  and 
Stewart  [5]  and  implemented  in  EISPACK  in  an  optimized  version,  are 
added  in  order  to  show  the  correspondence  with  the  results  coming  out  of 
the  vector  iteration  process. 


Example  2:  Another  example  without  mechanical  background  is  charac¬ 
terized  by  an  unsymmetric  matrix  K. 


M  = 


'  3 

2 

1 

1  ■ 

■  16 

14 

12 

2  ■ 

2 

3 

2 

1 

,D  = 

14 

34 

32 

20 

,K  = 

1 

2 

8 

1 

12 

32 

32 

20 

_  1 

1 

1 

2 

2 

20 

20 

22  . 

97 

95 

85 

40 


95  85 

295  285 
285  285 
200  200 


2 

200 

200 

202 


The  iteration  sequences  towards  A  1,2  and  A3, 4  using  the  simplified  iteration 
process  are  shown  in  table  2. 


step  k 

R  — ^  Ai^2 

R  A3, 4 

1 

-4.750  000  ±7.764 1001 

-4.750  000  ±  7.764  lOOz 

2 

-0.139  727  ±  1.250  0321 

-2.328012  ±  5.131 843z 

3 

-0.118934  ±1.158  8521 

-0.909  217  ±4.050  397z- 

5 

-0.128928  ±  1.1398671 

-0.791 635  ±  3.410  302i 

10 

-0.126  919  ±1.1355771 

-0.825  569  ±  3.502  506z' 

15 

-0.128  615  ±1.1376351 

-0.830  765  ±  3.499  874i 

20 

-0.129  364  ±1.141 1561 

-0-830586  ±  3.499  624z 

30 

-0.126890  ±1.1380911 

-0.830  575  ±  3.499  636i 

40 

-0.126878  ±1.138  0851 

-0.830  575  ±  3.499  636z 

50 

-0.126883  ±  1.138  0911 

QZ 

-0.126883  ±1.1380911 

-0,830  575  ±  3.499  636z 

Table  2:  Iteration  sequences  for  example  2. 
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CONCLUSION 


Vector  iteration  methods  are  optimal  tools  in  structural  dynamics  and 
control  because  of  the  iterative  character  of  the  design  process  itself.  The 
restriction  of  all  the  calculations  to  be  done  to  the  original  n-order  space 
of  degrees  of  freedom  is  a  significant  property  which  makes  the  method  at¬ 
tractive  for  nonlinear  eigenvalue  problems.  Of  course,  well  known  methods 
like  inverse  iteration  and  spectral  shifting  should  be  incorporated  in  order 
to  improve  the  convergence  behaviour. 
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ABSTRACT 

Damage  detection  and  location  often  produces  sets  of  equations  whose  solution 
are  ill  conditioned.  These  equations  must  be  regularised  in  some  way  to  produce 
a  solution.  This  paper  considers  one  such  method  for  this  regularisation,  by 
considering  only  a  subset  of  the  parameters  to  be  in  error.  The  standard  method 
uses  the  sensitivity  matrix  based  on  the  initial  finite  element  model  to  choose  the 
parameter  subset.  Many  residuals  used  for  damage  location  are  non-linear 
functions  of  the  parameters,  and  this  paper  examines  the  relationship  between 
the  subset  selection  and  the  iteration  required  for  the  parameter  estimation. 
Several  strategies  are  outlined  and  the  methods  are  tested  on  a  simulated 
cantilever  beam,  both  with  and  without  systematic  errors. 

1.  INTRODUCTION 

In  damage  location  there  are  often  many  candidate  parameters  which  could  be 
used  to  reproduce  the  changes  in  the  model.  With  a  hmited  amount  of  measured 
information,  one  has  to  choose  extra  constraints  to  produce  a  well  conditioned 
parameter  estimation  problem.  One  approach  is  to  assume  that  only  a  limited 
number  of  parameters  are  in  eiTor.  This  has  been  successfully  applied  in 
damage  detection  and  location  using  statistical  performance  measures  and  an 
exhaustive  search  of  ail  the  parameter  combinations  [1-4].  Subset  selection  is 
well  established  in  the  statistical  literature  [5],  and  is  based  on  a  sub-optimal 
choice  of  parameters  to  reduce  the  computational  burden.  In  general  for  damage 
location,  this  is  obtained  by  linearisation  via  a  Taylor  series,  and  the  parameter 
estimation  requires  a  non-linear  optimisation,  usually  performed  by  iteration. 
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The  selection  of  a  suitable  subset  of  parameters  for  estimation  has  been  used  in 
structural  dynamics  [6],  for  actuator  location  [7]  and  for  damage  detection  [8, 
9]. 

The  problem  to  be  addressed  may  be  stated  as  follows:  we  have  a  set  of  n 
equations  in  the  p  parameters  0  given  by 

A0  =  b  (1) 

where  A  is  an  nxp  matrix  and  b  is  a  vector  of  length  n.  Typically,  for  damage 
location  and  error  localisation  in  model  updating,  there  are  many  more 
parameters  than  measurements  {p>n).  Although  using  mode  shapes  or 
frequency  response  functions  it  may  be  possible  to  produce  an  over-specified 
set  of  equations,  in  general  the  solution  to  these  equations  will  be  ill- 
conditioned.  Physically  this  means  that  there  is  insufficient  information  in  the 
measured  data  to  identify  all  the  parameters.  Other  methods  may  be  used  to 
obtain  a  well-conditioned  solution  through  a  regularisation  approach  [10-14]. 
Regularisation  generally  yields  a  solution  where  all  the  parameter  changes  are 
non-zero,  and  so  the  methods  have  limited  value  for  damage  location. 

2.  APPLICATION  TO  DAMAGE  LOCATION 

In  recent  years,  there  has  been  a  considerable  demand  for  more  accurate 
techniques  to  detect  and  locate  damage,  particularly  in  large  space  structures. 
Damage  will  cause  the  stiffness  distribution  in  the  structure  to  change  which 
may  be  detected  by  measuring  its  dynamic  response.  Two  distinct  philosophies 
have  been  considered  to  locate  the  damage  in  a  structure  using  measured 
vibration  data.  The  first  group  of  methods  use  techniques  of  finite  element 
model  updating  [15]  to  obtain  a  corrected  set  of  physical  parameters  or  a 
corrected  stiffness  matrix  that  reproduces  the  measured  data.  Mottershead  and 
Friswell  [16]  gave  a  survey  of  model  updating  methods  and  Kaouk  and 
Zimmerman  [17]  outlined  a  typical  method  of  this  type.  The  alternative  group  of 
methods  assume  a  candidate  set  of  possible  damage  scenarios  which  include 
both  the  damage  mechanism  and  the  location.  The  change  in  dynamic  response 
due  to  the  damage  is  predicted,  usually  in  terms  of  the  natural  frequencies.  The 
predicted  change  in  response  of  the  structure  for  all  the  damage  scenarios  is  then 
compared  to  the  measured  change  and  the  closest  damage  case  is  chosen. 
Statistical  methods  are  often  used  to  identify  the  most  likely  location  of  the 
damage.  Cawley  and  Adams  [2-4]  used  this  type  of  method  and  found  that 
damage  in  specimens  fabricated  from  composite  materials  could  be  detected. 
Friswell  et  al  [1]  used  a  similar-  method  but  also  obtained  an  indication  of  the 
quality  of  the  predictions. 


384 


In  this  paper  we  will  use  the  techniques  of  model  updating.  We  parameterise  the 
model  in  such  a  way  that  all  the  likely  damage  scenarios  are  modelled  by  some 
combination  of  the  parameter  values.  The  methods  detailed  in  this  paper  are  then 
used  to  pick  out  a  limited  number  of  these  parameters  that  produce  the  'best'  fit 
to  the  measured  data.  For  example,  if  the  location  of  damage  in  a  space  frame 
structure  is  required,  then  the  complete  set  of  parameters  might  consist  of  the 
stiffness  of  the  constituent  spars.  It  is  expected  that  only  one  or  two  of  these 
spars  might  be  damaged,  and  hopefully  the  corresponding  parameters  would  be 
identified  by  the  following  procedure.  Of  course,  there  might  be  other  errors  in 
the  undamaged  model,  and  the  damage  location  method  will  identify  these  as 
well  as  the  damage  sites. 

The  parameters  should  consist  of  perturbations  from  the  modelled  quantities. 
Thus  the  measured  data  may  be  assembled  into  a  vector  and  the  parameters 
should  be  changed  to  improve  the  correlation  between  the  predictions  and  the 
measurements.  Fritzen  [18]  considered  a  range  of  residuals.  Let  z  represent  the 
predictions  from  the  model,  in  the  same  form  as  the  measurements.  Then  the 
measured  data  may  be  written  in  terms  of  a  first  order  Taylor  Series  in  the 
parameters  6j  as 

z^  =  z  +  S  0  +  higher  order  terms  ^2) 

where  9  is  the  vector  of  parameter  values  and  S  is  the  sensitivity  matrix,  which 
contains  first  order  derivatives  of  the  measured  quantities  with  respect  to  the 
parameters.  The  calculation  of  these  derivatives  for  eigenvalues  and 
eigenvectors  is  standard  [19-21]  and  is  relatively  straight-forward  for  most 
residuals.  Neglecting  the  higher  order  terms,  and  rearranging  equation  (2)  gives 

Se  =  z^  -  z  (3) 

which  is  an  equation  of  the  same  form  as  equation  (1).  One  approach  to 
eliminate  the  problem  of  errors  in  the  analytical  model  of  the  undamaged 
structure  is  to  look  at  differences  between  the  damaged  and  undamaged 
measurements.  If  the  parameter  errors  not  associated  with  the  damage  are 
unchanged  between  the  damaged  and  undamaged  structure,  then  to  first  order 
their  effect  will  cancel.  Thus,  if  z^  represents  the  measurements  on  the 
undamaged  structure  and  z^  represents  the  measurements  on  the  damaged 
structure,  the  equations  of  interest  are 

S  0  —  Zy  ~  z^  (4) 

which  is  of  the  same  form  as  equation  (1).  Usually  the  equations  will  be 
weighted.  For  example,  if  natural  frequencies  were  used  directly  in  equation  (4) 
then  the  higher  frequencies  will  effectively  be  weighted  more  highly.  Using 
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relative  (or  percentage)  changes  in  the  natural  frequencies  is  a  good  solution. 
The  relative  weighting  between  natural  frequencies  and  mode  shapes  should 
recognise  the  relative  uncertainty  in  each  measurement. 

Thus  far  we  have  considered  only  the  initial  linearisation  of  the  residual.  The 
real  quantity  of  interest  is  the  residual  after  convergence,  that  is  the  parameter 
subset  that  minimises  the  penalty  function 

}  =  llzm-z(e)f  (5) 

where  z(0)  is  a  non-linear  function  of  the  parameters.  Equation  (5)  is  equivalent 
to  equation  (3);  a  similar  expression  exists  for  equation  (4). 

3.  PARAMETER  SUBSET  SELECTION 

Millar  [1]  gave  a  good  summary  of  the  subset  selection  method  for  the  single 
measurement  case.  The  important  aspects  for  the  application  to  structural 
dynamics  will  be  outlined  briefly.  Millar  also  considered  the  statistical 
properties  of  the  estimators,  including  the  bias  in  the  parameter  estimates  due  to 
the  selection  procedure  and  due  to  the  omission  of  parameters  (named  selection 
bias  and  omission  bias).  Millar  also  discusses  in  depth  the  trade-off  between 
reduced  bias  but  increased  variance  in  the  parameter  estimates  as  the  number  of 
parameters  is  increased.  He  also  discusses  other  strategies  to  select  parameters, 
such  as  backward  selection  and  sequential  replacement  algorithms,  that  have 
limited  value  in  damage  location  [8]. 

3.1  Forward  Selection 

The  approach  adopted  in  this  paper  is  to  assume  that  only  a  subset  of  the 
parameters  in  equation  (1)  are  non- zero.  The  optimum  subset  is  chosen  that 
minimises  the  residual  in  equation  (1).  Lallement  and  Piranda  [6]  used  an 
iterative  procedure  to  produce  a  sub-optimal  solution,  commonly  known  as 
forward  selection.  Among  the  columns  of  A,  the  single  column  is  sought  which 
best  represents  the  vector  b.  If  the  columns  of  A  are  given  by  ay,  so  that 

A  =  [ aj  a2 ...  a^j,  then  the  selected  parameter  is  that  which  minimises  the 
residual 

J  =  I  b- a;  (9^- II  (g) 

A 

where  Bj  is  the  least  squares  estimate  of  the  j  th  parameter,  and  is 

(7) 
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Expanding  equation  (6),  using  equation  (7),  gives 
7  =  b^b  -  fajbf /ala 


“J 


and  the  j  th  parameter  is  selected  that  maximises 


V 


a}  b  /a;  a,- 


7 


(8) 


Equivalently,  since  b  is  a  constant  vector, 


is  maximised  where  is  the  angle  between  the  vectors  b  and  aj :  Thus  the 
j  th  parameter  is  selected  that  minimises  the  angle  between  the  vectors  b  and 


Next  the  combination  of  two  columns  of  A  which  constitutes  the  best  sub-basis 
for  the  representation  of  b  is  determined.  In  the  forward  selection  procedure  the 
second  parameter  is  obtained  in  a  sub-optimal  way,  by  retaining  the  first 
parameter  selected.  Let  ji  represent  the  first  parameter  selected  and  let  the 
corresponding  column  of  A  be  .  The  optimum  value  for  the  ji  th  parameter 
is  then 


T 

h 


T 


(10) 


The  vector  b-ay^  ^y^  is  then  orthogonal  to  ay^  and  the  subspace  spanned  by  the 
columns  of  A  that  is  orthogonal  to  ay^  must  be  searched.  Thus  the  columns  of 
A  and  the  vector  b  are  replaced  with 


where  &j  =  Hj  /  aj,  aj 


(11) 


The  procedure  is  now  repeated  on  this  reduced  problem,  to  find  the  parameter 
9j,  for  j  ^  ji,  that  gives  the  smallest  residual,  or  equivalently  the  smallest 

angle  <pj. 


An  iterative  process  is  then  produced.  Let  m  be  the  number  of  parameters 
selected.  First,  with  m=l  the  single  parameter  that  is  best  able  to  represent  the 
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data  is  selected.  Subsequent  iterations  retain  the  parameters  chosen  in  previous 
steps  and  select  the  parameter  from  those  remaining  that,  together  with  those 
already  chosen,  is  best  able  to  represent  the  data.  At  each  value  of  m  this 
represents  a  one  dimensional  optimisation,  rather  than  a  m  dimensional 
optimisation  in  the  general  case,  but  the  method  is  sub-optimal. 

3.2  Efroymson's  Algorithm 

The  algorithm  proposed  by  Efroymson  [5,  22]  is  a  variation  on  the  forward 
selection,  but  allows  for  selected  parameters  to  be  deleted.  Suppose  that  m  is  the 

number  of  parameters  selected,  given  by  Qj^ ,  j .  Then  the  residual 

sum  of  squares,  J^,  is  given  by 

m  ^ 

Jm  =  (12) 

t=l 


where  6j  is  the  least  squares  estimate  of  the  jih.  parameter,  using  only  the  m 

selected  parameters.  For  each  parameter  in  the  selected  subset,  the  residual  sum 
of  squares  using  just  the  remaining  m-1  parameters  is  calculated.  The  test 
ratio,  ,  based  on  the  minimum  of  these  sums,  ,  is  calculated  as 


Rd 


(13) 


and  compared  to  a  predetermined  value.  If  is  less  than  this  value  the 
corresponding  parameter  is  eliminated  from  the  selected  subset. 


Efroymson  also  determined  a  ratio  to  decide  whether  a  parameter  should  be 
added  to  the  selected  subset.  If  is  the  minimum  residual  sum  of  squares 
that  may  be  obtained  by  adding  the  parameter  to  the  original  set 

[  ’  ^72  ’  ■  ■  •  ’  ^im  ]  ’ 

/?  =  ~  ^m+l 

“  Jm+llin-m-l)  (1'^) 

is  greater  than  a  predetermined  value  the  parameter  is  added  to  the 

selected  set.  The  ratio  R^  may  also  be  used  as  a  guide  to  determine  the  optimum 
number  of  parameters  to  use. 
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4.  ITERATION  AND  SELECTION  STRATEGIES 

As  in  the  linear  case,  an  exhaustive  search  of  all  possible  parameter  selections  to 
find  the  lowest  residual  in  equation  (5),  is  computational  prohibitive.  Sub- 
optimal  algorithms  must  therefore  be  derived.  These  may  be  based  on  the 
selections  from  the  linearised  equations  of  the  standard  method.  There  are  a 
number  of  possible  strategies  determined  by  the  ordering  of  iteration  and 
selection.  All  of  these  are  based  on  retaining  a  number  of  the  best  performing 
subsets  throughout  the  process,  which  may  therefore  produce  subsets  that  are 
chosen  more  than  once.  These  will  now  be  outlined  in  order  of  increasing 
computational  requirements. 

4.1  The  Standard  Method 

The  standard  method  may  be  applied  and  a  relatively  small  number  of  the  best 
parameters  retained  at  each  stage.  Suppose  parameters  are  selected  at  each  of 
m  stages.  For  example,  if  n^=  2  then  we  might  choose  parameters  5  and  9  as 
the  best  two  parameters  which  on  their  own  are  best  able  to  represent  the 
measured  data.  Then  we  retain  parameter  5  and  look  for  the  parameter  that 
combined  with  parameter  5,  yields  the  best  match.  We  retain  the  best  2  and  then 
repeat  the  process  with  parameter  9,  and  so  on.  The  result  will  be  a  total  of 

subsets  of  size  1,  subsets  of  size  2,  rq  subsets  of  size  3,  and  so  on  up  to 

subsets  of  size  m.  The  parameter  subsets  have  been  selected  using  the 
sensitively  matrix  based  on  the  initial  finite  element  model.  For  each  of  these 
subsets  the  parameters  are  updated  using  the  standard  method  until 
convergence.  The  size  of  the  residuals  based  on  the  updated  parameters  may 
then  be  compared  and  the  subset  with  the  lowest  residual  chosen. 

4.2  Optimising  Already  Chosen  Parameters 

An  alternative  strategy  is  to  iterate  until  convergence  at  every  stage  based  on  the 
pai'ameters  selected  during  the  previous  stages.  Thus  at  the  first  stage  the 
parameters  are  chosen  as  before.  The  optimum  value  for  the  selected  parameter 
is  then  calculated  by  iteration.  Using  the  sensitivity  matrix  based  the  converged 
parameter  a  second  parameter  is  selected.  Note  that  this  sensitivity  matrix  must 
be  orthogonalised  with  respect  to  the  column  of  the  converged  sensitivity  matiix 
corresponding  to  the  chosen  parameter.  The  optimum  values  of  the  two 
parameters  are  then  obtained  by  iteration.  Note  that  both  of  the  chosen 
parameters  ai'e  optimised  together,  and  in  general  the  value  of  the  first  parameter 
will  not  be  equal  to  its  value  at  the  first  stage.  This  process  continues  with 
subsequent  stages.  As  in  the  standard  method  more  than  one  selection  may  be 
retained  at  each  stage  to  produce  a  number  of  parameter  subsets. 
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4.3  Iteration  at  Every  Stage 

The  final  strategy  is  to  iterate  before  the  best  parameters  are  chosen.  Thus,  at  the 
first  stage,  the  optimum  value  for  each  candidate  parameter  is  obtained  by 
iteration.  The  values  of  the  residuals  based  on  these  converged  parameter 
estimates  are  compared  and  the  best  parameter  is  chosen.  This  parameter  is 
retained  and  the  second  stage  considers  each  remaining  candidate  parameter  in 
turn.  The  optimum  values  of  the  parameters  (the  one  already  selected  and  the 
candidate  parameter)  are  obtained  by  iteration,  and  the  best  parameter  chosen 
based  on  the  lowest  residual.  Once  again,  more  than  one  selection  may  be 
retained  at  each  stage  to  produce  a  number  of  parameter  sets. 

5.  NUMERICAL  EXAMPLE 

The  ideas  contained  in  this  paper  will  now  be  tested  on  a  simulated  cantilever 
beam  example.  Although  somewhat  artificial,  all  the  important  features  and 
problems  of  error  location  and  damage  detection  /  location  may  be 
demonstrated.  The  beam  has  a  cross  section  of  25  mm  x  50  mm,  a  length  of  1  m 
and  is  assumed  to  be  rigidly  clamped  at  one  end.  Only  motion  in  the  plane  of  the 
thinner  beam  dimension  is  considered.  The  beam  has  a  Young's  modulus  of 
210GN/m2  and  a  mass  density  of  7800  kg/m^.  The  set  of  candidate  parameters 
is  chosen  to  be  large  and  consists  of  one  global  parameter,  the  Young's 
modulus,  two  parameters  per  element,  the  element  stiffness  and  the  element 
mass,  and  two  parameters  per  node,  namely  a  discrete  mass  and  a  discrete 
spring. 


5.1  The  Standard  Method  -  No  Errors 

The  first  test  of  any  method  is  its  application  to  a  simulated  example  with  no 
noise  or  systematic  errors.  Any  parameter  changes  in  the  model  should  be 
identified  exactly.  The  simulated  'measurements'  ai'e  assumed  to  be  the  relative 
changes  in  the  first  eight  natural  frequencies  of  the  beam  and  are  taken  from  a 
model  with  20  elements.  The  undamaged  natural  frequencies  ai'e  taken  from  the 
uniform  beam,  whilst  the  damaged  frequencies  are  derived  from  a  model  where 
the  stiffness  of  element  4  has  been  reduced  by  30%.  Table  1  gives  the  damaged 
and  undamaged  natural  frequencies,  showing  that  the  30%  damage  only  results 
in  a  2.4%  change  in  natural  frequency  at  most.  These  small  frequency  changes 
are  typical  in  damage  location  and  are  one  of  the  major  difficulties  in  the 
identification  of  the  location  of  damage  [23].  Measurement  noise,  environmental 
factors  and  structure  non-stationaiity  can  easily  lead  to  incoixect  conclusions  on 
damage  location. 

Figure  1  shows  the  angles  between  the  columns  of  the  sensitivity  matrix  of  the 
initial  finite  element  model  and  the  vector  of  the  changes  in  the  first  8  natural 
frequencies  due  to  the  damage.  Clearly  the  column  relating  to  the  stiffness  of 
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element  4  has  a  small  angle,  although  it  is  not  zero.  It  is  not  zero  because 
equation  (4)  is  only  a  first  order  approximation  and  the  extent  of  the  damage 
(30%)  is  large.  For  the  four  parameters  with  the  lowest  angle,  Table  2  shows 
the  residual  at  the  first  iteration  and  also  after  convergence  based  on  optimising 
the  single  chosen  parameter.  Clearly  the  residual  relating  to  the  stiffness  of 
element  4  goes  to  zero  on  convergence,  showing  that  this  parameter  does  indeed 
represent  the  damage  location.  Returning  to  Figure  1,  changing  the  mass  of 
element  17  is  also  able  to  model  the  'measured'  changes  accurately.  This  is  a 
problem  that  relates  to  the  symmetry  of  the  beam,  and  the  fact  than  no  spatial 
information  is  incorporated  into  the  measurements.  Mode  shapes  could  also  be 
incorporated  into  the  measurement  vector,  although  the  accuracy  with  which 
they  could  be  measured  may  be  insufficient  to  show  a  change  in  mode  shape 
due  to  damage.  This  is  an  example  of  the  more  general  problem,  where  damage 
or  changes  of  parameters  at  more  than  one  location  causes  the  same  changes  in 
the  lower  natural  frequencies. 


What  happens  if  we  change  more  than  one  parameter?  Suppose  that  a  0. 1  kg 
mass  is  added  to  node  12,  in  addition  to  the  30%  stiffness  change  to  element  4. 
Table  3  shows  the  results  when  the  best  subsets  of  1,  2  and  3  parameters  are 
chosen.  At  each  stage  the  2  best  parameters  are  chosen.  The  residuals  under  the 
first  2  parameters  relate  to  the  values  when  a  subset  of  size  1  or  2  is  selected. 
Also  shown  are  the  residuals  after  convergence  based  on  optimising  the  values 
of  the  chosen  parameters.  From  the  values  of  the  test  ratio  and  the  residuals, 
it  is  clear  that  the  two  correct  parameters  should  be  selected.  A  number  of  other 
parameter  subsets  have  smaU  residuals  and  the  addition  of  random  noise  would 
make  the  selection  of  the  best  subset  more  difficult. 

5.2  The  Standard  Method  -  With  Systematic  Errors 

This  example  demonstrates  the  problems  associated  with  systematic  errors, 
introduced  in  this  case  from  three  sources;  discretisation  errors,  a  discrete  mass 
not  at  a  node  of  the  finite  element  model  used  for  the  identification  and  a 
stiffness  reduction  covering  only  half  of  one  element.  The  'measurements'  are 
taken  from  a  beam  with  40  elements,  giving  a  maximum  discretisation  error  in 
the  first  8  natural  frequencies  of  only  0.1%.  Again  the  changes  in  the  first  8 
natural  frequencies  are  'measured'.  Damage  is  simulated  by  reducing  the 
stiffness  of  element  number  8  in  the  fine  mesh  model  by  30%,  which  is 
equivalent  to  changing  the  stiffness  of  element  4  in  the  coarse  mesh  model.  Of 
course,  the  damage  only  covers  one  half  of  the  element  in  the  coarse  mesh 
model.  A  mass  of  0. 1  kg  is  also  added  to  node  23  of  the  fine  mesh  model, 
corresponding  to  a  point  in  the  middle  of  element  12  in  the  coarse  mesh  model. 
Subsets  of  1,  2  and  3  parameters  are  tested  and  the  2  best  parameters  are 
retained  at  each  stage.Table  4  shows  the  resulting  parameter  selections.  Clearly 
the  method  has  more  difficulty  locating  the  errors,  although  the  correct  regions 
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of  the  structure  are  identified,  together  with  those  regions  arising  from  the 
symmetry  in  this  example. 

5.3  Optimising  Already  Chosen  Parameters 

What  happens  if  the  previously  chosen  parameters  are  optimised  before  the 
sensitivity  matrix  is  computed?  Table  5  shows  the  selected  parameter  subsets 
using  the  'measured'  data  described  in  Section  5.2.  Only  the  residuals  on 
convergence  are  shown.  The  effect  on  the  choice  of  the  second  parameter  is 
small,  although  significant  differences  in  the  choice  of  parameters  at  the  third 
stage  are  evident.  In  particular  sets  of  3  parameters  may  be  chosen  that  have 
considerably  smaller  residuals  on  convergence  than  those  shown  in  Table  4. 
Even  so  the  parameter  subsets  chosen  all  correspond  to  the  regions  of  actual 
damage,  or  to  those  regions  arising  from  the  symmetry  in  this  example.  Thus 
the  damage  is  located  satisfactorily. 

6.  CONCLUSIONS 

This  paper  has  summarised  the  'best'  subspace  approach  to  locate  errors  in  a 
finite  element  model  of  a  structure.  Strageties  to  cope  with  non-linearities  in 
typical  damage  location  applications  have  been  discussed.  The  simulated  results 
are  encouraging,  although  the  lack  of  spatial  information  and  the  symmetry  of 
the  structure  cause  considerable  problems  for  these  methods.  The  method  seems 
reasonably  robust  to  systematic  errors,  although  large  errors,  either  random  or 
systematic,  are  likely  to  cause  the  selection  of  incorrect  parameters.  Although 
the  actual  parameters  were  not  always  chosen  in  the  example,  the  regions  of 
damage  were  correctly  identified. 
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Mode 

Number 

Undamaged 
Frequency  (Hz) 

Damaged 
Frequency  (Hz) 

Percentage 

Difference 

1 

20.96 

20-45 

2.39 

2 

131.3 

131.1 

0.15 

3 

367.7 

366.6 

0.31 

4 

720.6 

711.3 

1.29 

5 

1191 

1172 

1.61 

6 

1780 

1762 

1.02 

7 

2487 

2479 

0.32 

8 

3313 

3303 

0.30 

Table  1.  Natural  Frequencies  of  the  Undamaged  and  Damaged  Beam 
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Figure  1.  Sub- Space  Angles  for  a  30%  Change  to  the  Stiffness  of  Element  4 
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Parameter 

Jm  ) 

First  Iteration 

Jm  (xlO  j 

On  Convergence 

Parameter  Value 
On  Convergence 

(■^^4 

1.460 

0.000000 

-30.0  % 

(P'4)i7 

1.461 

0.000028 

42.9  % 

mi7 

112.8 

94.19 

0.183  kg 

^16 

135.6 

139.2 

0.197  kg 

Table  2.  Residuals  and  Parameter  Estimates  on  Convergence 


Table  3.  The  Selection  of  Three  Parameters  -  Beam  Example  with  No  En*ors. 

The  Parameters  are  Specified  by  Type  and  Element/ Node  number. 
Thus  is  the  Mass/Unit  Length  of  Element  17,  {El)^  is  the 

Stiffness  of  Element  4,  ki  is  a  Discrete  Spring  at  Node  1  and  m|2  is 
a  Discrete  Mass  at  Node  12. 
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Choice  of  Parameter 

Parameter  1 

Parameter  2 

Parameter  3 

Ra 

Jm 

Ra 

(xlO^) 

(xlO^) 

(xlO«) 

H 

(xlO^) 

■ 

Conv¬ 

erged 

Conv¬ 

erged 

Conv¬ 

erged 

{P^)l7 

75.8 

4.26 

111 

8.27 

32.7 

7.29 

h 

140.4 

145.5 

{pA)n 

8.27 

32.7 

7.95 

{EIU 

75.8 

4.26 

11,5 

8.27 

32.7 

7.96 

8.27 

7.24 

(£7)9 

8.35 

87.3 

7.29 

(p^)l2 

8.33 

0.01 

- 

(P^)l7 

154.2 

154.6 

mn 

8.30 

0.03 

7.19 

{p^)n 

8.35 

87.3 

7.96 

[EI)^ 

8.33 

0.01 

- 

mn 

8.30 

0.03 

7.82 

Table  4.  The  Selection  of  Three  Parameters  -  Beam  Example  with  Systematic 
Errors.  Parameters  as  Specified  in  Table  3. 
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Choice  of  Parameter 

Parameter  1 

Parameter  2 

Parameter  3 

7 

Ra 

(xlO^) 

(xlO^) 

(xl0«) 

{£1)4 

77.5 

4.39 

(pA)i2 

12A 

38.8 

h 

145.5 

{El)g 

7.96 

34.9 

77.7 

4.36 

{EI)g 

7.29 

38.6 

(P^)l2 

7.95 

35.1 

{m^ 

7.29 

101 

mu 

1.24 

19.6 

(p^)l7 

154.6 

^16 

3.19 

5.15 

(pA)i2 

7.96 

92.1 

mu 

1.81 

1.81 

^16 

3.72 

3.72 

Table  5.  The  Selection  of  Three  Parameters  -  Beam  Example  with  Systematic 
Errors.  Selection  of  Parameters  2  and  3  Based  on  Model  with 
Updated  Previously  Selected  Parameters.  The  Values  of  the 
Residuals  are  on  Convergence.  Parameters  as  Specified  in  Table  3. 
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Abstract 

This  paper  introduces  a  new  toolbox  of  graphical-interface  software  algorithms 
for  the  numerical  simulation  of  vibration  tests,  analysis  of  modal  data,  finite  el¬ 
ement  model  correlation,  and  the  comparison  of  both  linear  and  nonlinear  dam¬ 
age  identification  techniques.  This  toolbox  is  unique  because  it  contains  several 
different  vibration-based  damage  identification  algorithms,  categorized  as  those 
which  use  only  measured  response  and  sensor  location  information  (“non-mod¬ 
el-based”  techniques)  and  those  which  use  finite  element  model  correlation 
(“model-based”  techniques).  Another  unique  feature  of  this  toolbox  is  the  wide 
range  of  algorithms  for  experimental  modal  analysis.  The  toolbox  also  contains 
a  unique  capability  that  utilizes  the  measured  coherence  functions  and  Monte 
Carlo  analysis  to  perform  statistical  uncertainty  analysis  on  the  modal  parame¬ 
ters  and  damage  identification  results.  This  paper  contains  a  detailed  description 
of  the  various  modal  analysis,  damage  identification,  and  model  correlation  ca¬ 
pabilities  of  toolbox,  and  also  shows  a  sample  application  which  uses  the  tool¬ 
box  to  analyze  the  statistical  uncertainties  on  the  results  of  a  series  of  modal 
tests  performed  on  a  highway  bridge. 
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INTRODUCTION 


This  paper  introduces  a  new  suite  of  graphical-interface  software  algorithms 
to  numerically  simulate  vibration  tests  and  to  apply  various  modal  analysis, 
damage  identification,  and  finite  element  model  refinement  techniques  to  mea¬ 
sured  or  simulated  modal  vibration  data.  This  toolbox  is  known  as  DIAMOND 
(Damage  Identification  And  MOdal  aNalysis  for  Dummies),  and  has  been  de¬ 
veloped  at  Los  Alamos  National  Laboratory  over  the  last  year.  DIAMOND  is 
written  in  MATLAB  [1],  a  numerical  matrix  math  application  which  is  avail¬ 
able  on  all  major  computer  platforms.  DIAMOND  is  unique  in  three  primary 
ways: 

1.  DIAMOND  contains  several  of  the  most  widely  used  modal  curve-fitting 
algorithms.  Thus  the  user  may  analyze  the  data  using  more  than  one  tech¬ 
nique  and  compare  the  results  directly.  This  modal  identification  capability 
is  coupled  with  a  numerical  test-simulation  capability  that  allows  the  user 
to  directly  explore  the  effects  of  various  test  conditions  on  the  identified 
modal  parameters. 

2.  The  damage  identification  and  finite  element  model  refinement  modules 
are  graphically  interactive,  so  the  operation  is  intuitive  and  the  results  are 
displayed  visually  as  well  as  numerically.  This  feature  allows  the  user  to 
easily  interpret  the  results  in  terms  of  structural  damage. 

3.  DIAMOND  has  statistical  analysis  capability  built  into  all  three  major 
analysis  modules:  modal  analysis,  damage  identification,  and  finite  ele¬ 
ment  model  refinement.  The  statistical  analysis  capability  allows  the  user 
to  determine  the  magnitude  of  the  uncertainties  associated  with  the  results. 
No  other  software  package  for  modal  analysis  or  damage  identification  has 
this  capability. 

The  development  of  DIAMOND  was  motivated  primarily  by  the  lack  of 
graphical  implementation  of  modern  damage  identification  and  finite  element 
model  refinement  algorithms.  Also,  the  desire  to  have  a  variety  of  modal  curve¬ 
fitting  techniques  available  and  the  capability  to  generate  numerical  data  with 
which  to  compare  the  results  of  each  technique  was  a  motivating  factor.  The  au¬ 
thors  are  unaware  of  any  commercial  software  package  that  integrates  all  of 
these  features. 

This  paper  is  organized  as  follows;  An  overview  of  DIAMOND  is  provided, 
including  an  outline  of  each  module  (except  for  the  numerical  test  simulator): 
experimental  modal  analysis  and  statistical  analysis  of  modal  data,  damage 
identification,  and  finite  element  model  updating.  In  each  section,  a  flowchart 
of  the  menu  structure  of  DIAMOND  is  presented.  Following  the  overview  sec- 
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tion  is  an  example  of  the  application  of  DIAMOND  to  vibration  data  obtained 
from  an  actual  highway  bridge.  This  section  contains  a  description  of  the  test¬ 
bed,  data  acquisition  equipment,  and  testing  procedure.  It  also  contains  a  sample 
experimental  modal  analysis,  complete  with  statistical  analysis  of  the  variabili¬ 
ty  of  the  results  with  respect  to  the  variations  inherent  in  the  data  acquisition 
process  as  well  as  variations  resulting  from  changes  in  the  environmental  con¬ 
ditions  of  the  bridge. 


OVERVIEW  OF  DIAMOND 

DIAMOND  is  divided  into  four  primary  modules  at  the  top  level;  numerical 
vibration  test  simulator,  experimental  modal  curve  fitting  and  statistical  analy¬ 
sis,  damage  identification,  and  finite  element  model  refinement.  These  four 
modules  constitute  the  primary  hierarchy  in  DIAMOND,  as  shown  in  Figure  1. 


Figure  1:  Flowchart  of  Top  Level  of  DIAMOND 


In  this  paper,  the  three  analysis-oriented  modules  (all  but  the  test  simulator)  will 
be  discussed  in  further  detail. 

Experimental  Modal  Analysis  /  Statistical  Analysis  of  Modal  Data 

The  experimental  modal  analysis  module  provides  a  series  of  tools  for  plot¬ 
ting  the  data  in  various  forms,  plotting  data  indicator  functions,  defining  sensor 
geometry,  performing  modal  curve-fits,  analyzing  the  results  of  modal  curve 
fits,  and  analyzing  the  variance  of  identified  modal  parameters  as  a  function  of 
the  noise  in  the  measurements  as  defined  by  the  measured  coherence  function. 
A  flowchart  of  this  module  is  shown  in  Figure  2. 

The  most  important  feature  of  the  experimental  modal  analysis  module  is 
the  variety  of  modal  parameter  identification  algorithms  which  are  available. 
These  include: 


401 


3  of  15 


Figure  2:  Flowchart  of  Experimental  Modal  Analysis  /  Statistical  Modal 

Analysis  Module 


1.  Operating  shapes  (which  is  simply  “peak  picking,”  or  “slicing”  the  FRF 
matrix  at  a  particular  frequency  bin) 

2.  Eigensystem  Realization  Algorithm  (ERA),  [2]  which  is  a  low-order  time 
domain  modal  parameter  estimation  algorithm. 


3.  Complex  exponential  algorithm,  which  is  a  high-order  time  domain  modal 
parameter  estimation  algorithm.  The  specific  algorithm  implemented  is  the 
Polyreference  Time  Domain  [3]  approach. 

4.  Rational  Polynomial  Curve  fit  [4],  which  is  a  high-order  frequency  domain 
technique  that  uses  orthogonal  polynomials  to  estimate  the  coefficients  of  a 
rational  polynomial  representation  of  the  frequency  response  function. 

5.  Nonlinear  least  squares  fit,  which  uses  a  Levenberg-Marquardt  nonlinear 
least-squares  curve  fitting  routine  [5]  to  estimate  modal  frequencies  and 
modal  damping  ratios  from  the  unfiltered  Fourier  spectral  responses  of  a 
base-excited  structure. 

Any  of  these  modal  identification  algorithms  can  be  implemented  in  a  sta¬ 
tistical  Monte  Carlo  [6]  technique.  In  such  an  analysis,  a  series  of  perturbed  data 
sets,  based  on  the  statistics  of  the  measured  FRFs  as  defined  by  the  measured 
coherence  functions,  are  generated  and  propagated  through  the  selected  algo¬ 
rithm.  The  statistics  on  the  results  are  then  used  as  uncertainty  bounds  on  the 
identified  modal  parameters. 

Damage  Identification 

The  algorithms  contained  in  the  damage  identification  module  of  DIA¬ 
MOND  can  be  classified  as  modal-based,  finite  element  refinement-based,  or 
nonlinear.  A  flowchart  of  the  damage  identification  module  is  shown  in  Figure 
3. 


The  damage  identification  module  presents  a  number  of  different  algo¬ 
rithms: 

1.  Strain  energy  methods  are  based  on  the  work  of  Stubbs  [7],  Cornwell  [8], 
and  others.  The  basic  idea  of  these  methods  is  the  division  of  the  structure 
into  a  series  of  beam  or  plate-like  elements,  and  then  the  estimation  of  the 
strain  energy  stored  in  each  element  both  before  and  after  damage.  The 
curvatures  (second-derivatives  with  respect  to  space)  of  the  mode  shapes 
are  used  to  approximate  the  strain  energy  content. 

2.  Flexibility  methods  ail  use  some  measure  of  the  change  in  the  modal  flexi¬ 
bility  matrix,  estimated  from  the  mass-normalized  measured  mode  shapes, 
[<!)],  and  modal  frequencies  squared,  [A] ,  as 

[G]-[O][A]“i[0]^  (1) 
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Figure  3:  Flowchart  of  Damage  Identification  Module 


The  modal  flexibility  matrix  is  used  to  estimate  the  static  displacements 
that  the  structure  would  undergo  as  a  result  of  a  specified  loading  pattern. 
The  uniform  load  flexibility  method  [9]  involves  specifying  a  unit  load  at 
all  measurement  degrees  of  freedom  (DOF),  then  comparing  the  change  in 
the  resulting  displacement  pattern  before  and  after  damage.  The  point  flex¬ 
ibility  method  [10]  specifies  the  application  of  a  unit  load  at  each  measure¬ 
ment  DOF  one  at  a  time,  then  looking  for  a  change  in  the  resulting 
displacements  at  the  same  point  before  and  after  damage. 

The  selective  flexibility  method,  which  is  still  under  development,  uses  one 
of  the  above  two  flexibility  approaches  but  filters  the  modes  used  to  form 
the  flexibility  matrix  according  to  their  relative  statistical  uncertainty.  The 
idea  of  this  method  is  to  exclude  modes  with  a  high  uncertainty  from  the 
analysis  to  avoid  biasing  the  results. 

The  residual  flexibility  method  [11]  also  uses  one  of  the  above  two  flexibil¬ 
ity  approaches  but  includes  the  estimate  of  the  residual  flexibility,  which  is 
the  contribution  to  the  flexibility  matrix  from  the  modes  above  the  band¬ 
width  of  interest.  The  resulting  flexibility  matrix  is  a  closer  approximation 
to  the  true  static  flexibility  matrix  than  is  the  modal  flexibility  matrix. 
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eters  should  be  updated. 

The  optimal  matrix  update  methods  are  based  on  the  minimization  of  the  er¬ 
ror  in  the  structural  eigenproblem  using  a  closed-form,  direct  solution.  The  min¬ 
imum  rank  perturbation  technique  (MRPT)  [13]  is  one  such  method  which 
produces  a  minimum-rank  perturbation  of  the  structural  stiffness,  damping, 
and/or  mass  matrices  reduced  to  the  measurement  degrees  of  freedom.  The  min¬ 
imum  rank  element  update  (MREU)  [14]  is  a  similar  technique  which  produces 
perturbations  at  the  elemental,  rather  than  the  matrix,  level.  The  Baruch  updat¬ 
ing  technique  [15]  minimizes  an  error  function  of  the  eigenequation  using  a 
closed-form  function  of  the  mass  and  stiffness  matrices. 

The  sensitivity-based  model  update  methods  also  seek  to  minimize  the  error 
in  the  structural  eigenequation,  but  do  so  using  a  Newton-Raphson-type  tech¬ 
nique  based  on  solving  for  the  perturbations  such  that  the  gradient  of  the  error 
function  is  near  zero.  [6]  Thus  these  methods  require  the  computation  of  the 
sensitivity  of  the  structural  eigenproblem  to  the  parameters  which  are  to  be  up¬ 
dated.  The  Hemez/ Alvin  algorithm  [16], [17]  computes  the  sensitivities  at  the  el¬ 
emental  level,  then  assembles  them  to  produce  the  global  sensitivity  matrices. 
The  Ricles/Kosmatka  [18]  algorithm  computes  a  “hybrid”  sensitivity  matrix  us¬ 
ing  both  analytical  and  experimental  sensitivities. 

EXAMPLE  APPLICATION:  THE  ALAMOSA  CANYON 

BRIDGE 

The  following  analysis  of  modal  data  from  a  series  of  tests  performed  on  a 
highway  bridge  is  intended  to  demonstrate  the  application  of  the  unique  capa¬ 
bilities  of  DIAMOND  to  data  from  an  actual  field  test. 

The  Alamosa  Canyon  Bridge  has  seven  independent  spans  with  a  common 
pier  between  successive  spans.  An  elevation  view  of  the  bridge  is  shown  in  Fig¬ 
ure  5.  The  bridge  is  located  on  a  seldom-used  frontage  road  parallel  to  Interstate 
25  about  10  miles  North  of  the  town  of  Truth  or  Consequences,  New  Mexico, 
USA.  Each  span  consists  of  a  concrete  deck  supported  by  six  W30xll6  steel 
girders.  The  roadway  in  each  span  is  approximately  7.3  m  (24  ft.)  wide  and  15.2 
(50  ft.)  long.  Integrally  attached  to  the  concrete  deck  is  a  concrete  curb  and  con¬ 
crete  guard  rail.  Inspection  of  the  bridge  showed  that  the  upper  flanges  of  the 
beams  are  imbedded  in  the  concrete,  which  implies  the  possibility  of  composite 
action  between  the  girders  and  the  deck.  Between  adjacent  beams  are  four  sets 
of  channel  section  cross  braces  equally  spaced  along  the  length  of  the  span.  At 
the  pier  the  beams  rest  on  rollers,  and  at  the  abutment  the  beams  are  bolted  to  a 
half-roller  to  approximate  a  pinned  connection. 
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Figure  5:  Elevation  View  of  the  Alamosa  Canyon  Bridge 


The  data  acquisition  system  was  set  up  to  measure  acceleration  and  force 
time  histories  and  to  calculate  frequency  response  functions  (FRFs),  power 
spectral  densities  (PSDs),  cross-power  spectra  and  coherence  functions.  A  mod¬ 
al  sledge  hammer  was  used  as  the  impact  excitation  source.  Accelerometers 
were  used  for  the  vibration  measurements.  More  details  regarding  the  instru¬ 
mentation  can  be  found  in  Ref.  [19]. 

A  total  of  3 1  acceleration  measurements  were  made  on  the  concrete  deck 
and  on  the  girders  below  the  bridge  as  shown  in  Figure  6.  Five  accelerometers 
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Figure  6:  Accelerometer  and  Impact  Locations 


were  spaced  along  the  length  of  each  girder.  Because  of  the  limited  number  of 
data  channels,  measurements  were  not  made  on  the  girders  at  the  abutment  or 
at  the  pier.  Two  excitations  points  were  located  on  the  top  of  the  concrete  deck. 


Point  2  was  used  as  the  primary  excitation  location.  Point  23  was  used  to  per¬ 
form  a  reciprocity  check.  The  force-input  and  acceleration-response  time  histo¬ 
ries  obtained  from  each  impact  were  subsequently  transformed  into  the 
frequency  domain  so  that  estimates  of  the  PSDs,  FRFs,  and  coherence  functions 
could  be  calculated.  Thirty  averages  were  typically  used  for  these  estimates. 
With  the  sampling  parameters  listed  above  and  the  overload  reject  specified, 
data  acquisition  for  a  specific  test  usually  occurred  over  a  time  period  of  approx¬ 
imately  30  -  45  minutes.  All  of  the  results  in  this  paper  are  from  measurements 
made  on  span  1  of  the  bridge,  which  is  located  at  the  far  North  end. 

A  total  of  52  data  sets  were  collected  over  the  course  of  the  six  days  of  test¬ 
ing.  Temperature  measurements  were  made  at  9  locations  around  the  bridge, 
both  above  and  below  the  deck,  to  track  the  effects  of  ambient  temperature 
changes  on  the  test  results.  Reciprocity  and  linearity  checks  were  conducted 
first.  A  series  of  modal  tests  was  conducted  over  a  24  hour  period  (one  test  every 
2  hours)  to  assess  the  change  in  modal  properties  as  a  result  of  variations  in  am¬ 
bient  environmental  conditions,  as  discussed  in  Ref.  [19].  A  series  of  tests  with 
various  levels  of  attempted  damage  was  also  conducted,  but  the  permitted  alter¬ 
ations  in  the  bridge  did  not  cause  a  significant  change  in  the  measured  modal 
properties.  Specifically,  the  nuts  on  the  bolted  connections  that  hold  the  chan¬ 
nel-section  cross  members  to  the  girders,  as  shown  in  Figure  7  were  removed. 


Figure  7:  Bolted  Connections  of  Cross-Members  to  Girders 


However  the  bolts  could  not  be  loosened  sufficiently,  and  no  relative  motion 
could  be  induced  at  the  interface  under  the  loading  of  the  modal  excitation.  For 
this  reason,  the  damage  cases  presented  in  this  paper  are  results  from  simulated 
stiffness  reduction  using  a  correlated  FEM.  The  identified  modal  frequencies 
and  mode  shapes  from  the  modal  analysis  of  one  of  these  data  sets  are  shown  in 
Figure  8. 
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Figure  8:  Identified  Mode  Shapes  for  Alamosa  Canyon  Bridge 


Analysis  of  Uncertainty  in  Each  Test 


Statistical  uncertainty  bounds  on  the  measured  frequency  response  function 
magnitude  and  phase  were  computed  from  the  measured  coherence  functions, 
assuming  that  the  errors  were  distributed  in  a  Gaussian  manner,  according  to  the 
following  formulas  from  Bendat  and  Piersol  [20]: 
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(2) 


a(|H(o))|)  =  '/]  |g((D)| 

c(Zff«B))  =  f  ~^Ztf(co) 

where  |/f(o))|  and  ZH(co)  are  the  magnitude  and  phase  angle  of  the  measured 
FRF,  respectively,  Y^(co)  is  the  coherence  function,  is  the  number  of  mea¬ 
surement  averages,  and  a(*)  is  the  value  of  1  standard  deviation  (68%  uncer¬ 
tainty  bound).  These  uncertainty  bounds  represent  a  statistical  distribution  of 
the  FRF  based  on  a  realistic  level  of  random  noise  on  the  measurement.  Once 
the  1  standard  deviation  (68%  uncertainty)  bounds  were  known,  2  standard  de¬ 
viation  (95%  uncertainty)  bounds  were  computed.  Statistical  uncertainty 
bounds  on  the  identified  modal  parameters  (frequencies,  damping  ratios,  and 
mode  shapes)  were  estimated  using  the  uncertainty  bounds  on  the  FRFs  via  a 
Monte  Carlo  analysis  [6].  The  details  of  this  procedure  are  shown  in  Ref.  [21]. 

Effects  of  Uncertainties  on  Damage  Identification 

The  changes  in  the  bridge  as  a  result  of  damage  were  predicted  using  the  fi¬ 
nite  element  model.  The  damage  case  modeled  was  the  100%  failure  of  a  con¬ 
nection  between  a  cross-member  and  an  interior  girder.  A  comparison  of  the 
estimated  95%  confidence  bounds  and  the  predicted  changes  as  a  result  of  dam¬ 
age  for  the  modal  frequencies  are  shown  in  Figure  9.  The  modal  frequencies  of 
modes  3, 4, 7,  8,  and  9  undergo  a  change  that  is  significantly  larger  than  the  cor¬ 
responding  95%  confidence  bounds.  The  relative  magnitudes  of  the  changes  in¬ 
dicate  that  the  frequency  changes  of  these  modes  could  be  used  with  confidence 
in  a  damage  identification  analysis.  It  should  be  noted  from  the  y-axis  scale  of 
Figure  9  that  the  overall  changes  in  frequency  as  a  result  of  damage  are  quite 
small  (<  1.2%),  but  as  a  consequence  of  the  extremely  low  uncertainty  bounds 
on  the  modal  frequencies  (many  less  than  0.2%),  these  small  changes  can  be 
considered  to  be  statistically  significant. 

The  relative  statistical  significance  of  the  changes  in  the  various  modes  is 
one  of  the  primary  motivating  factors  for  a  “selective  flexibility”  approach.  Us¬ 
ing  the  selective  flexibility  approach,  those  modes  where  the  frequency  changes 
are  statistically  insignificant  would  be  considered  to  be  unchanged,  while  those 
modes  with  significant  frequency  change  would  be  used  in  the  flexibility  anal¬ 
ysis.  This  technique  would  prevent  modes  which  are  insensitive  to  the  damage 
from  masking  the  indications  of  damage  from  modes  which  are  sensitive  to  the 
damage. 
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1195%  Uncertainty  Bounds 
®  Change  from  99%  Stiffness  Reduction 

Figure  9:  Comparison  of  Modal  Frequency  95%  Confidence  Bounds  to 
Changes  Predicted  as  a  Result  of  Damage 

CONCLUSION 

A  new  toolbox  of  graphical-interface  software  algorithms,  known  as  DIA¬ 
MOND,  has  been  introduced  and  demonstrated.  The  toolbox  provides  the  capa¬ 
bility  to  simulate  vibration  tests,  perform  experimental  modal  analysis 
including  statistical  bounds,  apply  various  damage  identification  techniques, 
and  implement  finite  element  refinement  algorithms.  The  structure  of  the  tool¬ 
box  menus  was  described  in  detail  in  this  paper,  and  a  sample  application  to 
measured  data  from  a  highway  bridge  was  presented. 
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Abstract 

The  paper  presents  a  new  fault  detection  procedure  based  on 
the  time-scale  decomposition  of  vibration  data.  The  procedure  em¬ 
ploys  the  orthogonal  wavelet  transform.  The  orthogonal  wavelet 
transform  is  implemented  using  the  pyramidal  Mallat  algorithm.  A 
number  of  statistical  parameters  are  then  applied  to  the  decomposed 
vectors.  The  statistical  parameters  form  a  vector  which  represents 
the  condition  signature  of  the  machine.  The  process  of  fault  detec¬ 
tion  is  based  on  similarity  analysis.  The  method  is  validated  using 
experimental  vibration  data  from  a  spur  gear. 

INTRODUCTION 

The  most  general  basis  for  fault  detection  in  rotating  machinery  is  pro¬ 
vided  by  vibration  and  acoustical  signals.  Many  different  procedures  have 
been  developed  in  machinery  diagnostics  to  obtain  features  from  vibration 
signals  in  order  to  detect  faults.  Measurements  of  the  overall  vibration 
level  given  by  a  peak  amplitude  or  the  RMS  (Root  Mean  Square)  value 
and  employing  a  simple  vibration  meter  is  probably  the  first  of  several  well 
known  time-domain  techniques.  The  frequency-domain  methods  include 
spectral  analysis,  cepstrum  and  many  other  Fourier  transform  based  pro¬ 
cedures.  The  increasing  complexity  of  machinery  together  with  demands 
for  early  detection  procedures  means  that  classical  time-invariant  analysis 
is  not  sufficient  for  fault  detection. 

The  past  twenty  years  have  seen  major  developments  in  the  area 
of  time-variant  analysis.  There  exist  many  different  methods  in  the  area 
of  time-dependent  models,  time-frequency  and  time-scale  analysis  [1,  2,  3]. 
The  1990s  has  shown  growing  interest  in  wavelets  for  machinery  diagnos¬ 
tics.  The  analysis  includes  applications  to  gearboxes  [4,  5,  6,  7,  8,  9]  ball¬ 
bearings  [10],  compressors  [11]  and  centrifugal  pumps  [12].  Wavelet  based 
methods  produce  very  often  multi-dimensional  display  formats  and  require 
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pattern  recognition  analysis.  The  complicated  nature  of  these  results  lead 
to  difficult  diagnostic  interpretation.  It  appears  in  practice  that  there  is 
a  great  demand  for  condition  monitoring  techniques  which  simplify  fault 
detection. 

This  paper  considers  a  fault  detection  procedure  based  on  the  time- 
scale  decomposition  of  vibration  data.  The  procedure  employs  the  or¬ 
thogonal  wavelet  transform.  In  contrast  to  previous  applications  [8,  9] 
the  method  presented  in  the  paper  does  not  involve  any  multi-dimensional 
wavelet  mapping  or  pattern  analysis.  Similarity  analysis  between  different 
decomposed  vectors  is  used  instead.  The  paper  is  structured  as  follows. 

A  brief  discussion  of  the  orthogonal  wavelet  transform  is  given  in 
Section  Two.  The  orthogonal  wavelet  transform  is  used  to  decompose 
the  data  into  different  scale  levels.  The  orthogonal  basis  is  formed  by 
Daubechies  wavelets.  The  orthogonal  wavelet  transform  is  implemented 
using  the  pyramidal  Mallat  algorithm.  Section  Three  describes  briefly  the 
concept  of  statistical  analysis  of  vibration  data.  The  application  of  the 
decomposition  procedure  to  gearbox  vibration  data  is  presented  in  Section 
Four.  The  analysis  employs  a  fully  controlled  spur  gear  experiment  with 
relatively  simple  tooth  damage  simulations  where  a  part  of  a  tooth  was 
progressively  removed  to  simulate  a  broken  tooth.  The  similarity  analysis 
between  wavelet  results  is  used  in  Section  Five.  A  number  of  statistical 
parameters  are  applied  to  decomposed  gearbox  vibration  data.  These  sta¬ 
tistical  parameters  form  a  vector  which  represents  the  condition  signature 
of  the  gearbox.  The  Mahalanobis  distance  is  used  to  classify  the  data 
representing  different  fault  conditions. 

ORTHOGONAL  WAVELET  TRANSFORM 

For  the  sake  of  completeness  a  brief  introduction  to  the  relevant  wavelet 
theory  is  given  in  this  section.  More  detailed  analysis  can  be  found  in  [13]. 

The  wavelet  transform  is  a  linear  transformation  that  decomposes 
a  given  function  x{t)  into  a  superposition  of  elementary  functions  ga,b{t) 
derived  from  an  analysing  wavelet  g{t)  by  scaling  and  translation  i.e., 

9aAt)  =  5’(^)  (1) 

(.L 

where  *  denotes  complex  conjugation,  b  is  a  translation  parameter  indicat¬ 
ing  the  locality  and  a  is  a  dilation  or  scale  parameter. 

The  discrete  wavelet  transform  refers  to  a  discrete  time-scale  frame¬ 
work.  Within  this  framework,  when  a  binary  dilation  and  dyadic  transla¬ 
tion  is  used,  the  orthogonal  wavelet  transform  can  be  defined.  A  function 
g(t)  is  called  an  orthogonal  wavelet  if  the  family 

gn.Ai)  =  -  fc)  (2) 
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forms  an  orthonormal  basis,  that  is 


9m,kT  9n,l  ^  ““  '  ^k,l  (3) 

for  all  integer  where  <  ,  >  is  the  usual  inner  product  and  Sm,n 

is  the  Kronecker  symbol.  The  orthogonal  wavelet  transform  can  now  be 
defined  as 


/  +  00 

x{t)gm,k{t)  dt  (4) 

-oo 

The  transform  can  be  interpreted  as  a  filter  bank  decomposition.  The  scale 
(frequency)  partitioning  leads  to  a  partitioning  in  the  time  domain  that  is 
finer  in  the  higher  frequency  bands.  The  wavelet  synthesis  formula  is  given 
by 


x{t)  =  YIY.  (5) 

m  k 

This  clearly  shows  that  the  analysed  signal  can  be  represented  as  a  sum  of 
m  so  called  wavelet  levels 


Xm{t)  =  E  (6) 

k 

Each  of  these  levels  represents  time  behaviour  of  the  signal  within  different 
frequency  bands  and  gives  the  contribution  to  the  whole  signal  energy. 

A  number  of  different  bases  have  been  proposed  to  construct  orthog¬ 
onal  wavelets.  The  simpliest  basis  can  be  given  by  the  well  known  Haar 
function  h(t)  that  is  equal  to  1  on  [1, 1/2),  —1  on  [1/2, 1]  and  0  outside  the 
interval  [0, 1).  Much  more  effective  analysis  and  synthesis  can  be  obtained 
with  the  wavelets  gr{t)  of  Daubechies  [13],  which  are  of  the  form  given  by 
equation  (2)  and  have  the  following  properties: 

1.  the  support  of  gr{t)  is  the  interval  [0,  2r  -j-  1]; 

2.  gj.{t)  have  r  vanishing  moments,  i.e.  f  gr{t)  dt  =  0; 

3.  gr{t)  has  yr  (7  is  about  0.2)  continuous  derivatives. 

Figure  1  shows  the  Uh  order  Daubechies  basis  function.  It  can  be  shown 
that  when  r  =  0  this  basis  reduces  to  the  Haar  wavelet  analysis.  The 
orthogonal  wavelet  decomposition  based  on  the  Daubechies’  wavelets  can 
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be  obtained  using  the  pyramidal  Mallat  algorithm.  For  more  details  about 
the  calculation  procedure  the  reader  is  referred  to  [14,  15]. 


Figure  l:Daubechies’  wavelet  basis  function. 


STATISTICAL  ANALYSIS  OF  VIBRATION  DATA 

The  concept  of  statistical  analysis  of  time-domain  data  is  well  known  in  the 
literature.  There  exist  different  measures  used  in  machinery  diagnostics 
which  are  fault  oriented  [16,  17].  These  include  the  peak-to-peak  value, 
shape  factor,  crest  factor,  impulse  factor  and  statistical  moments.  The 
statistical  moments  are  used  to  describe  the  shape  of  the  probability  density 
function  of  the  data.  The  definition  of  the  statistical  moment  of  any  type 
distribution  is  given  by 


^  ^  {x(t)  -  xydt  (7) 

where  x  is  the  mean  value  of  x{t).  Two  parameters,  namely  skewness 
and  Kurtosis,  are  the  most  widely  used  fault  indicators  based  on  statistical 
moments.  The  skewness  coefficient,  which  is  the  normalised  third  moment, 
is  used  to  identify  lack  of  symmetry.  Kurtosis,  which  is  the  normalised 
fourth  moment,  indicates  the  spikeness  of  the  data.  In  general,  higher 
moments  are  more  sensitive  to  deviations  in  the  data  as  a  result  of  a  fault. 
The  advantage  of  the  statistical  characteristics  is  that  they  are  independent 
of  loading  and  speed  of  machinery  and  very  often  allow  much  earlier  fault 
detection  [16]. 

Simulation  [18]  and  experimental  [19]  study  shows  that  the  results 
from  the  higher  moment  calculations  tend  to  become  more  sensitive  to 
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spurious  spikes  in  the  data  not  related  to  a  fault.  In  such  situations  the 
beta  distribution  [18]  can  be  used  as  it  is  less  sensitive  to  freak  maxima  or 
minima.  However  low  levels  of  load  and  small  advancements  of  faults  mean 
that  fault  detection  is  not  a  trivial  task.  This  can  be  improved  when  the 
statistical  parameters  are  applied  to  wavelet  levels  defined  in  Section  2.  The 
wavelet  is  a  high  pass  filter  which  can  smooth  out  the  noise  at  large  scales. 
Thus  any  transients  in  the  vibration  data  due  to  the  impacts  caused  by 
the  fault  can  be  more  efficiently  detected  in  some  arbitrary  chosen  wavelet 
levels  given  by  equation  (6).  For  these  levels  the  statistical  characteristics 
can  be  applied  to  enhance  the  fault  detection  procedure. 

WAVELET  DECOMPOSITION  OF  GEARBOX  DATA 
Gearbox  Vibration 

Gearboxes  are  significant  contributors  to  damage  incidents  and  mainte¬ 
nance  costs.  Thus  gearbox  vibration  has  been  studied  extensively  for  many 
years.  Many  vibration  components  can  be  observed  in  a  spectrum.  These 
include  [20]:  harmonics  of  the  toothmeshing  frequency,  ghost  components, 
sidebands,  low  frequency  harmonics  of  the  shaft  speed  and  intermodulation 
components.  All  major  faults  in  gearboxes  can  be  classified  into  shaft  (mis¬ 
alignment,  unbalance)  and  tooth  (wear,  scuffing,  cracking)  related  prob¬ 
lems.  Tooth  related  faults  can  produce  impulses  in  the  gearbox  vibration 
signals  [21,  22].  Damaged  teeth  suffer  deflection  due  to  stiffness  reduction. 
This  causes  improper  meshing  action  between  teeth  and  produces  impacts. 
The  amplitude  of  the  impact  is  a  function  of  the  velocity  which  in  turn  is 
proportional  to  the  clearance  between  the  circumferential  distance  between 
tooth  contacts  and  the  actual  width  of  the  tooth  [23].  As  a  result  of  this 
phenomenon  an  impulse  in  the  vibration  signal  is  produced.  This  causes 
amplitude  and  frequency  modulations  of  the  meshing  vibration.  Locally, 
within  one  rotation  of  the  damaged  wheel,  the  vibration  signal  is  a  sum 
of  stationary  meshing  vibration  and  a  transient  in  a  form  of  an  impulse 
caused  by  a  fault. 

Experimental  Results 

A  simple  experiment  which  simulated  the  damage  due  to  breakage  at  a 
point  on  the  working  tip  was  performed  [24].  This  type  ol  failure  is  a 
common  type  of  a  fault  in  many  industrial  applications  [25].  The  damage 
involved  25%,  50%,  75%  and  100%  removal  (1mm)  of  the  facewidth  at  a 
given  radius.  Two  load  conditions  were  used  in  the  experiment.  These 
were:  70%  and  40%  of  the  maximum  design  load.  Figure  2  shows  an 
example  of  an  acceleration  response  obtained  from  the  experiment.  Here 
one  pinion  rotation  is  analysed.  The  meshing  vibration  of  the  spur  gear  can 
be  observed.  An  impulse  in  the  signal  at  about  60^  —  100'^  of  pinion  rotation 
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can  be  seen  in  Figure  2c  where  the  vibration  from  the  100%  damaged  spur 
gear  is  given.  This  fault  feature  cannot  be  seen  in  the  25%  damaged  spur 
gear  data. 


Gear  rotation  [deg] 


Figure  2:  Spur  gear  vibration  data:  (a)  no  fault  condition  (b)  damaged 
tooth  (25%  fault  advancement)  (c)  damaged  tooth  (100%  fault 

advancement). 


Since  the  amplitude  level  of  a  gearbox  vibration  signal  depends 
on  the  load,  it  is  beneficial  to  remove  the  meshing  vibration  from  the 
data.  This  can  be  done  in  the  time-domain  by  using  a  bandstop  filter 
or  in  the  frequency-domain  by  suppressing  the  meshing  harmonics.  A 
10^^^  order  Butterworth  bandstop  filter  was  used  to  remove  the  meshing- 
vibration  from  the  data.  The  filtered  or  residual  signal  should  display  any 
impulsive  perturbations  within  the  vibration  signal  better,  thus  improving 
the  possibility  of  fault  detection. 
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The  residual  signals  were  decomposed  using  the  orthogonal  wavelet 
transform.  Figure  3  shows  an  example  of  the  residual  signal  together  with 
the  highest  five  wavelet  levels,  representing  100%  fault  advancement.  Here 
a  clear  impulse  due  to  the  fault  can  be  observed  in  the  levels  at  about 
60°  —  100°  of  the  gear  rotation.  Each  of  the  levels  represents  a  different 
bandwidth  in  which  the  impulse  is  formed.  Higher  levels  are  equivalent  to 
higher  frequency  bandwidths.  Similar  results  for  the  25°  fault  advancement 
are  given  in  Figure  4.  Here  the  impulse  can  be  observed  at  about  60°  — 
80°  in  wavelet  levels  6  and  7.  For  comparison  Figure  5  shows  the  same 
results  for  normal  condition  gearbox;  impulses  cannot  be  observed  in  the 
wavelet  decomposed  data.  One  can  also  notice  that  low  levels  (e.g.  5  in 
Figure  5)  display  low  amplitude  characteristics  which  are  features  related 
to  Daubechies’  wavelets  and  not  the  the  impulse  caused  by  the  fault. 

SIMILARITY  ANALYSIS  OF  DECOMPOSED  DATA 

Following  the  initial  results  obtained  in  the  previous  section,  four  wavelet 
levels,  namely  6,7,8  and  9,  were  chosen  for  further  study.  The  study  in¬ 
volved  statistical  analysis  of  chosen  decomposed  levels.  This  employed  the 
peak-to-peak  value  and  the  4-th  and  6-th  statistical  moments.  It  has  been 
shown  [16,  18]  that  these  parameters  are  good  impulse  indicators  in  vi¬ 
bration  data.  Table  1  gives  an  example  set  of  the  statistical  parameters 
from  the  wavelet  level  8  used  in  the  analysis.  Here  two  different  load  con¬ 
ditions  and  fault  advancements  are  represented.  The  wavelet  based  results 
are  compared  with  the  raw  vibration  data  results.  It  can  be  seen  that 
within  the  same  fault  condition  the  values  of  the  statistical  parameters 
are  sensitive  to  the  load.  This  feature  could  lead  in  practice  to  false  fault 
alarms. 


Load 

Fault 

Wavelet  level  8 

Raw  data 

of  the  system 

condition 

peak 

m4 

rriQ 

70% 

no  fault 

8.05 

4.93 

45.03 

5.09 

2.84 

13.12 

100%  fault 

11.44 

11.71 

295.04 

9.71 

9.26 

162.48 

40% 

no  fault 

7.19 

4.19 

29.91 

5.89 

2.75 

11.62 

100%  fault 

10.58 

10.74 

267.22 

9.98 

8.63 

146.42 

Table  1:  Statistical  parameters  for  wavelet  decomposed  data  and  raw  vi¬ 
bration  data 


The  statistical  similarity  analysis  was  performed  to  detect  impulses 
in  the  wavelet  decomposed  data.  The  square  of  the  Mahalanobis  distance 
given  by  [26], 
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(8) 


d\k)  =  p  -  7ZIII-.  =  (/?  -  p)  S-'  (/?  -  m)  , 

is  used  to  measure  the  distance  between  vectors  /?  and  Ji,  normalised  with 
a  norm  .  Here  /?  is  a  primary  feature  vector  representing  patterns, 
is  a  mean  vector  representing  the  pattern  template  and  denotes 
the  inverse  of  the  covariance  matrix  Ea;.  Given  N  sample  feature  vectors 
Pi  {i  =  two  unbiased  estimators  of  the  mean  vector  JJ  and 

covariance  E  are  given  respectively  [26]  by 

TI=Em=^f:A  (9) 

i=l 

S  =  ^  E  (ft-p)  .  (10) 

^  i=l 

The  larger  the  value  of  d?  the  more  diverged  P  is  from  its  template. 


Gear 

pair 

Fault 

type 

Advancement 
of  fault 

Mahalanobis  distance 

Wavelet  results 

Raw  data 

1 

no  fault 

0% 

1.22 

1.05 

2 

no  fault 

0% 

1.38 

1.35 

3 

no  fault 

0% 

1.33 

1.23 

damaged 

tooth 

25% 

5.07 

1.10 

50% 

8.82 

3.38 

75% 

18.22 

8.41 

100% 

320.75 

104.32 

Alarm  values 

1.67 

1.82 

Table  2:  Similarity  analysis  results  for  the  fault  detection  procedure  based 
on  the  orthogonal  wavelet  transform. 


.A.n  overall  number  of  12  statistical  parameters  from  the  wavelet 
decomposed  levels  were  used  to  form  feature  vectors  representing  different 
fault  conditions.  The  150  feature  vectors  representing  gearbox  normal  con¬ 
dition  for  two  different  load  levels  were  used  to  obtain  the  mean  vector  /Z 
and  covariance  E“h  Finally,  the  values  of  the  Mahal anobis  distance  were 
calculated  from  equation  (8).  The  results  for  different  fault  advancements 
are  given  in  Table  2.  Here  the  values  of  the  Mahalanobis  distances  rep¬ 
resent  the  averaged  values  from  the  set  of  ten  different  vibration  signals 
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representing  different  load  and  fault  conditions.  The  simple  alarm  values 
were  established  from  the  sets  of  the  data  representing  the  normal  condition 
of  the  gearbox.  These  values  are  the  Mahalanobis  distances  above  which 
it  can  be  considered  that  the  condition  of  the  gearbox  is  abnormal  and  re¬ 
quire  further  investigations.  The  alarm  value  was  taken  as  4^^,  where 
d  and  are  the  mean  and  the  standard  deviation  of  the  Mahalanobis  dis¬ 
tance  d.  The  same  procedure  was  applied  to  statistical  parameters  taken 
from  the  raw  vibration  data.  It  can  be  seen  that,  for  both  types  of  the 
analysis,  the  Mahalanobis  distance  increases  monotonically  with  the  fault 
advancement.  However,  the  comparison  between  the  methods  shows  that 
the  smallest  (25%)  fault  advancements  was  detected  only  by  the  wavelet 
based  analysis. 


CONCLUSIONS 

The  fault  detection  procedure  based  on  the  orthogonal  wavelet  transform 
has  been  proposed.  The  procedure  has  involved  the  signal  decomposition 
into  wavelet  levels.  The  statistical  moments  for  the  chosen  levels  were  used 
to  create  fault  features.  The  statistical  concept  of  similarity  analysis  was 
applied  to  classify  fault  advancements.  The  method  has  been  illustrated 
using  the  vibration  data  from  a  simple  spur  gear  experiment.  The  method 
has  shown  the  potential  for  fault  detection  in  machinery  diagnostics,  Fur¬ 
ther  analysis,  involving  vibration  data  from  different  machinery,  is  required 
to  fully  establish  the  procedure. 
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ABSTRACT 

An  information-based  reduced-dimensionality  formulation  of  the  recently 
introduced  geometric  approach  to  fault  identification  in  stochastic  struc¬ 
tural  systems  is  presented.  The  feature  vector,  being  a  key  element  of  the 
general  geometi’ic  approach,  is  transformed  into  a  suitable  coordinate  sys¬ 
tem,  within  which  information  compression  may  be  best  achieved.  Dimen¬ 
sionality  selection  is  subsequently  based  upon  bounding  of  the  information 
loss,  expressed  in  terms  of  logarithmic  entropy,  below  a  certain  threshold. 
The  information-based  reduced-dimensionality  formulation  thus  presents 
a  formal  and  S3"stematic  procedure  for  the  proper  selection  of  a  minimal 
dimensionality  feature  vector,  and  leads  to  substantial  simplification  and 
potentially  improved  fault  identification.  Its  application  to  fault  identifica¬ 
tion  in  a  laboratoiy-scale  beam  demonstrates  high  effectiveness,  which  is 
roughly  equivalent  to  that  of  the  full-dimensionality  formulation. 


List  of  Symbols 

:  fault  of  magnitude  a  within  the  i-th  fault  mode 
6  :  feature  vector  composed  of  the  model  parameters  {N  x  1) 

fjbQ  :  feature  vector  mean  (N  x  \) 

Pq  :  feature  vector  covariance  [N  x  N) 
s  :  transformed  feature  vector  {N  x  1) 

fig  :  transformed  feature  vector  mean  {N  x  1) 

Pq  :  transformed  feature  vector  covariance  {N  x  N) 
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reduced  |■.rans^ormed  feature  vector  (M  x  1) 
reduced  transformed  feature  vector  mean  (M  x  1) 
reduced  transformed  feature  vector  covariance  (M  x  M) 
vector  of  the  first/second  order  moments  of  Sm  (/^  x  1) 
entro]\v  function  associated  with  the  vector  s 
ratio  of  entrop^^  functions  of  the  vectors  Sm  and  s 
feature  vector  transformation  matrix  [M  x  TV) 
equation  of  the  i-th  fault  mode  hyper-plane 
dimension  of  the  original  feature  vector 
dimension  of  s^r  (M  <  N) 
number  of  fault  modes 

number  of  faults  per  fault  mode  considered  during  training 


Superscripts: 

^  :  indicates  the  ?‘-th  fault  mode 

:  indicates  the  j-th  fault  within  the  -i-th  fault  mode 
:  indicates  the  unclassified  current  fault 


Convention: 

Lower-case/capital  bold-face  characters  represent  vector/matrix  quantities, 
respectively. 


1.  INTRODUCTION 

Fault  detection  and  identification  in  structural  systems,  such  as  aero¬ 
space  structures,  buildings,  bridges,  offshore  platforms,  and  so  on,  is  of 
paramount  importance  for  reasons  associated  with  safety  and  proper  main¬ 
tenance.  Techniques  aiming  at  non-destructive  structural  fault  detection 
and  identification,  based  upon  the  study  of  behavioral  discrepancies  be¬ 
tween  the  nominal  (unfailed)  and  failed  systems,  have  thus  received  con¬ 
siderable  attention  in  recent  years  [1-5], 

A  large  category  of  structural  fault  identification  methods  is  based 
upon  the  evaluation  of  changes  incurred  in  the  system’s  structural  stiffness 
matrix  [6],  usually  under  the  constant  mass  matrix  assumption.  These 
methods  may  use  static  test  data  [7],  dynamic  test  data  [1,8,9],  or  com¬ 
binations  of  the  two  [3].  The  main  idea  is  in  the  use  of  the  test  data  to 
formulate  an  optimization  problem  through  which  the  changes  of  the  struc¬ 
tural  stiffness  matrix  from  its  nominal  (unfailed)  value  (often  determined 
from  a  Finite  Element  Model  of  the  structure)  are  computed.  The  meth¬ 
ods  achieve  simultaneous  fault  detection  and  identification  based  upon  the 
determination  of  the  changed  stiffness  matrix  elements. 

An  alternative  category  of  methods  is  based  upon  the  evaluation  of 
changes  incurred  in  the  striictural  system’s  modal  parameters  [4,10,11]. 
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The  basic  idea  is  I'.he  comparison  of  the  modal  parameters  of  the  nominal 
system  to  those  of  the  Tailed,  and  the  detection  and  identification  of  faults 
through  ol->soi-vation  of  i;he  incurred  change  patterns. 

Both  categories  of  methods  are,  nevei'theless,  characterized  by  a  num¬ 
ber  of  drawbacks  and  limitations:  Static  testing  may  be  a  problem  with 
certain  strictures,  whereas  complete  eigenmode  information  (reciuired  in 
the  dynamic  test  case)  is  difficult  to  obtain  and  requires  elaborate  test¬ 
ing  procedures.  The  determination  of  eigenmode  information  additionally 
requires  cumbersome  numerical  procedures  for  the  solution  of  non-linear 
equations,  while  “high”  frequency  eigenmodes  are  in  any  case  difficult  to 
obtain  but  their  omission  may  seriously  affect  the  scheme’s  efficienc}^  A 
complete  structural  model,  which  may  be  of  considerably  “high”  climension- 
alit}^,  is  also  necessary  to  estimate,  and  this  leads  to  a  “large”  non-linear 
optimization  problem.  In  addition,  stochastic  noise  effects  are  not  always 
accounted  for,  an  omission  that  may  lead  to  further  difficulties  [9].  The  fact 
that  the  eigenmode  estimates  are  themselves  stochastic  quantities  with  in¬ 
herent  variability  is  not  taken  into  account  either,  with  the  result  being 
that  there  can  be  no  sufficient  certainty  that  an  observed  change  in  any 
given  parameter  is  due  to  a  fault  and  not  to  the  inherent  variability  of  the 
test  data  [11]. 

In  addition,  the  first  category  of  methods  may  lead  to  problematic 
fault  localization,  as  a  stiffness  matrix  element  may  admit  contributions 
from  several  structural  elements  sharing  the  same  node.  The  second  cate¬ 
gory,  on  the  other  hand,  relaxes  the  requirement  for  stiffness  matrix  deter¬ 
mination,  but  faults  may  not  l:>e  always  possible  to  properly  identify  from 
mode  shape  pattern  changes. 

In  a  recent  paper  (Sadeghi  and  Fassois  [12])  a  novel  geometric  ap¬ 
proach  to  the  non-destructive  identification  of  faults  in  stochastic  structural 
systems  was  introduced.  This  approach  is  distinctly  different  from  previ¬ 
ous  schemes,  making  use  of  reduced-order  and  partial  stochastic  structural 
models,  a  proper  feature  vector,  a  corresponding  feature  space  equipped 
with  a  proper  metric,  and  the  notion  of  fault  m.ode  as  the  union  of  faults 
of  all  possible  magnitudes  but  of  common  cause. 

The  geometric  approach  is  based  on  the  fact  that  fault-induced  changes 
in  the  structural  system’s  properties  affect  the  selected  model  parameters, 
and,  through  them,  the  feature  vector  statistical  characteristics.  Within 
the  selected  feature  space  all  individual  (fixed  magnitude)  faults  assume 
a  point- wise  representation,  whereas  each  fault  mode  is  represented  as  a 
proper  subspace.  Approximate  representations  of  these  subspaces  are  pre¬ 
constructed  in  a  training  stage.  Once  a  system  fault  is  detected,  an  interval 
estimate  of  the  current  feature  vector,  defining  its  point  representation  in 
the  feature  space,  is  obtained.  Fault  identification  is  then  accomplished 
by  determining  the  specific  fault  mode  subspace  within  which  the  current 
fault  point  lies. 

The  geometric  fault  identification  approach  overcomes  many  of  the 
limitations  of  the  previous  structural  fault  identification  schemes,  as  it  ef¬ 
fectively  accounts  for  stochastic  effects  and  the  inherent  variability  of  test 
data,  requires  a  minimal  num-ber  of  measurement  locations,  is  capable  of 
operating  on  any  type  (acceleration,  velocity,  or  displacement)  of  vibra- 
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tioii  test  data,  requires  only  •partial  (even  single-input  single-output)  and 
reduced-order  models,  and  eliminates  the  difficulties  associated  with  stiff¬ 
ness  matrix  or  modal  parameter  based  procedures.  In  addition  it  is  very 
general,  and  potential!}^  capable  of  identifying  faults  within  any  t3q3e  of 
linear  or  non-linear  structural  system  [12], 

In  the  present  paper  an  information-hased  reduced- dimensionality  iov- 
miilation  of  the  geometric  fault  identihcation  approach  is  introduced.  In 
contrast  to  the  original  formulation  in  which  the  feature  vector  is  arbi- 
trai'ily  selected  to  consist  of  the  estimated  model  parameters,  the  iDresent 
formulation  uses  an  information-based  framework  for  feature  vector,  and 
thus  feature  space,  ti-ansformation  and  reduction.  The  feature  vector  is,  in¬ 
deed,  transformed  into  a  suitable  coordinate  system,  within  which  informa¬ 
tion  compression,  and  thus  feature  vector  reduction,  may  be  best  achieved. 
Feature  vector  dimensionality  selection  is  then  based  upon  bounding  of  the 
information  loss,  expressed  in  terms  of  logarithmic  entropy,  below  a  certain 
threshold. 

The  information-based  reduced-dimensionality  geometric  fault  identi¬ 
fication  approach  thei-efore  offers  a  formal  and  systematic  procedure  for  the 
proper  selection  of  a  minimal-dimensionality  feature  vector,  and  achieves 
two  important  goals:  (a)  Substantial  simplification  of  the  fault  identifica¬ 
tion  procedure  by  way  of  rediiced  feature  space  dimensionality,  and,  (b) 
potentially  improved  fault  identification  performance  over  arbitrarily  trun¬ 
cated  feature  vectors. 

The  rest  of  this  paper  is  organized  as  follows:  A  brief  account  of 
the  main  ideas  pertaining  to  the  geometric  fault  identification  approach 
is  presented  in  Section  2.  The  information-based  reduced- dimensionality 
formulation  is  presented  in  Section  3,  and  its  application  to  fault  identifi¬ 
cation  in  a  laboratory-scale  simply-supported  beam  discussed  in  Section  4. 
The  conclusions  of  this  study  are  summarized  in  Section  5. 


2.  OVERVIEW  OF  THE  MAIN  IDEAS 

The  geometric  fault  identification  approach  is  based  upon  vibration 
test  data,  typically  force  excitation  along  with  the  resulting  vibration  dis¬ 
placement,  velocity,  or  acceleration,  measured  at  selected  locations.  It  con¬ 
sists  of  the  following  elements:  (a)  A  partial  (even  single  excitation  single 
response)  and  reduced-order  mathematical  system  model]  (b)  a  properly 
selected  feature  vector]  (c)  a  feature  space  equipped  with  a  proper  metric; 
and  (d)  the  notion  fault  mode  and  its  geometrical  representation. 

The  mathematical  system  model  is  of  the  discrete-time  stochastic  dy¬ 
namical  type  and  provides  a  partial  and  reduced-order  representation  of 
the  actual  structure.  These  features  are  veiy  important,  not  only  because 
a  complete  system  model  may  be  difficult  to  construct,  but  also  difficult  or 
impractical  to  use.  The  model  is  typically  obtained  through  identification 
techniques  using  vibration  test  data  [13,14]. 

The  feature  vector  6  6  consists  of  .selected  model  parameters  that 
convey  S3^stenr  information.  The  feature  space  is  a  space  spanned  l^y  the 
first  and,  perhaps,  second  order  moments  of  the  feature  vector,  collected 
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into  the  vectoi’  0 k  6  The  feature  space  ivS  also  equipped  with  a  proper 
metric. 

The  nol-ion  of  fault  m.ode  refers  to  the  union  of  faults  of  all  possible 
magnitudes  (severities)  but  common  cause.  Within  this  context  a  par¬ 
ticular  fault  from  fault  mode  i  and  of  magnitude  a  is  represented  as 
with  the  Fth  faull;  mode  thus  defined  as  F'’  {F^  |  a.  €  /I  C  9^}  in  the 

one-dimensional  fault  magnitude  case. 

Within  the  selected  feature  space  all  individual  (fixed  magnitude) 
faults  assume  a  point-wise  representation,  A  fault  mode,  being  a  “contin¬ 
uum”  of  variahl e-magnitude  faults,  assumes,  on  the  other  hand,  a  subspace 
representation.  The  dimensionality  of  this  subspace  depends  upon  the  di- 
mensionalit}^  of  the  fault  magnitude,  which  may  not  be  always  possible  to 
accurately  define. 

The  operational  stages  of  the  geometi'ic  fault  identification  approach 
are  as  follows: 

(i)  In  an  initial  training  stage,  and  with  the  aid  of  measurements 
obtained  from  a  detailed  simulation  (often  finite  element)  model  of  the 
structure,  a  partial  and  reduced-order  nominal  system  model  is  obtained. 
Based  upon  this,  a  proper  feature  vector  and  the  corresponding  feature 
metric  space  are  selected.  Approximate  geometric  representations  of  the 
various  fault  mode  subspaces  are  constructed  by  using  training  data  (ob¬ 
tained  by  injecting  faults  of  various  magnitudes  into  the  simulation  model) 
and  appropriate  regression  technicpies  [15]. 

(it)  Once  the  presence  of  a  system  fault  is  detected  based  upon  peri¬ 
odically  obtained  system  data  and  statistical  fault  detection  schemes  [12], 
an  interval  (mean  and  covariance)  estimate  of  the  current  feature  vector, 
defining  a  point  that  represents  the  current  (unknown)  fault  in  the  feature 
space,  is  obtained.  The  fault  identification  problem  is  then  viewed  as  the 
problem  of  determining  the  specific  fault  mode  subspace  within  which  the 
incurred  fault  lies. 

Note  that,  due  to  estimation  and  modeling  inaccuracies,  the  point  rep¬ 
resenting  the  current  fault  may  not  strictly  belong  to  its  proper  subspace, 
but  to  its  immediate  vicinity.  To  account  for  this,  the  fault  identification 
problem  is  formulated  as  a  geometric  minimal  “distance”  one,  according  to 
which  the  current  fault  is  associated  with  the  fault  mode  with  the  subspace 
of  which  its  “distance”  (computed  via  a  constrained  optimization  scheme) 
is  minimal. 


3.  THE  INFORMATION-BASED  REDUCED- 
DIMENSIONALITY  GEOMETRIC  APPROACH 

The  reduced-dimensionality  geometric  fault  identification  approach 
is  based  upon  an  information-based  formalism  that  allows  for  the  effective 
treatment  of  two  main  issues:  (a)  Feature  vector  transformation  into  a  co¬ 
ordinate  system  within  which  information  compression,  and  thus  feature 
vector  reduction,  ma}^  be  best  achieved,  and,  (b)  feature  vector  dimension¬ 
ality  selection. 
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3.1  Feature  Vector  Transformation  and  Reduction 

Let  the  feature  vector  0  €  composed  of  selected  model  parame¬ 
ters,  be  characterized  b.y  mean  fj,0  and  covariance  P^.  Also  let  P  G 
indicate  an  arbiti-ary  (symmetric  and  positive  definite)  covariance  matrix. 
P  may  be  decomposed  as: 


P  =  U-A-U^  (1) 

where: 

A  =  diag(Ai,  Aw)  €  (2) 

u  =  [«1  MO  •  •  •  Mw]  €  (3) 

with  diag(-, designating  a  diagonal  matrix  composed  of  the  indi¬ 
cated  elements,  Xi  (>  0)  {i  =  1,2,  the  i-th  eigenvalue  of  P,  and 

Ui  the  corresponding  normalized  eigenvector.  The  eigenvectors  are  thus 
orthonormal,  satisfying  the  relation  uj  •  Uj  =  dij,  with  5ij  denoting  the 
Kronecker  delta.  The  normalized  eigenvector  matrix  U  therefore  satisfies 
the  relation  U-U'^  =  (/yv  denoting  the  yV-dimensional  identity  matrix). 
In  view  of  this,  A  ma}^  be  expressed  as: 

A  =  17^  •  F  •  U  (4) 


The  feature  vector  6  may  be  then  analyzed  in  terms  of  the  orthonor¬ 
mal  vectors  ,  un,  •  •  • ,  n/v}  which  constitute  a  basis  in 

=  U-s  (5) 

with  s  e  denoting  the  transformed  [in  the  {ui^uo,  •  ’ '  ,un}  coordi¬ 
nate  system]  feature  vector.  Premultipiying  (5)  by  U'^  gives  the  following 
expression  for  the  transformed  feature  vector: 

s  =  u'^.9^sj  =  uJ-e  {j  =  l,2,---,N)  (6) 

Hence: 

/Xg  =  ■  IJ-0  Cov[s]~  Ps  ■Cov[9]-U  (7) 

Feature  vector  reduction  to  dimensionality  M  (<  N)  may  be  achieved 
in  the  {ui.uor  - '  coordinate  system  as  follows:  Let  {ui,u%  •  ”  ^'^m] 
denote  the  eigenvectors  that  correspond  to  the  largest  M  variances  Var[sj]. 
Expression  (5)  may  be  then  re-written  as: 


N 


j=i 


Si 


sn 


M  N 

_  - 

Sm 

^  =  E  SjUj  = 

Um-U  n-m 

■ 

j=M+l 

_  sn-m  _ 
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with  Um  ^  U i^-M  ^  denoting  the  indicated  subma¬ 
trices  of  27,  and  .s^v/  €  sn~m  €  the  indicated  subvectors  of 

s. 


(8) 


Keeping  only  the  first  M  coordinates  [u  y.un,  •  ■  • ,  u^}  hi  expression 
one  has: 


M 

0  =  SjUj  -\-  € 
i=i 


(9) 


with  e  indicating  the  error  vector  due  to  coordinate  system  reduction. 


rn 

Premull.iplying  Rq.  (8)  lyy  U /,,[  and  iising  the  eigenvector  orthonor¬ 
mality  property,  the  reduced  transformed  feature  vector  is  obtained  as: 


sm  =  Ulf  -  9  sm  =  T  ■  9 


(10) 


with  T=Ul,  € 
^■sm  =  T  ■  9-0 


representing  the  transformation  matrix.  Hence: 
Cov[sm\  =  Psm  =  T  ■  Cov[9]  •  (11) 


R.emark:  It  should  lie  noted  that  for  P  equal  to  the  covariance  Pq  of  the 
feature  vector  9,  (5)  represents  the  vector’s  Karhunen-Loeve  expansion 
[16].  In  that  case,  due  to  property  (4),  the  covariance  matrix  (7)  of  the 
transformed  feature  vector  s  becomes: 

Cov[s\  =  U'^  ■Cov[9\-U  =  A  (12) 

This  indicates  that  the  Karhunen-Loeve  expansion  diagonalizes  the  feature 
vector  covariance  matrix,  or,  in  other  words,  transforms  the  feature  vector 
9  into  a  vector  with  mutually  uncorrelated  components.  It  is  known  [16] 
that  the  Karhunen-Loeve  expansion  leads  to  optimal,  in  the  sense  of  mini¬ 
mum  mean  square  error  ^'{e^e},  information  compression,  and  thus  feature 
vector  reduction  for  any  selected  dimensionality.  Furthermore,  since  the 
variances  Var[sj]  are,  in  this  case,  equal  to  \j  {j  =  1,  2,  •  •  • ,  TV),  the  coordi¬ 
nates  {ui,  no,  •  •  • ,  Um}  are  those  associated  with  the  M  largest  eigenvalues 
ofP0.  '  a 

Within  the  context  of  the  reduced-dimensionality  geometric  approach 
a  transformation  matrix  T  G  obtained  from  a  single  covariance 

matrix  P,  is  used  for  transforming  the  feature  vector.  Two  possibilities  are 
considered: 

(a)  P  =  with  Pqo  representing  the  feature  vector  covariance  for  the 
nominal  (unfailed)  system,  or, 

(b)  p  r=  pQav^,  with  P^av=  representing  an  average  feature  covariance 
matrix  obtained  during  the  training  stage. 

Denoting  as  9^^  the  feature  vector  obtained  from  data  corresponding 
to  the  j-th  fault  {j  =  1,2, -’-.p)  from  within  the  -i-th  fault  mode  {i  = 
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1,  2,  •  •  • ,  Nf'),  the  average  feature  covariance  mati'ix  may  be  obtained  as: 


2  P 


(13) 


3.2  Feature  Vector  Dimensionality  Selection 

The  selection  of  the  dimensionality  M  of  the  transformed  feature 
vector  sm  is  based  upon  the  assessment  of  the  information  conveyed  by 
each  one  of  its  components,  that  is  the  information  conveyed  along  each 
axis  of  the  coordinate  system.  Toward  this  end  the  logarithmic  entropy 
function  [17]  of  the  transformed  feature  vector  s  e 

N 

Hr(s)  =  -'^Ui logo  (14) 

i=l 

with  Ui  {ui  —  1,  2,  •  •  • ,  N): 

N 

=  Var[si]/  ar[si]  (15) 

Z=1 


is  used  as  a  measure  of  the  information  conveyed  by  s.  HFt{s)  also  repre¬ 
sents  a  decomposition  of  that  information  into  each  axis  of  the  coordinate 
system  {iti,  •  *  * .  un}- 

The  loss  of  information  caused  by  truncating  the  transformed  feature 
vector  into  dimension  M  [M  <  N)  may  be  then  quantified  by  the  difference 
between  the  logarithmic  entropy  of  the  original  iV -dimensional  vector  s 
and  that  of  its  il7-dimensional  truncated  counterpart  The  smaller 

the  difference,  the  smaller  the  loss  of  information,  and  thus  the  incurred 
approximation  error.  The  truncation  dimension  M  may  be  then  selected 
by  considering  the  quantity: 


linfsMy  s)  = 


Hr{s) 


Ejll  I'j  I0g2  <^1 

E^Ll  I'j  logo  Vj 


€  (0,  1] 


(16) 


Indeed,  selecting  an  appropriate  threshold  value  d  (generally  close  to  unity), 
M  may  be  selected  as: 


M  =  min 


/i  e  [T  N]\5<  Hr(s^,  s)  - 


Eitl^'j-logo^j  j 


(17) 


Since  this  stud}/-  deals  with  feature  vectors  corresponding  to  the  nom¬ 
inal  (unfailed)  system  as  well  as  to  the  system  in  various  fault  modes  (with 
various  fault  magnitudes  in  each  case),  M  may  be  selected  as: 

M  =  max{il7z}  =  max  (mm,,  ()uz  €  [1,  1  5  <  1 1  (18) 

^  ^  I  I  J  J 
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where  /  €  [1,  2,  •  ■  • ,  p  •  N'i?],  with  p  rep  resent, ing  the  number  of  faults  per 
fault  mode  used  in  the  training  stage  and  N p  the  number  of  fault  modes 
considered. 

3.3  The  Fault  Identification  Approach 

The  fault  identification  approach  consists  of  the  following  stages: 

Stage  A:  Feature,  space,  selection  and  fa.idt  mode,  suhspace  construction  (train¬ 
ing  stage). 

Based  upon  data  obtained  from  a  detailed  simulation  model,  the  “struc¬ 
ture”  and  interval  pai'ameter  estimates  of  a  partial  and  reduced-order  S3^s- 
tem  model  are  ol^tained  through  suitable  identification  techniques  [13,14]. 
Let  9  denote  the  original  AT-dimensional  feature  vector  composed  of  se¬ 
lected  model  parameters  and  characterized  by  mean  {jlq  and  covariance 

P9- 

Additional  experiments,  in  which  p  faults  of  various  magnitudes,  are, 
for  each  one  of  the  Np  fault  modes  injected  into  the  detailed  simulation 
model,  performed,  and  the  corresponding  interval  estimates  of  9^^  obtained 
[ij  refers  to  the  j-th  fault  {j  =  1,  •  •  •  ,p)  within  the  i-th  fault  mode  (i  — 

The  feature  vector  estimates  are  subsequently  transformed  according 
to  expressions  (6),  (7),  to  produce  the  vectors  along  with  their  associated 
covariances  P ^  .  The  reduced  feature  vector  dimensionality  M  is  selected 
according  to  (18),  following  which  the  interval  estimate  of  the  reduced 
feature  vector  s\j^  is  determined  by  using  Eq.  (11). 

A  p-dimensional  stochastic  feature  space  is  then  defined  as  the  space 
spanned  by  the  first  and,  perhaps,  the  diagonal  elements  (variances)  of  the 
second  order  moments  of  the  reduced  feature  vector  5m-  Let  these  selected 
quantities  compose  the  p-dimensional  vector  9k- 

The  fault  mode  subspace  representations  are  constructed  by  using 
linear  (p—  l)-dimensional  hyper-plane  approximations.  The  mathematical 
form  of  the  i-tli  fault  mode  hyper-plane  thus  is: 

g\^i<)  -  ^Ki  4-  (^\0k2  H - h  =  0  => 

(qY  6K-<^i=^9K^-y-9^K-<^^  =  Q  (19) 

with  Ui  denoting  the  hyper-plane’s  l-th.  coefficient,  and: 

w'  =  =[luj\---Y_Y  (20) 

9k  =  [Okx  9k2  -  ■  ■  9kY  ~  —  1]^  (21) 

Given  the  i-th  (i  =  1,  ■  •  • ,  N p)  fault  mode  estimates  (j  =  1,  •  •  • ,  p) 
with  p  >  p,  the  corresponding  hyper-plane  representation  is  estimated 
through  linear  regression  [15]  using  the  model  form: 

4x  +  (1  <  i  <  v)  (22) 
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with  denoting-  the  .7-th  regression  error.  These  expressions  lead  to  the 
estimator: 

-  [i0Kf  ■  @k]  ■  i&Kf  ■  (23) 


where: 

[9%  9%- 

e  W'’ 

(24) 

and: 

!lt> 

4.  4,- 

■■olf 

(25) 

Stage  B:  Current  feature  vector  estimation. 

Once  a  fault  is,  based  upon  periodically  obtained  system  data,  detected 
[12],  an  interval  estimate  of  the  current  (unknown  fault)  feature  vector 
is  obtained  and  transformed,  according  to  Eq.  (11)  into  from  which 
6^  is  formed. 

Stage  C:  Distance  computations. 

Appropriate  “distances”  between  the  current  (unknown  fault)  point  0'^ 
and  each  fault  mode  hyper-plane  are  subsequently  computed.  The  distance 
between  and  the  7.-th  mode  hyper-plane  is  obtained  by  optimizing  the 
Lagrangian: 

LieK,'r)  =  D{dK,e’k)  +  2Tg\eK)  (26) 

with  respect  to  Ok  and  7.  In  this  expression  27  represents  the  Lagrange 
multiplier,  ^^(^a')  the  7-th  mode  hyper-plane  defined  by  Eq.  (19),  and  Z)(-,  •) 
an  appropriate  distance  function  (metric)  of  the  form: 

D  {Bk,  91)  =  110/C  -  0^11"  =  (0/c  -  91)^  ■  {9k  -  9\)  (27) 

The  form  of  Ok  depends  upon  the  metric  space  used.  In  the  deter¬ 
ministic  metric  space  case  Ok  =  implying  that  only  the  mean  of 

the  truncated  feature  vector  is  used.  In  the  stochastic  metric  space  case 
Ok  =  (coi  implying  that  both  the  mean  and  diagonal 

elements  of  the  feature  vector  covariance  are  used. 

4.  FAULT  IDENTIFICATION  IN  A  SIMPLY  SUPPORTED 

BEAM 

The  performance  characteristics  of  the  information-based  reduced- 
dimensionality  geometric  approach  are  examined  in  connection  with  fault 
identification  in  the  laboratory-scale  beam  of  Sadeghi  and  Fassois  [12],  so 
that  comparisons  with  the  original  formulation  may  be  made. 

The  beam  (Figure  1)  is  based  on  four  rigid  supports,  dividing  it  into 
three  spans,  as  well  as  on  two  additional  flexible  supports:  One  stationary, 
referred  to  as  “auxiliary  spring” ,  and  one  movable  that  is  at  the  mid-point 
of  the  central  span  in  the  nominal  (unfailed)  system  case  and  is  referred 


Figure  1:  Schematic  diagram  of  the  experimental  set-up  [12]. 

to  simply  as  “spring” .  The  considered  faults  correspond  to  deviations  of 
the  beam  local  stiffness  characteristics  (local  changes  in  the  modulus  of 
elasticity)  realized  by  transporting  the  movable  support  (“spring”)  to  any 
desired  point  in  any  span. 

The  objective  of  the  experiment’s  is  fault  identification,  that  is  the 
determination  of  the  span  in  which  a  particular  fault  occurs,  based  upon 
vibration  test  data  obtained  from  a  single  pair  of  measurement  points. 
Three  fault  modes  {Nf  =  3),  denoted  as  and  and  corresponding 

to  changes  in  the  local  stiffness  characteristics  at  a  point  lying  anywhere  in 
the  first,  second,  and  third,  respectively,  span  of  the  beam,  are  considered. 

Fault  identification  is  based  upon  measurements  of  the  exerted  force 
and  resulting  vibration  displacement  at  the  midpoint  of  the  central  span,  as 
obtained  by  a  load  cell  and  proximity  probe,  respectively  (Figure  1).  The 
two  signals  are  driven  through  analog  anti-alias  filters  (cut-off  frequency  at 
400  Hz)  and  are  subsequently  digitized  at  1  kHz. 

The  system’s  dynamics  are  described  by  a  stochastic  ARM  AX  (6, 5, 3) 
(AutoRegressive  Moving  Average  with  eXogenous  excitation)  model  of  the 
form  [12]; 


6  5  3 

•  y[t  -  i]  =  ■  F[t  -  j]  -t-  •  w[t  -  i] 

1=0  i=i  i=0 

with  ao  =  CQ  =  1,  y[t]  representing  the  measured  vibration  displacement, 
F[t]  the  exerted  force  signal,  it;[t]  a  zero-mean  and  uncorrelated  noise¬ 
generating  stochastic  sequence,  and  aj,  Ci  the  i-th  autoregressive  (AR), 
exogenous  (X),  and  moving  average  (MA)  parameter,  respectively.  This 
model  attempts  to  account  for  both  the  structural  and  noise  dynamics,  al¬ 
though  only  three  of  the  four  structural  modes  present  in  the  0  —  400  Hz 
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Figure  2:  Normalized  logarithmic  entropy  of  the  transformed  feature  vec¬ 
tors  versus  feature  vector  dimension. 


frequency  range  are  represented.  The  original  feature  vector  B  consists  of 
the  model’s  autoregressive  (AR)  and  exogenous  (X)  parameters,  with  its 
dimensionality  being  equal  to  iV  =  11. 

Interval  estimates  of  B,  obtained  via  identification  techniques  operat¬ 
ing  upon  data  corresponding  to  faults  realized  at  various  points  of  each 
span  during  training,  are  transformed  according  to  Eqs.  (6),  (7),  with 
the  covariance  matrix  P  selected  as  either  P or  Pq<^v^  (subsection  3.1). 
Transformed  feature  vector  dimensionality  selection  is  based  upon  the  log¬ 
arithmic  entropy  function,  a  normalized  version  of  which  is  presented,  for 
the  various  transformed  feature  vectors,  in  Figure  2  {P  —  From 

this  a  measure  of  the  information  conveyed  along  each  coordinate  may  be 
identified.  Applying  the  criterion  of  expression  (18)  with  6  —  0.970  yields  a 
reduced  feature  vector  dimensionality  of  ikT  =  9.  Following  the  selection  of 
Bk,  the  F“,  and  fault  mode  hyper-planes  are  constructed  according 
to  the  procedure  of  subsection  3.3. 

Eighteen  Test  Cases,  the  first  six  (1  —  6)  corresponding  to  faults  be¬ 
longing  to  fault  mode  F  ^  (realized  by  inserting  the  spring  at  the  positions 
L/24,  2T/24,  3L/24,  5L/24,  6L/24,  7L/24,  with  L  denoting  the  length  of 
the  beam  between  the  left  and  right  rigid  supports),  the  next  six  (7  —  12) 
to  faults  belonging  to  fault  mode  (spring  at  9L/24,  lOF/24,  11Z//24, 
13L/24,  14L/24,  15L/24),  and  the  last  six  (13  —  18)  to  faults  belonging 
to  fault  mode  F^  (spring  at  17L/24,  18L/24,  19L/24,  21L/24,  22L/24, 
23L/24),  are  considered.  Note  that  none  of  the  above  fault  locations  were 
used  in  the  hyper-plane  construction  (training)  stage. 

Fault  identification  results  with  the  reduced-dimensionality  geometric 
approach,  using  the  transformed  stochastic  metric  space,  are  presented  in 
Table  1.  In  each  Test  Case  the  distances  of  the  current  (unknown  fault) 
point  to  the  fault  mode  hyper-planes  are  presented,  with  the  minimal  one 
indicated  in  bold  face  characters.  Despite  the  difficulties  of  this  particular 
set-up  and  the  use  of  a  single  transfer  function  model,  only  two  misclassi^ 
fication  errors  (Test  Cases  14  and  17)  are  encountered  (compared  to  one 
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Stochasl-ic  Distance 


Tost 

Distance.  Prom 

Distance  from 

Distance  from 

Case 

Hypor-plane 

Hyper-i)lane 

Hyper-plane 

1 

2.7733e-01 

4.4287e-01 

1.9341e-00 

Faults  F^ 

2 

1.1813e-01 

1.4202e-00 

L5859e-00 

(Span  1) 

3 

3.3341e-01 

L2078e-00 

1.6386e-00 

4 

5,5534e-01 

7.69880-01 

1.9670e-00 

5 

1.1079e-00 

1.9402e-00 

L8091e-00 

6 

2.7344e-01 

3.8364e-01 

2.0165e-00 

7 

3.o566e-00 

3.4436e-01 

1.6562e-00 

Faults 

8 

2.0700e-00 

1.0308e-01 

4.2317e-01 

(Span  2) 

9 

3.8165^00 

5.6934e-02 

4.1950^01 

10 

2.3498e-00 

7.5420e-02 

5.6329e-01 

11 

4.4883e-00 

8.6493e-02 

4.2183e-01 

12 

2.2013e-00 

1.0751e-02 

5.1501e-01 

13 

2.5372C-00 

7.7870e-02 

3.3583e-02 

Faults  F^ 

14 

1.54446-00 

6.8563e-02’^ 

7.6861e-02 

(Span  3) 

15 

1.2513e-00 

8.0988e-02 

6.5441e-02 

16 

1.0696e-00 

4.2530e-01 

5.2299e-02 

17 

4.1148e-01 

4.2383e-02* 

7.4034e-02 

IS 

2.G294e-00 

4.7392e-01 

1.6920e-01 

Table  1:  Fault  i dentil! cation  results  by  the  information-based  reduced- 
dimensionality  Geometric  approach  using  the  stochastic  metric  space.  (The 
minimal  distance  in  each  Test  Case  is  indicated  in  bold-face  characters; 
misclassification  errors  are  marked  by  an  asterisk.) 


in  the  original  geometric  approach  [12]).  Like  in  the  original  case,  a  dete¬ 
rioration  is  observed  when  the  deterministic  metric  space  is  used;  in  that 
case  four  misclassification  errors  are  encountered  (compared  to  five  in  the 
original  geometric  approach  [12]).  This  underscores  the  importance  of  us¬ 
ing  the  stochastic  space  in  conjunction  with  systems  characterized  by  non- 
negligible  (for  instance  standard  deviation  noise- to-signal  ratios  of  1%  or 
higher)  random  effects. 
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5.  CONCLUDING  REMARKS 


An  inPoT-irial.ion-baRocl  i*cdiiccd--dimcnsionaIif'.,y  formulaPion  of  ('he  ge- 
omef  ric  fault;  idoiil  ificat'ion  a]:>pToach  was  inl.i'oduc’ed.  Accoi*ding  I'o  it;,  the 
feature  vector  is  transformed  into  a  suitable  cooi-dinate  system,  wit.liin 
which  information  compression,  and  thus  featin-e  vector  truncation,  ma}" 
l)e  l>est  achieved.  Feature  vector  dimensionality  selection  is  based  ui:)on 
bounding  of  the  information  loss,  expressed  in  terms  of  Iogaril;hmic  entropy, 
l:)elow  a  cei’tain  l.hreshold.  The  information-leased  reduced-dimensionality 
formulation  offers  a.  formal  and  systematic  ]oi-ocedure  for  the  proper  selec¬ 
tion  of  a  minimal  dimensionality  feature  vector  and  corresponding*  feature 
space,  thus  achieving  two  important  goals:  (a)  Substantial  simplification 
of  the  fault  identification  procedure,  and,  (b)  potentially  improved  fault 
identification  performance  over  arbitrarily  truncated  feature  vectors. 

The  performance  characteristics  of  the  approach  were  demonstrated 
via  fault  identification  in  a  laboratory-scale  simpl^^-supported  beam,  where 
the  reduced-dimensionality  (M  =  9)  formulation  performed  roughl3^  ecpiiv- 
alently  to  the  original,  full-dimensionality  {N  -■  11),  version. 
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FATIGUE  BEHAVIOUR  OF  CARBON  FIBRE  REINFORCED  PLATES 
WITH  EMBEDDED  OPTICAL  FIBRES 

by  B.  Benchekchou  and  N.  S.  Ferguson 
Abstract 

Finite  element  (FE)  techniques  are  used  to  simulate  the  strain  and  stress 
concentrations  in  and  around  an  optical  fibre  (OF)  embedded  in  XAS/914  carbon 
fibre  reinforced  laminates.  Analytical  results  produced  show  the  location  of  high 
stresses  and  therefore  the  position  of  possible  damage  when  specimens  are  subjected 
to  tension  and  flexure.  Also  mechanical  fatigue  tests  are  carried  out  on  specimens 
with  optical  fibres  embedded  within  different  orientation  plies,  in  order  to  see  the 
effect  of  the  fibres  on  the  fatigue  behaviour  of  the  specimens. 

1-Introduction 

There  is  a  requirement  for  continous  non-destructive  testing  (NDT)  of  advanced 
composite  structures  whilst  in  service.  Advanced  analytical  tools,  such  as  the  finite 
element  method  (FE)  and  measurement  techniques,  such  as  strain  gauges, 
piezoelectric  devices,  etc...  are  normally  used  for  determining  high  stress  levels  and 
areas  prone  to  damage  and  fatigue.  However,  many  of  the  measurement  techniques 
are  via  surface  measurements  and  cannot  be  undertaken  during  service.  The 
development  of  fibre  optic  sensors,  in  combination  with  advances  in  composite 
material  technolgy,  has  led  to  the  introduction  of  fibre  optic  smart  structures  whose 
basic  functions  are  to  sense  environmental  conditions  in  or  around  the  structure,  to 
transfer  the  information  back  to  an  optical  and  or  electronic  signal  processor  and  to 
react  following  the  information  sensed  or  measured,  [1].  Technologies  associated 
with  fibre  optic  smart  structures  and  their  interrelationship  are  well  stated  in  Udd  [2]. 
Embedding  the  optical  fibres  into  the  structure  is  an  important  issue  since  the 
interface  between  the  optical  fibre  (OF)  and  the  surrounding  material  has  to  allow 
accurate  measurements.  One  has  to  admit  that  optical  fibres  are  foreign  entities  to  the 
host  structure  and  therefore  will  always  alter  the  stress  and  strain  in  the  vicinity  of 
the  embedded  sensor,  [3].  The  coating  is  also  important  for  embedding  optical  fibres 
successfully.  It  protects  the  optical  fibre  from  moisture;  this  is  due  mostly  to  the 
significant  strength  degradation  that  may  occur  in  the  fibre  when  microcracks  on  the 
surface  of  the  fibre  are  penetrated  by  moisture,  causing  the  cracks  to  propagate. 
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However,  the  coating  must  form  an  appropriate  interface  between  the  optical  fibre 
and  the  host  material,  allowing  accurate  measurement  of  the  dynamic  response  or 
environmental  effect  to  be  monitored.  Dasgupta  and  Sirkis  [4]  showed  that  strain 
concentrations  near  an  embedded  OF  are  highly  dependent  on  the  thickness  and 
material  properties  of  the  coating.  An  optimum  coating  can  minimise  or  eliminate 
stress  concentrations  in  the  host  material  immediately  surrounding  the  embedded 
fibre,  in  the  coating  or  in  the  OF  itself. 

Studies  have  been  carried  out  in  order  to  determine  the  state  of  strain  in  the  optical 
fibre  and  the  host  material.  This  relationship  between  the  host  strain  and  the  sensor 
strain  must  be  determined  to  make  accurate  measurements  with  the  fibre  optic  sensor. 
Therefore,  it  has  been  noted  that: 

^stress  concentrations  in  the  host  and  at  the  interfaces  are  sometimes 
tensile  in  nature  and  can  therefore  create  fatigue  damage  under  cyclic  loading,  [3]. 

*resin-rich  pockets  form  when  optical  fibres  are  embedded  in 
laminated  composite  hosts  along  any  orientation  other  than  parallel  to  the  orientation 
of  the  reinforcing  fibres.  A  resin  pocket  becomes  smaller  when  the  laminate’s 
thickness  and/or  the  angle  between  the  optical  fibre  and  the  reinforcing  fibres  directly 
adjacent  to  the  optical  fibre  are  reduced,  [3]. 

The  purpose  of  this  research  is  to  integrate  the  use  of  optic  fibres  within  composites 
and  to  study  the  fatigue  behaviour  of  carbon  fibre  reinforced  plates  (CFRP)  with 
embedded  optical  fibres,  while  subjected  to  flexural  loading.  The  finite  element  (FE) 
method  is  being  used  as  an  analytical  tool  to  investigate  the  stress  concentration  and 
the  relationship  between  the  fibre  strain  and  the  far-field  host  strain.  Complementary 
experimental  fatigue  tests  carried  out  on  CFRP  specimens  with  OF  embedded  within 
different  plies.  Acrylate  coated  optical  fibres  embedded  in  XAS/914  carbon  fibre 
specimens  are  used  in  order  to  take  strain  measurement,  while  composite  samples  are 
being  subjected  to  flexural  loading  without  any  damage  present. 

2-Finite  element  analyses 

XAS/914  samples  (140  mm  x  70  mm  x  2  mm)  were  simulated  using  the  finite 
element  software  ANSYS.  Meshes  were  formed  using  a  three-dimensional  (3D), 
layered  element:  STIF46.  The  choice  of  a  three-dimensional  element  was  made  in 
order  to  have  stress  and  strain  details  in  three  directions,  [4].  The  element  is  defined 
by  eight  nodal  points,  average  layer  thickness,  layer  material  direction  angles  and 
orthotropic  material  properties.  The  element  theory  is  based  upon  a  formulation 
which  includes  modified  extra  displacement  shapes  as  described  in  [5-6].  The 
element  STIF46  cannot  represent  a  zero  transverse  shear  stress  at  the  top  or  bottom 
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surfaces  of  the  element.  STIF46  elements  can  be  stacked  one  over  another  to  obtain 
detailed  through-thickness  effects.  The  element  geometry  permits  modelling  of  a  solid 
structure  tapering  to  an  edge  using  shapes  like  tetrahedrons  and  triangular  prisms. 
Firstly,  simulations  were  performed  in  order  to  see  whether  the  presence  of  the  OF 
changes  the  stress  patterns  in  the  specimen  while  subjected  to  either  tension, 
compression  or  bending.  This  was  achieved  by  comparing  stress  patterns  obtained 
from  FE  analyses  carried  out  on  specimens  with  and  without  an  optical  fibre  in  the 

samples  along  the  centre,  lying  within  two  0°  orientation  plies  in  the  middle  as 
recommended  by  [7].  The  stacking  sequence  chosen  for  the  specimens  was 

((±45°/90^/0^)2)s-  It  has  been  proven  to  be  a  very  good  fatigue  resistant  lay-up 

comparatively  to  others,  such  as:  ((0°/±45°/90°)2)s  and 

((+45‘^)2(-45°)2(90^)2(0°)2)s»  [4].  The  coated  OF  diameter  was  equivalent  to  twice 
the  thickness  of  each  composite  ply,  and  therefore  was  embedded  within  the  two 

mid-0°  orientation  plies.  Meshes  were  produced  in  order  to  have  maximum  detail 
around  and  along  the  OF.  Each  element  had  a  ply  thickness  and  definition  was 
increased  in  the  vicinity  of  the  OF.  Models  had  a  total  of  3080  elements,  with  a  998 
wavefront.  Meshes  for  specimens  with  or  without  OF  were  very  similar.  The  only 
difference  was  the  different  material  properties  when  acrylate  coated  OF  were 
incorporated.  Table  1  gives  the  properties  of  the  XAS/914  material,  the  acrylate 
coating  and  the  optical  fibre.  The  boundary  conditions  were  such  that  specimens  were 
subjected  to  tension,  compression,  upwards  bending  and  downwards  bending.  These 
were  produced  by  node  displacements  along  one  specimen  end  whilst  the  other  end 
being  fixed  in  all  directions.  Thus,  a  tension  was  simulated  by  a  displacement  in  the 
z-direction,  (i.e.  along  the  specimen),  and  a  bending  by  a  displacement  in  the 
y-direction,  (i.e.  the  thickness  direction),  along  one  end  of  the  sample  . 

Static  analyses  were  carried  out  and  results  are  being  presented  in  stress/strain  contour 
plots.  Maximum  and  minimum  stresses  are  also  identified  and  saved. 

^Specimens  subjected  to  tension: 

The  stacking  sequence  used  being  ((±45°/90°/0°)2)s,  the  first  layer;  i.e.  the  first  +45° 
orientation  ply  will  be  then  called  layer!  and  the  last  one  will  be  subsequently  called 
layer  16.  Comparison  between  both  models,  i.e.  with  and  without  optical  fibre  show 
that  stress  distributions  for  layers  1-7  and  10-16  are  the  same  for  both  models,  while 
stress  distributions  are  slightly  different  in  layers  8  and  9,  layers  within  which  the 
optical  fibre  is  embedded.  This  is  to  be  expected  since  the  OF  and  its  coating  have 
different  material  properties  from  those  of  the  composite  material.  In  fact,  when 
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considering  model  A,  (i.e.  with  OF)  stress  ranges  in  the  x-,  y-  and  z-directions  as 
well  as  shear  stress  ranges  in  the  x-z  and  y-z  planes  in  layers  8  &  9  are  higher  than 
those  given  from  model  B,  (i.e.  without  OF). 

Results  from  model  A  show  that  high  stress  concentrations  are  seen  in  the  OF  and  the 
surrounding  layers  to  the  OF,  where  high  shear  stresses  are  also  present.  High  stress 
concentrations  in  the  OF  can  clearly  be  seen  in  figures  l.a-b  where  direct  stresses  Sz 
and  Sy  are  presented  across  the  optical  fibre  at  two  different  positions  respectively, 
z=0  and  140  mm;  i.e.  at  both  edges  of  the  specimen.  Uniform  strain  field  occurs  in 
the  OF,  coating  and  the  surrounding  layers  to  the  OF,  once  far  from  the  clamped  end 
of  the  specimen.  Localised  concentrations  of  tensile  and  compressive  stress  exist  in 
the  laminate  near  the  OF  coating.  Direct  and  shear  stress  distributions  in  layers  8  and 
9  show  that  the  laminate  is  in  tension  with  similar  stress  patterns  in  both  plies, 
obviously  high  stresses  are  present  along  the  clamped  end,  see  figures  2.a-b. 
Maximum  (tensile  and  compressive)  direct  and  shear  stresses  do  occur  in  nodes 
located  between  the  OF  and  its  coating  and  between  the  OF  and  the  composite, 
which  shows  that  delamination  and/or  debonding  are  likely  to  happen  in  these 
locations.  Comparison  between  Sz  values  (i.e  in  the  centre  and  at  the  circumference 
of  the  core  of  the  OF)  shows  that  Sz  is  higher  in  the  centre  than  at  the  circumference 
of  the  core  of  the  OF,  see  figure  3,  which  shows  also  that  lower  Sz  stresses  are 
presented  in  layers  8  &  9  than  in  the  OF. 

^Specimens  subjected  to  an  upwards  bending: 

Simulation  results  show  that  stress  distributions  in  both  models  A&B  are  the  same  in 
layers  1-7  and  10-16.  Again,  slight  different  patterns  are  shown  in  plies  8  and  9 
while  comparing  both  models.  Stress  range  values  are  higher  in  model  A  while 
considering  the  OF  than  in  model  B  while  considering  the  same  elements.  Results 
from  model  A  show  some  high  stress  concentrations  in  the  OF,  especially  between 
the  OF  and  its  coating,  as  shown  in  figures  4.a-b  where  direct  stress  distributions  Sy 
and  Sz  are  shown  across  the  OF  at  both  edges  respectively  of  the  specimen.  This 
shows  that  delamination  and/or  debonding  are  likely  to  happen  in  these  locations. 
Uniform  stress  fields  occur  at  the  surrounding  layers  to  the  OF,  as  shown  in  figures 
5.a-b,  where  direct  and  shear  stress  distributions  are  plotted  for  layers  8  &  9. 
Simulation  results  show  that  compressive  stress  exists  in  the  laminate  within  the  top 
layers  while  tensile  stress  occurs  in  the  bottom  plies.  Comparison  of  Sz  stress 
distributions  in  the  OF  and  in  layer  8  shows  that  stresses  are  higher  in  the  OF  than  in 
layers  within  which  the  OF  is  embedded,  see  figure  6  and  as  for  specimen  in  tension, 
very  similar  stress  values  were  found  in  layers  8  and  9,  whether  the  OF  is  embedded 
or  not. 
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3-Experimental  investigation 


The  first  experimental  tests  were  carried  out  to  find  out  the  fatigue  strength  of  the 
optical  fibre  to  be  used.  A  flexural  fatigue  rig  was  used  for  this  purpose.  The 
objectives  were  to  mechanically  fatigue  an  XAS/914  sample  with  an  embedded  OF, 
determine  the  duration  for  which  the  OF  is  intact  whilst  the  sample  is  subjected  to 
flexural  loading  and,  finally,  compare  the  performance  of  several  specimens  with  OF 
embedded  in  different  positions. 

An  already  existing  mechanical  (flexural)  fatigue  rig,  with  half-sine  clamps  was  used 
for  this  purpose.  This  particular  clamp  has  been  designed  by  Drew  [8]  to  induce 
damage  in  the  centre  of  the  specimen  instead  of  having  edge  damage,  i.e.  peeling 
while  flexural  tests  are  carried  out.  The  rest  of  the  components  of  the  rig  were 
designed  and  modified  earlier  by  Benchekchou  [4],  An  electronic  circuit,  enabling 
the  monitoring  of  an  OF,  was  assembled.  Three  XAS/914  samples  XI,  X2  and  X3, 

with  the  following  stacking  sequence  ((±45°/90^/0‘^)2)s,  ((±45^/90°/0°)2)s2 
((±45°/90°/0^)2)s  respectively,  were  manufactured.  XI  had  an  OF  embedded  within 
the  two  centre  0°  orientation  plies.  The  OF  in  X2  was  situated  at  a  quarter  of  the  way 
through  the  thickness,  i.e.  between  the  first  two  0^  orientation  plies,  while  the  OF 

was  embedded  between  the  second  ±45°  orientation  plies  in  X3.  Specimens  XI,  X2 
and  X3  were  then  put  on  the  rig  and  the  flexural  deflection  was  such  that  the  strain 
value  recorded  by  a  strain  gauge  mounted  at  the  top  surface  by  the  summit  of  the  sine 
clamp  were  7000  |iS  for  XI,  4000  p.S  for  X2  and  X3.  After  70  000  loading  cycles, 
the  optical  fibre  showed  no  sign  of  breakage  for  all  three  specimens.  Samples  though 
were  delaminated  as  shown  in  Figure  7.a-b,  where  ultrasonic  scans  are  given  before 
any  loading  cycles  and  after  70  000  loading  cycles,  for  XI  and  X2  respectively.  Note 
that  for  specimen  XI,  the  OF  was  positioned  in  a  very  low  strain  level,  the  neutral 
bending  plane  ,  hence  it  would  take  much  longer  to  break.  It  was  also  clear  that  either 
the  strain  induced  for  specimen  X2  and  X3  was  not  high  enough  to  break  the  OF  or 
that  delamination  between  the  OF  and  its  coating  occurs  early  on  and  creates  a  stress 
relief,  leading  to  no  strain  transfer  to  the  actual  OF. 

To  avoid  occurence  of  delamination  between  the  OF  and  its  coating,  further 
mechanical  tests  were  carried  out  with  stripped  fibres,  embedded  in  further  samples. 

Three  more  specimens  were  made  X4,  X5  and  X6  with  the  ((±45°/90°/0°)2)s 
lay-up.  The  OF  was  embedded  between  the  second  ±45°  orientation  plies  in  X4,  in 

the  two  centre  0°  orientation  plies  in  X5  and  between  the  first  (90°/  0°)  orientation 
plies  in  X6.  Specimens  X4,  X5  and  X6  were  then  put  on  the  rig  and  the  flexural 
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deflection  was  such  that  the  strain  value  recorded  by  a  strain  gauge  mounted  at  the 
top  surface  by  the  summit  of  the  sine  clamp  was  7000me.  The  fatigue  experiments 
were  carried  out  to  the  following  procedure: 

(a)  a  specimen  was  first  ultrasonically  scanned  to  identify  any  unwanted  initial 
defects; 

(b)  the  specimen  was  then  driven  in  flexure  through  a  certain  number  of  loading 
cycles.  The  number  of  cycles  were  counted  by  optical  counter  and  the  driving  motor 
was  switched  off  after  the  desired  number  of  cycles  was  monitored  and  controlled 
through  the  use  of  a  computer; 

(c)  the  specimen  was  then  removed  from  the  rig  and  an  ultrasonic  scan  was  made; 

(d)  stages  (b)  and  (c)  were  then  repeated  till  damage  had  been  induced  in  the 
specimen  and  the  test  judged  to  be  complete. 

The  tests  results  are  shown,  in  the  form  of  ultrasonic  scans,  in  Figures  9.a-c.  For 
specimen  X4,  a  slight  damage  starts  after  2000  loading  cycles  and  increases  slowly, 
see  scans  after  5000  and  10000  loading  cycles.  For  specimen  X5,  no  damage  was 
detected  even  after  5000  loading  cycles  whilst  for  specimen  X6,  the  first  signs  of 
delamination  started  to  show  after  15000  loading  cycles.  This  continued  to  increase 
slowly,  as  shown  from  scans  after  25000  and  30000  loading  cycles.  Specimens  X5 
and  X6  were  shown  to  be  more  fatigue  resistant  than  specimen  X4,  which  means  that 

embedding  an  OF  within  a  0^  orientation  ply  leads  to  a  better  fatigue  behaviour  than 

if  the  OF  is  embedded  within  the  ±45^^  orientation  plies.  More  fatigue  tests  are  being 
carried  out,  which  will  enable  more  comparisons  to  be  done. 

4-Conclusions 

3D  FE  simulations  have  shown  that  the  presence  of  an  optical  fibre  within  a  carbon 
fibre  XAS/9I4  specimen,  while  it  is  subjected  to  flexure  and  tension,  does  not  change 
the  stress  distributions  in  plies  others  than  those  where  the  OF  is  embedded. 
Analytical  results  also  showed  that  high  stresses  appears  between  the  OF  and  its 
coating  and  also  the  coating  and  the  specimen,  which  will  eventually  lead  to 
delamination  and/or  debonding.  Fatigue  experiments  also  showed  that  the  location  of 
the  OF  in  a  specimen  is  important,  and  could  alter  the  fatigue  behaviour  and 
resistance  of  the  specimen.  Future  work  will  be  involved  in  measuring  the  dynamic 
strain  in  the  optical  fibres,  correlating  it  with  the  strain  in  the  composite  and, 
evenmally,  detect  and  interpret  damage  of  the  composite  host  structure. 
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Table  I:  Material  properties  used. 


XAS/914  composite  material 

Acrylate  coating 

Optical  fibre  (core) 

Young’ sModulus 
in  the  x-direction 
Ex  (GPa) 

106.5 

0.045 

70.7 

Young’sModulus 
in  the  y-directior 
Ey  (GPa) 

8.6 

Young’sModulus 
in  the  z-direction 
Ez  (GPa) 

8.6 

Shear  Modulus 
in  the  x-y  plane 
Gxy  (GPa) 

4.59 

0.0167 

26.185 

Poisson’s  Ratio 
vxy=vyz 

0.02281 

0.35 

0.35 

Poisson’s  Ratio 
vxz 

0.28 

Density 

g/cm^ 

1360 
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Figure  La:  Stress  distribution  Sz  (longitudinal)  across  the  optical  fibre 
at  position  z=0  mm,  specimen  in  tension  and  stress  values  in  N/m^. 
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Figure2.a:  Stress  distribution  Sx,  in  layer  8,  a  0°  orientation  ply 
specimen  in  tension  and  stress  values  in  N/m^. 
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Figure2.b:  Stress  distribution  Sx,  in  layer  9,  a  0^  orientation  ply, 
specimen  in  tension  and  srress  values  in  N/m^. 
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Figure  3:  Sz  (longitudinal)  stress  distributions  in  the  centre  and  on  the 
circumference  of  the  core  of  the  optical  fibre  and  in  layers  8  &  9,  layers  within 
which  the  OF  is  embedded;  values  given  for  specimen  in  tension. 


Location  along  the  specimen,  in  mm 


Figure  6:  Comparison  of  Sz  (longitudinal)  stress  distributions  in  the  optical  fibre 
and  in  layers  8  (i.e.  first  layer  housing  the  OF)  along  the  specimen;  values  given 
for  specimen  bent  upwards. 
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before  any  loading  cycles. 


b:  after  70  000  loading  cycles. 


Figure  7. a:  Ultrasonic  scans  of  specimen  XI. 


a:  before  any  loading  cycles. 


b:  after  70  000  loading  cycles. 


Figure  7.b:  Ultrasonic  scans  of  specimen  X2. 


c:  after  10  000  loading  cycles. 
Figure  8. a:  Ultrasonic  scans  of  specimen  X4. 
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1.  INTRODUCTION 

System  identification  algorithms  based  on  output  only  measurements,  which  use 
second-order  statistics,  generally  estimate  only  a  spectrally  equivalent  minimum  phase 
(SEMP)  system  whose  poles  and  zeros  lie  inside  the  unit  circle.  However,  several 
applications,  such  as  the  modelling  of  source  signatures  in  reflection  seismology,  and 
the  channel  equalisation  problem  in  communication  systems,  the  minimum  phase 
assumption  is  inappropriate.  Since  correlation  carries  no  phase  information,  certain 
higher-order  statistics  (HOS),  namely  cumulants,  have  become  increasingly  popular  in 
several  areas  of  system  identification  and  signal  processing.  During  recent  years, 
several  methods  using  HOS  have  been  proposed  for  the  identification  of  the 
nonminimum  phase  (NMP)  linear  time  invariant  (LTI)  systems. 

As  in  ordinary  spectral  analysis,  higher-order  spectra  analysis  techniques  can  be 
divided  into  two  categories:  nonparametric  (i.e.,  conventional  or  Fourier  type)  and 
parametric  approaches,  which  are  based  on  autoregressive  (AR),  moving  average 
(MA)  or  ARM  A  models.  The  resolution  of  conventional  estimators  is  limited  by  the 
“uncertainty  principle”  of  the  Fourier  transform,  namely,  the  trade-off  between  low 
resolution  and  high  variance.  Parametric  methods  first  estimate  the  parameters  of  an 
underlying  data-generating  model  and  then  use  the  model  to  compute  the  higher-order 
spectrum  with  high  resolution,  but  require  some  form  of  model  order  determination. 

This  paper  considers  parametric  system  identification  using  HOS  based  algorithms. 
Further,  it  is  concerned  with  the  case  where  the  input  signal  is  unobservable.  The 
main  objectives  of  this  paper  are  performance  analyses  and  simulation  studies, 
comparing  the  various  algorithms.  Theoretical  background  for  HOS  is  briefly 
presented  in  section  2,  and,  in  section  3,  various  algorithms  for  MA,  AR  and  ARM  A, 
are  classified  and  presented.  In  section  4,  the  parameters  of  unknown  systems  are 
estimated  for  100  Monte  Carlo  realisations.  The  estimated  parameters  and  impulse 
response  coefficients  for  the  considered  system  are  compared  with  the  true  values  in 
terms  of  their  mean  squared  error  (MSB)  and  zero/pole  positions.  Discussion  on  the 
parametric  identification  methods  is  given  in  section  5. 


2.  BACKGROUND  AND  PRELIMINARIES 

If  {xik)},  k=0,  ±1,  ±2,  ...  is  a  real  stationary  discrete-time  signal  and  its  moments  up  to 
order  n  exist,  then 
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^nx  ("^1  ’^2’ '  ’  ^n-1  )  —  +  Tj  )  •  ••  X(k  +  T^_j  )j-  (1) 

represents  the  «th-order  moment  function  of  the  stationary  signal,  which  depends  only 
on  the  time  differences  Ti,  Ti,  ...  ,  Xn-u  T/=0,  ±1,  ±2,  ...  for  all  i.  £:{•}  denotes 
statistical  expectation.  Similarly,  the  nth-order  cumulants  of  {x(/:)}  can  be  written  as 
[1]: 

If  the  process  {x(/:)}  is  zero  mean  it  follows  that  the  second-  and  third-order 

cumulants  are  identical  to  the  second-  and  third-order  moments,  respectively. 
However,  the  fourth-order  cumulants  are  related  to  both  the  second-  and  fourth-order 
moments. 


Consider  the  single-input  single-output  LTI  model.  In  this  model,  the  system  h{k)  is 
assumed  to  be  causal  and  stable,  v{k)  is  assumed  to  be  independent,  identically 
distributed  and  non-Gaussian,  and  n{k)  is  Gaussian  noise.  The  convolution  equation 
describes  the  noise  free  output  x{k)  of  this  system,  h(k)  excited  by  input  v{k).  The 
noisy  signal  y(k),  is  observed. 


x{k)  =  h{k)*v{k)  =  ^A(i)  vik-i)  3nAy{k)=x(k)+n{k) 


(3) 


/=0 


The  system  is  assumed  to  be  causal  and  all  poles  are  inside  the  unit  circle,  { v{k) }  is 
assumed  to  be  independent,  identically  distributed  (i.i.d.)  and  non-Gaussian,  i.e., 

[r„,.  Ti='r2=--=Vi=o 

0,  otherwise 


^nv  J  “  *  5  '^n-\  )  ~ 


(4) 


where  jnv  denotes  the  nth-order  cumulant  of  v(k). 

The  nth  order  cumulant  can  be  expressed  in  function  of  h(k)  as  follows  [2]: 

•  sT,., )  =  Y„,'Zh(k)hik  +  t,)--h(k  +  )  (5a) 

k=Q 

and  =  (5b) 

/=l 

From  (5b),  new  relationship  [3],  which  links  the  nth-  and  (n-f)th  order  cumulants  (z=l, 
... ,  n-2)  of  the  output  sequence  x(k)  can  be  derived  as  follows: 


(6) 


The  time  domain  counterpart  of  (6)  taking  the  Gaussian  hypothesis  for  the  additive 
measurement  noise  into  account,  can  be  written  in  terms  of  the  measured  output 
sequence  cumulants  of  y{k)  (n>2,  /=1, ... ,  n-2): 

-fc,'r,.2,---,'r,.|)  =  ^£„/i(i:)/i(T2-T,  +k)  ■■■  hiT -t,  +k) 

k=0  k=X2 

where  5'2=max(0,Ti-'r2,  ...  ,  Ti-Ti+i)  and  £„  =  Ynv  /  Y(n-i)v  From  this  general  relation, 
several  algorithms  can  be  obtained  by  setting  n,  i  and  T,‘s,  properly. 
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One  of  the  most  popular  and  useful  approaches  for  the  interpretation  of  time  series 
data  is  the  construction  of  white  noise  driven  linear  parametric  models  from  the 
underlying  physical  process.  Consider  a  real  ARMA{p,q)  process  {x(k)}  described  by 

^  a{i)xik  -  0  =  X  -  j) »  1  (S) 

(=0  y=0 

where  {v(A:)}  are  i.i.d.  random  variables.  The  impulse  response  coefficients  can  be 
expressed  in  terms  of  the  a{i)  and  b(i)  parameters  as  follows: 

'^a(k)h{n-k)  =  ^b{k)5{n-k)  =  b{n)  (9) 

A=0  J1:=0 

From  (5a)  and  (9),  the  following  equation  can  be  obtained. 

p 

*=0 

=  ~  -  T^y  “k(k-  )  (10) 

k=0 

where  the  last  equality  follows  from  the  change  of  variables,  k=i+Tj.  If  g=0  and 
^(0)=1  in  equation  (10),  becomes  the  normal  equations  used  to  estimate  AR 
coefficients. 


3.  PARAMETER  ESTIMATION 
3.1  MA  Parameter  Estimation 

The  equation  that  describes  a  Moving  Average  of  order  q  process  x{k)  can  be  obtained 
from  (8)  by  setting  p~0,  i.e., 

x(k)  =  f^bij)vik-j)  (11) 

where  q  is  the  order  of  the  MA  model  In  this  section,  numerous  methods  which  have 
been  appeared  in  the  literature  for  the  identification  of  causal  MA  systems  using 
higher-order  statistics,  are  investigated  through  numerical  simulations.  These 
algorithms  fall  into  three  broad  categories  according  to  the  method  of  solution:  closed 
form  solutions,  linear  algebraic  solutions,  and  optimisation  solutions.  In  closed  form 
solutions  there  are  the  same  equations  as  unknowns,  as  a  result  they  are  easy  to 
manipulate.  However  they  do  not  smooth  the  effect  of  additive  noise  on  the  estimated 
cumulants,  consequently  this  paper  does  not  consider  such  solutions. 

So  far,  a  large  number  of  algorithms  using  linear  algebraic  solution  have  appeared  in 
the  literature.  In  the  noisy  case,  putting  n=3  and  i=l  {h{i)=b(i))  in  equation  (7)  and 
taking  the  i.i.d.  hypothesis  for  measurement  noise  sequence  into  account,  gives  the 
relationship  between  correlations  and  third-order  cumulants: 

^K*)C3,(T,  -fc,T,-fc)  =  Xe32K^)^('^2  -"^1  +^)[c2,(^'l  -fc)-r2v^(Tl  -*)]  (12) 

;'=o  k=o 
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where  £32=7^/)^.  Similar  relationships  between  the  different  order  cumulants  can  be 
derived.  Many  MA  parameter  estimation  methods  which  use  third-order  cumulants 
and  correlations,  are  obtained  from  equation  (12).  If  one  sets  Ti  =T2  =T.in  (12),  a  MA 
identification  approach  based  on  both  second  and  third-order  statistics  proposed  by  [4] 
is  obtained.  The  so-called  GM  method  is  the  first  linear  algebraic  method  which 
requires  the  solution  of  equations  viewed  as  linear  in  the  set  of  parameters.  This 
method  treats  the  problem  as  a  linear  system  of  equations  in  terms  of  b{k)  and  b^{k) 
(/:=!,  2,  ...  ,  q).  These  equations  are  solved,  using  least-squares  and,  then  b{k)  and 
b  {k)  are  combined  to  obtain  the  final  estimates  for  b{k).  For  the  additive  white  noise 
case,  rows  of  the  coefficient  matrix  that  contain  the  sample  C2;c(0)  are  removed;  this 
eliminates  ^+1  equations,  leaving  only  2q  equations  in  the  2^+1  unknowns,  i.e.,  an 
underdetermined  system  of  equations.  Tugnait  [5]  modified  GM  method  appending 
2q  equations,  and  will  be  denoted  as  GMT. 

Alshebeili,  et  al.  [6]  proposed  a  method  that  used  all  samples  of  the  second-  and  third- 
order  cumulants  with  great  redundancy  in  the  unknown  vector.  This  method  will  be 
denoted  AVEC.  Most  methods  are  sensitive  to  the  true  system  order.  Fonollosa  and 
Vidal  [7]  proposed  an  algorithm  using  a  linear  combination  of  cumulants  of  any  order 
to  estimate  the  MA  coefficients.  This  method,  denoted  IT5,  so-called  w-slice  method, 
has  a  good  behaviour  even  if  the  order  is  overestimated. 

Nonlinear  least  squares,  an  nth-order  cumulant  matching  method,  estimates  the 
parameters  b{i)  by  minimising  some  performance  criterion,  e.g.,  the  sum  of  the 
squared  difference  between  the  observed  cumulants  and  the  cumulants  of  the  proposed 
model 

«'  =  E  K  .  •  ■  • .  T.., )  -  (T, ,  •  •  • ,  T„_, )]'  (13) 

R 

where  R  denotes  the  principal  region.  Firstly,  Lii  and  Rosenblatt  [8]  proposed  the 
cumulant  matching  method  for  the  case  of  the  third  order  diagonal  cumulants.  Later, 
Mendel  [9]  introduced  objective  functions  using  third-order  and  fourth-order 
cumulants  in  equation  (13)  and  Nandi  [10]  proposed  similar  objective  function  using 
the  third-order  cumulants  to  avoid  a  numerical  instability,  denoted  by  NDjOPT. 

Friedlander  and  Porat  [11]  developed  the  following  MA  optimisation  method  for 
estimating  moving-average  coefficients:  (a)  establish  a  vector,  s,  of  second-  and  third- 
order  statistics,  (b)  estimate  .y  as  5  =  (y^^ ) ,  y^/  is  a  vector  of  N  samples  of  the  system 

output,  (c)  estimate  the  asymptotic  covariance  of  s,  X,  as  E(y/^),  (d)  obtain  an  initial 

estimate  of  the  MA  parameters  b{k),  (e)  compute  the  gradient  of  j  evaluated  at  b{k),  (f) 
let 

V {x)  =  [^(x)  -  sf  [.s(x)  -  s]  ,  then  ^(0  =  arg  min  y(x)  ( 14) 

If  E  is  not  positive  definite,  an  eigenvalue  decomposition  must  be  performed  to 
convert  ^  into  a  lower-dimensional  vector  Step  5  is  actually  performed  for  ^  rather 
than  s.  Note  that  (13)  can  be  obtained  by  assuming  E  =/  in  (14).  The  estimation  of  E 
generally  imposes  large  computational  burden. 
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Nonlinear  optimisation  may  converge  to  a  local  minimum  and  is  quite  dependent  on 
the  initial  vector.  We  propose  modification  to  the  procedures  of  [10],  denoted  by 
NDjOPTy,  for  the  optimisation  solutions:  (a)  Estimate  impulse  responses  by  the 
robust  estimation  algorithms,  (b)  Estimate  by  optimising  the  cumulant  matching 
condition  with  the  estimated  impulse  response  of  (a),  (c)  Estimate  impulse  response 
by  optimising  the  cumulant  matching  condition  with  the  initial  vector  including  (a) 
and  (b).  (d)  If  necessary,  repeat  (b)  and  (c),  but  replace  initial  vector  with  final 
estimate  of  the  impulse  response  and  We  also  consider  a  modified  version  of  the 
procedure  of  [11]  for  the  optimisation  solutions  including  the  combination  of  second- 
,  third-  and/or  fourth-order  cumulant  matching  methods,  denoted  by  FP_ND23. 


3.2  AR  Parameter  Estimation 

Assume  that  x{k)  is  truly  a  pth-order  AR(p)  process,  obtained  from  (8)  by  setting  ^=0, 
fl(0)=^(0)=l,  i.  e., 

^a{i)x{k  -  i)  -  v{k)  (15) 

i=0 

where  p  is  the  order  of  the  AR  model.  Many  methods  exist  for  determining  AR 
coefficients  of  either  the  ARMA  model  or  the  AR  model,  according  to  the  type  of 
solutions.  For  identification  of  causal  AR  systems,  the  following  correlation-based 
normal  equations  have  been  widely  used. 

-0  =  0  ,  for  T>  0  (or  T>  ^  in  the  ARMA  case.)  (16) 

(=0 

If  the  AR  order  p  is  known  then  (16)  is  collected  for  p  values  of  T,  from  which  the  AR 
coefficients  a(l),  a{2),  ...  ,  a{p)  can  be  determined.  When  more  equations  are 
collected  than  unknowns,  so  that  the  resulting  system  is  overdetermined,  least-squares, 
total  least-squares  (TLS),  or  singular-value  decomposition  (SVD)  techniques  can  be 
used  to  solve  for  the  AR  parameters.  SVD  techniques  can  also  be  used  to  determine 
the  AR  order  p.  Any  1-D  cumulant  slice  satisfies  the  following  AR  recursion  of 
maximum  order  p. 

X  ^  K  ,0,  •  •  •  ,0)  =  0  ,  for  T  >  0  (or  T  >  ^  in  the  ARMA  case.)  ( 1 7) 

1=0 

where  ko  is  a  parameter  whose  choice  is  discussed  in  the  following.  Concatenating 
(17)  for  T=l,  2, ... ,  p+  M,  (or  'V=q+\,  q+2  , ... ,  q+p+  M  in  the  ARMA  case)  where  M> 
0  and  ko  is  arbitrary,  the  cumulant  based  normal  equations  can  be  obtained.  C{ko)  a  =  0 
where  the  entries  in  Toeplitz  matrix  C{ko)  are  easily  deduced,  and  a  =  [1,  fl(l),  ...  , 
a(p)f.  If  C{ko)  has  rank  p  then  the  corresponding  1-D  slice  of  the  nth  order  cumulant 
is  a  full  rank  slice  and  p  AR  coefficients  can  be  solved.  Equation  (4.3)  must  be 
concatenated  for  T=l,  2,  ...  ,  p+  M  and  ko=  -p,  ...  ,  0  (or  'C=q+\,  q+2, ...  ,  q+p+M  and  ko 
=  q~p, ... ,  ^  in  the  ARMA  case)  where  M  >  0. 

Vidal  and  Fonollosa  [12]  addressed  a  different  approach  to  the  estimation  of  the 
coefficients  of  causal  AR  system.  They  showed  that  each  sample  of  the  impulse 
response  of  the  AR  system  that  generates  the  process  may  be  expressed  as  a  linear 
combination  of  cumulant  slices  of  any  order,  thus  providing  a  new  framework  to 
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combine  cumulants  of  different  orders.  The  AR  w-slice  algorithm  can  be  summarised 
as  the  three  steps:  (a)  Compute  the  minimum-norm  weights  that  yield  a  causal  w-slice 
using  SVD  to  obtain  the  pseudo-inverse  from  this  equation  SaW  =  1  where  Sa  is  the 
anticausal  w-slice  matrix,  w  is  the  weight  vector  and  1  the  anticausal  impulse 
response,  (b)  Estimate  the  causal  part  of  the  impulse  response  using  h  =  where 

Sc  denotes  the  causal  counterpart  of  Sa  and  h  is  the  estimated  impulse  response,  (c) 
Solve  the  equation  (10). 

In  the  exhaustive  search  method  [13],  (a)  a  spectrally-equi valent  (SE)  stable  causal 
AR(/7)  model  is  fit  to  the  noisy  measurements  using  only  second-order  statistics,  (b) 
the  resulting  A(z)  is  factored  into  Ur+ric  terms,  where  fir  is  the  number  of  real  roots  and 
ric  is  the  number  of  complex  roots,  (c)  2^  SE  H  (z)’s  are  created,  where  I  =  fir+njl,  by 
reflecting  one  or  more  of  poles;  let  6  (0  denote  the  AR  parameters  for  the  ith  model, 
where  i=l,2,  ...  ,2^ ,  (d)  a  squared-error  function  is  evaluated  between  C2,y{m,n)  and 
c^y{m,n\B  {i))  over  an  admissible  range  of  m  and  n  values,  for  each  f=l,2,  ...  ,2^  , 
where  cj,y{m,n)  is  estimated  from  the  given  data  and  C2,y{m,n\  6  (/))  is  computed  for  the 
ith  model,  and,  (e)  the  winning  model  is  chosen  as  the  one  with  the  smallest  mean 
squared  error  in  the  C2y(m,n). 

In  the  optimisation  method  [13]  the  coefficients  of  the  AR  model,  as  well  as  the 
statistics  of  the  non-Gaussian  input  and  the  Gaussian  additive  measurement  noise  are 
chosen  to  minimise  an  objective  function.  This  objective  function  combines  squared 
differences  between  correlations  computed  from  the  data  and  from  an  AR  model,  and 
cumulants  computed  from  the  data  and  from  the  same  AR  model.  The  respective 
differences  are  summed  over  correlation  or  cumulant  ranges. 

3.3  ARMA  Parameter  Estimation 

Consider  the  ARMA  model  described  by  (8),  which  is  assumed  to  be  causal,  stable, 
and  generally  nonminimum  phase. 

^a{i)x{k  -  i)  =  ^bUMIc-j),a(0)=l  (18) 

/=:0  ;=0 

Several  methods  have  been  reported  in  the  literature  for  identifying  the  coefficients  of 
an  ARMA  model  from  just  noisy  output  measurements.  Current  cumulant-based 
parametric  system  identification  methods  falls  into  three  broad  categories:  (a) 
methods  that  require  computation  of  the  residual  MA  (i.e.,  AR  compensated)  time 
series,  and  then  estimate  MA  parameters  from  the  residual  time  series:  (b)  methods 
that  determine  all  of  the  ARMA  coefficients  simultaneously:  and  (c)  methods  based 
on  nonlinear  optimisation  and  linear  programming. 

Giannakis  and  Mendel  [4]  developed  a  method  that  estimates  the  ARMA  parameters 
using  autocorrelations  and  higher-order  cumulants,  the  so-called  residual  time  series 
method.  The  basic  idea  of  their  method  is  to  estimate  the  AR  coefficients  first,  and 
then  form  a  residual  MA  time  series  from  which  the  MA  parameters  can  be  estimated 
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by  any  of  the  methods  described  in  section  3.1.  The  process  y{k)  is  applied  as  input  to 
the  /?-th  order  filter,  where  {a(f) )  are  the  AR  coefficients  previously  computed.  The 

p 

residual  time  series  is  given  by  y(k)  =  y{k)  +  ^  a{i)y{k  -  i)  and  letting 

(=i 

<1  p 

a(k)  =  a{k)  -  a{k) ,  then  y  (n)  =  ^  b{k)v{n  -k)-^  a{k)y{n  -  k) . 

k=0  Jt=l 

Swami  and  Mendel  [14]  have  developed  the  <?-slice  algorithm  for  determining  MA 
coefficients  in  an  ARM  A  model:  (a)  determine  the  AR  coefficients  by  any  one  of  the 
methods  described  earlier  in  section  3.2,  (b)  determine  the  first  q  IR  coefficients  using 
1-D  cumulant  slices,  and  (c)  determine  the  MA  coefficients  using  (10).  From  (11),  let 
T^Ti,  t=Ti-T2,  T3=...=Vi=t.  Then,  define  the  scalar  function /n(f;T)  as 

1^)  =  Z  (I"  -  ■  ,0)  =  ^  hik)h{k  -  T  +  (k  - 1)  (19) 

it=0  k=Q 

If  AR  coefficients  are  known,  and  the  cumulants  are  computed  from  the  data,  then 
these  functions  can  be  computed.  Since  b{k)  is  non-zero  only  over  0<k<q,  fn{t\q)  is 
Ynvh{t)b{q)  and  therefore  from  h{t)=fn{t\qyfn{0\q),  /i(r)can  be  obtained.  The  MA 
coefficients  are  then  obtained  via  (9).  ^-slices  are  required  to  estimate  the  first  q 
coefficients  of  the  impulse  response;  hence,  this  algorithm  is  called  the  “^-slice” 
solution.  The  ^-slice  algorithm  does  not  introduce  errors  due  to  the  computation  of  a 
residual  time  series,  and  it  is  not  recursive  so  that  it  is  not  prone  to  error  propagation. 

Vuattoux,  et.  al.,  [15]  presented  an  extension  to  the  ARMA  case  of  the  w-slice 
algorithm  for  MA  and  AR  models.  They  showed  that  each  sample  of  the  impulse 
response  of  the  ARMA  system  may  be  defined  as  a  linear  combination  of  third-order 
cumulant  slices.  The  impulse  response  h{n)  of  the  system  that  generates  y(n)  satisfies 
the  following  recursion  (where  6{n)  is  the  Dirac  pulse): 

^  a{i)h{n  -0  =  1;  b{k)5in  -  k) ,  b{0)=a{0)=h{0)=l ,  b(q)*0  (20) 

j=o  ;fc=0 

The  impulse  response  h{n)  can  be  represented  in  a  weighted  sum  of  the  third-order 
cumulant  slices  (w-slices): 

^..(0=  (21) 
j=-M 

without  previous  knowledge  of  ARMA  parameters  if  the  weights  w(j)  are 
appropriately  chosen.  If  the  weights  w(j)  are  chosen  in  such  a  way  that:  Cw(0)=l  and 
Ch,(0=0  when  K<i<0  and  if  the  following  conditions  are  fulfilled  M>p-q,  N>q  and  K- 
M>q,  then  for  all  i>-K  C^{i)=h{i).  The  algorithm  can  be  divided  in  4  steps:  (a) 
Computation  with  the  SVD  of  the  minimum-norm  weights  vector  w,„  =  Sf  1 
where  Sf  denotes  the  pseudo-inverse  of  Sa  and  w  is  the  weights  vector  w  =  (w2  wjij) 
...  W4(j,k)  ...  wsijXl)  “-Y  and  1  the  anticausal  impulse  response  1  =  (0,  ...  ,  0  ,1)^.  (b) 
Estimation  of  the  causal  part  of  the  impulse  response  using  h  =  where 

h  =  is  the  estimated  impulse  response,  and  Sc  denotes  the  causal 

counterpart  of  Sa'.  (c)  Solve  (20)  for  n=q+l,  ,  K  with  the  least  squares  method  to 
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estimate  the  AR  parameters  of  the  ARMA  model,  (d)  Solve  (20)  for  n=l,  ...  ,  ^  to 
estimate  the  MA  parameters  of  the  ARMA  model. 

Tugnait  [16]  extended  the  exhaustive  search  technique,  first  proposed  by  [9],  to  the 
identification  of  ARMA  coefficients.  This  method  uses  prediction-error  identification 
techniques  to  determine  SEMP  model  and  then  applies  procedures  similar  to  the  AR 
exhaustive  search  method.  This  leads  to  a  model  with  p  poles  and  p-\  zeros,  but 
which  is  blind  to  all-pass  factors  because  only  correlation  information  is  used  in 
determining  the  SEMP  model. 

The  rational  transfer  function  H{z)  is  the  (one-sided)  z-transform  of  h{k).  Assume 
^0=1  and  the  signal  x{k)  is  ARMA(p,p-l).  Let  6=[a(l),  a{2),  ...  ,  a(p),  b{l),  b(2),  ... 
,b(p-l),  Yzv,  T^nJ^and  T^vl^be  vectors  that  contain  the  unknown  parameters.  In 

order  to  estimate  the  vector  0  from  the  noisy  observations  y(k).  The  following  cost 
function  is  minimised  with  respect  to  yr.  /(y/')  =  y2(V^)  +  ^3(V^) -where  X>0  is  a 
scalar  which  determines  the  contribution  of  the  third-order  cumulants  to  the  criterion. 


4.  SIMULATIONS 


In  this  section,  the  algorithms  described  above  are  applied  to  an  MA,  AR  and  ARMA 
system  and  compared  to  each  other  in  terms  of  mean  square  error  and  variance.  The 
systems  employed  in  the  simulations  are  presented  in  Table  1. 


Table  1  MA,  AR  and  ARMA  system 


Index 

Z-transform  of  systems 

Zeros/Poles 

NMP5‘‘ 

1+0. 1  z  *- 1 .87z-^+3.02z-'-0.435z-V0.49z’ ^ 

zeros:  2,  0.7±i0.7,  0.25±j0.433 

AR4*“ 

1/(1-0.3z'‘-0.1z-L0.39z'40.72z-^) 

poles:  -0.6±i0.7348,  0.75±i0.4873 

(l-1.3z-‘-1.4z*") 

/(l-1.4358z'‘+0.8867z'^-0.1279z^) 

zeros:  -0.7, 2 

poles:  0.2,  0.6179±j0.5077 

NMP5  denotes  the  fifth-order  nonminimum  phase  MA  system 
AR4  denotes  the  fourth-order  causal  AR  system 
Nonminimum  phase  ARMA(3,2)  system 


The  input  signal  v(^)  is  zero-mean  exponentially  distributed  i.i.d.  noise.  The  additive 
noise  n(k)  is  a  zero  mean  and  the  signal  to  noise  ratio  in  this  paper  is  defined  as 
SNR=E{x^{k)}/E{n^(k)].  Output  data  length  was  N=2048  in  this  study.  The  impulse 
response  coefficients  of  the  unknown  system  were  computed  for  100  output 
realisations  at  SNR  values  of  ^  (noise  free  case),  100,  10  and  1.  Mean  squared  error 
(MSEav)  for  the  averaged  impulse  responses,  mean  (Pmse)  of  mean  squared  error  for 
each  impulse  responses  of  Monte  Carlo  runs,  respectively,  are  defined  as 


MSE.„ 


n=0 _ 

ih\n) 


k^MSE 


=  mean] 


n=0 _ 

th\n) 


(22) 
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where  h{n),  hav{n)  and  hi{n)  are  the  true,  the  averaged,  and  individual  impulse’ 
responses,  respectively,  and  mean[^]  denotes  the  mean  of  the  argument. 

The  following  methods  were  used  for  MA  parameters  estimation: 

GMT_23.  GMT  method  [4,5]  using  2"^^-  and  3^^-order  diagonal  cumulants. 

AV_23S.  AVEC  method  [6],  but  SVD  is  used  after  solving  LS  solution. 

WS_23.  W-slice  method  [7]  using  autocorrelations  and  all  slices  of  3^^-order 
cumulants. 

NDjOPTy.  Cumulant  matching  method,  but  includes  optimisation  of  y^y. 

FP_ND23.  Minimum  variance  cumulant  matching  method,  but  using  autocorrelations 
and  all  information  of  third-order  cumulants. 

The  following  linear  algebra.methods  were  used  for  the  causal  AR  parameters: 

YW_2.  Yule-Walker  equation  using  the  autocorrelations. 

YW_3.  Similar  to  YW_2,  but  using  the  third-order  cumulants  [4]. 

YW_20.  Similar  to  YW_2,  but  rows  of  the  coefficient  matrix  that  contain  the  sample 
<^2>-(0)  are  removed. 

WS_3.  Vidal  and  Fonollosa  [12]  method  using  all  slices  of  the  third-order  cumulants. 
OPT.  Optimisation  [13]  method. 

The  following  methods  were  used  to  estimate  the  parameters  of  the  ARM  A  systems: 
QS_TLS.  ^-slice  algorithm  [14];  estimate  the  AR  and  impulse  response  coefficients 
simultaneously  and  use  the  Total  Least  Squares  (TLS)  solution. 

RTS_AV.  First,  use  YW_23  for  the  AR  system  and  AV_23  for  the  residual  time  series 
[4]  of  the  MA  system. 

ES.  First,  use  Prediction  Error  Method  (PEM)  and  then  apply  exhaustive  search  [16] 
method. 

CM23.  Cumulant  matching  method  using  the  autocorrelations  and  third-order 
cumulants. 

WS.  w-slice  algorithm  [15]. 

Table  2  ~  Table  4  show  MSB  and  ^mse  of  NMP5,  AR4  and  ARMA32  systems  with 
respect  to  the  variation  of  SNR.  Fig.  1  displays  the  estimated  zero  positions  of  NMP5 
system  for  each  run.  Fig.  2  displays  the  estimated  pole  positions  of  AR4  system  for 
each  run,  and  Fig.  3  displays  the  estimated  pole/zero  positions  of  ARMA32  system  for 
each  run.  Note  that  the  solution  of  some  methods  are  not  guaranteed  to  be  stable,  in 
which  case  the  unstable  poles  have  been  replaced  with  their  reciprocals. 

The  following  conclusions  are  readily  drawn: 

(1)  For  the  case  of  MA  system  in  Table  2  and  Fig.  1,  optimisation  solutions  give  better 
results  than  linear  algebraic  solutions  in  most  cases,  but  require  longer  data  length 
and  computational  complexities.  Among  linear  algebra  solutions,  AV_23S  and 
WS_23  method  have  better  performance  and  the  latter  is  less  bias  but  has  a  larger 
variance  compared  with  the  former. 
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(2)  For  the  case  of  causal  AR  system,  most  algorithms  worked  well  as  shown  in  Table 
3  and  Fig.  2.  The  algorithms  using  the  normal  equations  give  slightly  better  results 
than  w-slice  algorithms  except  at  low  SNR  (eg.  SNR=1).  The  algorithms  using  the 
autocorrelations  have  smaller  MSE  than  others,  but  their  performances  are 
degraded  at  low  SNR.  Removing  the  rows  of  the  coefficients  matrix  that  contain 
the  sample  C2;y(0),  the  algorithms  using  the  autocorrelations  can  reduce  the  effects 
of  additive  Gaussian  noise  at  low  SNR. 

(3)  For  the  case  of  ARM  A  system  in  Table  4  and  Fig.  3,  the  MSE  of  AR  parameters  of 
ARMA  model  is  smaller  than  that  of  the  MA  parameters  of  ARMA  model. 
RTS_AV,  ES  and  WS  give  better  results  than  others.  However,  for  estimating  pole 
positions,  WS  method  has  greater  variance  than  the  other  two  methods.  QSJTLS 
gives  good  estimates  of  pole  positions,  but  poor  estimates  of  zero  positions  and 
impulse  responses.  When  few  samples  are  available  the  ES  shows  the  best 
performance  but  it  is  inconsistent  and  when  a  large  number  of  samples  are 
available  the  RTS_AV is  better. 


5.  CONCLUSIONS 

In  this  paper,  we  have  discussed  the  parameter  estimation  methods  using  higher  order 
cumulants  and  presented  performance  analyses  and  simulation  studies.  Cumulant- 
based  solutions  are  usually  computationally  more  expensive  than  corresponding 
correlation-based  methods.  However,  the  correlation  cannot  provide  complete 
information,  such  as  the  location  of  the  zeros  and  the  detection  of  all-pass  factors  in  an 
ARMA  model,  but  cumulants  provide  a  complete  solution.  In  the  simulations,  the 
proposed  modifications  have  improved  the  performance  of  the  existing  methods. 
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Table  2  MSEav  and  |1mse  of  NMP5  MA  system  with  respect  to  SNR  (N=2048) 


SNR 

1  “  (noise  free) 

1  100  (20dB) 

1  10 (lOdB) 

1  1  (OdB)  1 

Methods 

HRRSH 

lR!^9li 

GMTU3 

0.4044 

9.7577 

0.4044 

9.7530 

0.4039 

9.3144 

0.4183 

9.9455 

AV_23S 

0.0205 

0.1140 

0.0205 

0.1140 

0.0205 

0.1142 

0.0502 

0.1006 

WS_23 

0.0416 

0.1347 

0.0416 

0.1347 

0.0418 

0.1350 

0.1577 

0.3034 

NDjOPTy 

0.0068 

0.6357 

0.0068 

0.6369 

0.0913 

1.7935 

0.0023 

0.1237 

FP_ND23 

0.0003 

0.1003 

0.0005 

0.1195 

0.0021 

0.0696 

(a)  True  Zeros 


(b)  GMT1_23 


-3  -2  -I  0 

Real  part 


-3-2-1  0  1  2 

Real  part 


{q)ND_OPTy 


1 


{f)FPJSlD23 


Table  3  MSEgy  and  )Imse  of  AR4  AR  system  with  respect  to  SNR  (N=2048) 


SNR 


Methods 


>  (noise  free) 


100  (20dB) 


10  (lOdB) 


6.336e-4 


2.540e-3 


9.999e-6 


1.816e-4 


6.336e-4 


2.540e-3 


l.OlOe-5 


1.819e-4 


6.337e-4 


2.544e-3 


WS_3  1.051e-3 

OPT  4.504e-2 


1.152e-3 

7.160e-6 

1.152e-3 

1  7.180e-6n 

[  1.151e-3 

3.712e-3 

1.05  le-3 

3.712e-3 

6.384e-2 

8.920e-2 

i.l44e-l 

r4.518e-2  1 

1  6.406e-2 

1  (OdB) 

HRiiSi 

2.954e-2 

3.07  le-2 

5.904e-3 

1.434e-2 

1.514e-5 

1.940e-3 

4.830e-3 

1.3l6e-2 

4.636e-2 

1.087e-l 

(a)  True  Poles  (b)  YW_2 


Real  pan  Real  pan 

Fig.2  Estimated  pole  position  (AR4,  N=2048,  SNR=10) 
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Table  4  MSEav  and  [limse  of  ARMA32  ARMA  system  with  respect  to  SNR  (N=2048) 


SNR 

\  oo  (noise  free) 

1  100  (20dB) 

1  10  (lOdB)  i 

1  1  (OdB)  1 

. . M-mse 

HnUHI 

M'Mse 

lliH!il9H 

1  QS_TLS 

1  5.406e+0  1 

1.342e+2 

5.405e+0  ' 

1.341e+2 

5.309e+0 

1.262e+2 

2.969e+0 

1.01  le+2 

3.191e-l 

5.521  e-1 

3.189e-l 

5.519e-l 

8.387e-l 

8.618e-l 

ES 

1.422e-2 

L338e+0 

1.421e-2 

1.337e+0 

1.415e-2 

1.234e+0 

3.298e+l 

2.127e+3 

CM23 

1.470e-l 

1.560e+0 

1.464e-l 

L558e+0 

1.479e-l 

L573e+0 

5.418e+l 

2.889e+3 

WS 

2.900e-l 

4.985e-l 

2.898e-i 

4.986e-l 

4.717e-l 

6.096e-l 

(a)  True  Zeros/Poles 


(b)  QS_TLS 
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ABSTRACT 

A  number  of  factors  can  affect  the  geometric  accuracy  of  machined 
surfaces,  such  as  machine  tool  positioning  error,  thermal  errors,  and 
variability  of  the  workpiece  datum  features.  One  of  the  major  factors  is  the 
cutting  operation  which  applies  a  combination  of  static  and  dynamic 
forces  on  the  workpiece.  The  static  forces  induce  deflections  which  need  to 
be  considered  in  order  to  maintain  acceptable  part  tolerances.  The 
dynamic  loads  are  important  since  they  can  potentially  excite  resonances 
in  the  workpiece  creating  damaging  chatter  situations  and  unacceptable 
geometric  errors.  The  method  in  which  the  workpiece  is  held  in  the 
machirung  operation  can  have  a  significant  impact  on  the  structural 
behavior.  The  placement  of  the  locators  and  supports  affects  the  workpiece 
boundary  conditions  which  in  turn  affects  the  system's  static  and  dynamic 
structural  characteristics.  The  paper  presents  a  case  study  where  the  static 
and  dynamic  structural  characteristics  of  the  workpiece/ fixturing  system 
in  relation  to  the  manufacturing  process  are  evaluated.  A  combination  of 
experimental  and  computational  structural  analysis  methods  is  used. 
Experimental  methods  are  used  to  evaluate  the  workpiece  compliance  and 
structural  resonances  in  situ.  A  process  model  is  used  to  estimate  the 
cutting  forces  during  manufacturing.  The  results  from  these  analyses  are 
compiled  to  assess  the  relative  errors.  A  Finite  Element  Model  is 
developed  and  used  to  evaluate  various  fixturing  configurations  which 
meet  the  desired  manufacturing  specifications. 

1.  INTRODUCTION 

A  variety  of  factors  can  affect  the  geometric  accuracy  of  maclrined 
surfaces.  Examples  include:  machine  tool  positioning  error,  workpiece 
datum  feature  variability,  and  thermal  and  structural  distortion  of  the 
workpiece  during  machining.  Of  these,  structural  distortion  is  one  of  the 
most  difficult  to  control.  Workpiece  structural  distortion  manifests  itself  in 
two  basic  forms,  one  related  to  the  static  characteristics  and  one  related  to 
the  structural  dynamic  behavior  of  the  system.  Both  types  of  distortion  are 
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dependent  on  the  inherent  structural  characteristic  of  the  workpiece  and 
the  boundary  conditions  imposed  when  the  workpiece  is  anchored  to  the 
machine  tool. 

The  workpiece  is  held  in  the  machine  tool  by  a  machining  fixture 
which  consists  of  locators,  clamps,  supports  and  a  base.  Locators  are 
passive  elements  used  to  define  the  position  of  the  workpiece  with  respect 
to  a  machine  tool  axial  reference  frame.  Clamps  are  mechanisms  that  are 
used  to  hold  the  workpiece  against  the  locators  and  supports.  Most  clamps 
are  actuated  either  hydraulically,  pneumatically,  or  manually  with  a 
constant  preload.  Supports  are  mechanisms  that  are  used  to  increase  the 
rigidity  of  the  workpiece.  They  are  extended  into  contact  with  the 
workpiece  after  the  workpiece  has  been  clamped  against  the  locators.  The 
base  is  the  structural  interface  between  the  machine  tool  table  and  the 
locators,  supports,  and  clamps. 

The  structural  distortion  results  from  the  complex,  dynamic  forces 
that  are  exerted  on  the  workpiece  by  the  cutting  process.  The  dynamic 
distortion  is  caused  by  the  time  variant  nature  of  the  cutting  forces  which 
potentially  may  excite  resonant  conditions  in  the  workpiece.  The -dynamic 
response  of  the  workpiece  affects  the  cutting  force  by  altering  the 
instantaneous  chip  load.  These  conditions  can  have  negative  consequences 
on  the  production  quality  and  the  tool  life.  In  many  applications,  the 
dynamics  are  further  complicated  by  the  fact  that  the  workpiece  mass  and 
stiffness  can  vary  significantly  with  the  inherent  geometric  changes 
produced  by  the  machining  process. 

The  placement  of  fixture  elements  greatly  affects  the  boundary 
conditions  imposed  on  the  workpiece.  This  in  turn  affects  the  static  and 
dynamic  structural  characteristics.  Consequently  for  many  applications, 
workpiece  distortion  can  be  controlled  through  proper  fixture  design. 
Typically  machining  fixtures  are  designed  and  implemented  on  a  trial  and 
error  basis.  This  process  involves  creating  a  detailed  fixture  design, 
manufacturing  the  fixture,  utilizing  the  fixture  in  the  machining  process, 
assessing  the  geometric  variability  of  the  machined  workpiece,  and  using 
this  knowledge  to  improve  the  design  of  the  fixture  and/  or  process.  In 
general  this  is  a  very  expensive  and  time  consuming  process. 

To  a  large  degree,  this  cycle  time  can  be  reduced  through  the 
application  of  structural  analysis.  The  objective  of  this  paper  is  to  describe 
a  case  study  in  which  a  combination  of  experimental  and  computational 
structural  analysis  methods  was  employed  to  improve  the  design  of  a 
machming  fucture  to  help  control  workpiece  distortion. 

11.  BACKGROUND 

A  manufacturer  of  image  processing  equipment  was  experiencing 
difficulties  in  manufacturing  the  drive  plate  shown  in  Figure  1.  Two 
critical  features  of  the  drive  plate  are  a  pair  of  film  tracks  and  a  set  of  four 
pads.  Each  pad  has  a  clearance  hole  for  a  bolt  to  fasten  the  drive  plate  to 
the  image  processing  machine.  The  pads  and  film  tracks  geometries 
ultimately  dictate  the  critical  film  paths  in  the  image  processing  machine. 
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Consequently  both  features  need  to  be  manufactured  with  great  precision. 
In  particular,  the  film  tracks  must  be  manufactured  to  within  a  bi-lateral 
profile  tolerance  of  2.54x10-^  mm  (0.01  in)  with  respect  to  a  datum  plane 
defined  by  the  four  pads.  The  manufacturer  was  having  difficulty  in 
satisfying  this  tolerance  on  a  consistent  basis. 


Peripheral  Milling  End  Milling 


Figure  2.  Illustration  of  cutting  forces  due  to  the  milling  processes. 

The  drive  plate  initiates  as  a  casting  (A356  T51  aluminum)  and  is 
subsequently  machined  in  two  setups.  The  film  tracks  and  pads  are 
machined  in  the  fixture  shown  in  Figure  1.  The  film  tracks  are  peripherally 
milled  with  a  side  tooth  cutter,  shown  in  Figure  2.  Due  to  the  kinematic- 
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geometry  of  the  cutter,  the  forces  exerted  on  the  workpiece  push  it  away 
from  the  cutter  in  the  radial  direction.  Consequently  the  film  tracks  have 
the  tendency  to  be  undercut.  The  pads  are  milled  axially  with  an  end  mill. 
The  forces  exerted  by  this  process  pull  the  workpiece  into  the  cutter. 
Consequently  the  pads  have  the  tendency  to  be  overcut.  The  manufacturer 
did  not  know  to  the  degree  which  the  undercutting  of  the  film  tracks  and 
the  overcutting  of  the  pads  contributed  to  the  measured  profile  errors  of 
the  film  track.  The  focus  of  this  effort  is  to  quantify  this  contribution,  and  if 
necessary  determine  how  the  boundary  conditions  imposed  by  the  fixture 
could  be  changed  to  modify  the  static  and  dynamic  structural  response  of 
the  workpiece  and  potentially  reduce  production  failure  rates. 

III.  WORKPIEC^IXTURE  STRUCTURAL  EVALUATION 
METHODOLOGY 

A  combination  of  experimental  and  computational  methods  was 
used  to  examine  the  static  and  dynamic  characteristics  of  the 
workpiece/ fixturing  system  in  relation  to  the  profile  errors.  The  following 
assumptions  were  made  in  the  analysis: 

1.  Mode  of  Flexure:  Considering  the  drive  plate  geometry  and  fixturing 
design,  orJy  flexure,  as  illustrated  in  Figure  3,  was  considered.  In  other 
words,  the  drive  plate  was  analyzed  as  if  it  were  a  plate  subject  to  a 
sequence  of  normal  loads. 

2.  Invariant  Stiffness  and  Dynamic  Response:  The  drive  plate  originates  as  a 
casting  and  consequently  machining  of  the  film  tracks  and  pads  results 
in  very  little  material  removal.  As  a  result  the  geometry,  mass,  stiffness, 
and  dynamic  response  of  the  fixture-workpiece  system  were 
considered  invariant. 

3.  Stick-Stick  Boundary  Conditions:  The  drive  plate  is  pinched  against  the 
locators  and  supported  by  manual  clamps.  It  was  assumed  that  no  slip 
occurred  at  these  joints. 

4.  Chip  Load  Independence:  The  magnitude  of  workpiece  flexure  is  small 
relative  to  the  nominal  chip  loads  seen  by  the  cutting  tool.  As  a 
consequence,  it  was  assumed  that  workpiece  flexure  is  independent  of 
the  cutting  force. 

Experimental  methods  were  applied  to  the  existiug  system,  as  seen 
in  Figure  1,  to  evaluate  the  fixture/ workpiece  static  (compliance)  and 
dynamic  (resonant  frequencies)  structural  characteristics.  This  was  done  in 
order  to  achieve  the  most  accurate  assessment  of  the  in  situ  characteristics. 
An  analytical  milling  force  model  was  used  to  predict  the  forces  (as  a 
function  of  time)  acting  on  the  film  tracks  and  pads  during  machining.  The 
predicted  machining  forces  were  coupled  with  the  static  compliance  data 
in  order  to  assess  the  static  flexure  of  the  workpiece  and  the  resultant 
profile  error.  The  spectral  contents  of  the  milling  forces  were  compared  to 
the  resonant  frequencies  of  the  fixture-workpiece  system  in  order  to 
evaluate  the  effects  of  forced  vibration.  Assessment  of  these  results 
provides  insight  into  the  problem  regions  and  an  indication  of  the 
potential  for  fixture  redesign. 
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A.  Characterization  of  Fixture-Workpiece  Compliance 
Since  the  workpiece  is  a  plate  like  structure,  only  normal  loads  need 
to  be  considered.  Furthermore,  only  the  important  machined  zones  of  the 
workpiece,  such  as  the  pads  and  the  film  tracks  need  to  be  considered.  Ten 
nodes  were  identified  on  or  near  these  important  workpiece  features  and 
used  for  the  static  compliance  evaluation,  as  seen  in  Figure  3.  The  static 
compliance  was  measured  using  a  specially  designed  test  rig  similar  to 
Figure  4.  The  test  equipment  has  the  capability  to  apply  a  controlled  point 
load  and  measure  the  corresponding  deflections  at  any  desired  position  on 
the  workpiece.  The  compliance  testing  procedure  can  be  summarized  as; 

1.  A  22.24  N  (5  lb)  load  is  applied  at  a  test  node.  The  deflections  at  all  ten 
nodes  are  recorded  with  digital  indicators  each  with  a  resolution  of 
1,27x10'^  mm  (S.OxlO-^  in).  The  load  is  released,  reapplied  and 
deflections  recorded.  A  total  of  four  sets  of  load-deflection  data  are 
obtained  to  improve  statistical  reliability. 

2.  To  evaluate  potential  nonlinear  effects,  additional  load-deflection  data 
was  recorded  with  44.48  N  (10  lb)  and  66.72  N  (15  lb)  respective  forces 
applied. 

3.  The  load-deflection  data  for  the  twelve  data  was  plotted  and  evaluated. 
After  linear  behavior  was  assessed,  a  linear  regression  was  applied  to 
estimate  the  compliance  (mm/N)  value  for  each  node. 

4.  The  ten  nodal  compliance  values  were  arranged  in  a  10x1  column 
vector  array. 

5.  Steps  1-  4  were  repeated  for  each  of  the  remaining  nine  test  nodes. 


Figure  3,  Experimental  nodal  layout  on  the  drive  plate. 
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Figure  4.  Static  compliance  tester. 


The  resulting  ten  arrays  were  arranged  to  form  a  square  10x10 
compliance  matrix,  [C].  Each  term  in  the  compliance  matrix  represents  the 
deflection  of  a  unit  load  at  the  respective  set  on  nodes.  For  example,  Ci6, 
represents  the  deflection  at  node  1  for  a  unit  load  applied  at  node  6.  With 
the  assumption  of  linearity,  the  [C]  matrix  would  be  expected  to  be 
symmetric  from  Maxwell's  Reciprocal  Theorem.  However,  experimental 
and  nonlinear  effects  combine  to  produce  nonsymmetric  compliance 
terms,  Oj  ^  Cji,  which  differ  on  the  order  of  10%  for  nodes  which  had 
appreciable  deflections.  Measurement  difficulties  are  encountered  when 
localized  stiffness  is  large  causing  deflections  to  become  very  small,  on  the 
order  of  the  digital  indicator  resolution  (1.27x10-^  mm).  Nonlinear  effects 
are  introduced  by  the  inherent  contact  mechanics  of  the  interface  between 
the  workpiece  and  fixture.  Since  the  nonsymmetric  effects  were  viewed  as 
being  small,  the  linearity  assumption  was  imposed  by  forcing  the 
compliance  to  be  symmetric  by  averaging  itself  with  its  transpose. 

B.  Characterization  of  Fixture-Workpiece  Dynamic  Response 
Next,  the  structural  resonances  of  the  workpiece/ fixture  system 
were  evaluated  experimentally.  Standard  experimental  modal  analysis 
procedures  were  used  (Figure  5).  An  accelerometer  was  fixed  at  a  node 
and  a  roving  impact  test  was  employed  to  estimate  the  frequency  response 
functions  at  each  of  the  ten  nodal  points.  The  magnitude  of  a  typical 
frequency  response  function  is  shown  in  Figure  6.  The  modal 
characteristics  were  estimated  with  the  StarModal  software  using  a 
rational  fraction  polynomial  identification  routine.  The  first  four  structural 
natural  frequencies  are  listed  in  Table  1. 
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C.  Characterization  of  Milling  Forces 

Each  track  undergoes  one  3.30  mm  (0.13  in)  rough  cut  and  one 
2.54x10'^  mm  (0.01  in)  finish  cut.  An  18-tooth  76.2  mm  (3  in)  diameter  end- 
mill  was  used  for  peripheral  cutting.  The  pads  were  end  milled  with  a  2.54 
mm  (0.1  in)  finish  cut  using  a  15.88  mm  (6.25x10'^  in)  cutter. 

The  resultant  milling  force  exerted  on  the  workpiece  is  dependent 
upon  the  stress  on  the  contact  area  between  the  cutter  and  the  workpiece. 
The  stress  in  this  region  is  in  turn  dependent  upon  the  workpiece  material 
and  the  instantaneous  chip  load  being  swept  away.  The  chip  load  is 
affected  by  the  kinematic  geometry  of  the  cutter  relative  to  the  cut  and  by 
cutter-workpiece  deflection.  If  cutter-workpiece  deflection  is  relatively 
small,  then  the  chip  load  is  strictly  affected  by  the  cutter  kinematic 
geometry.  Since  the  cutter  geometry  is  fixed,  variation  in  the  resultant 
milling  force  is  due  to  the  angular  rotation.  Under  steady  state  conditions 
in  which  the  swept  geometry  of  the  cut  region  is  constant  along  with 
spindle  speed,  the  resultant  milling  force  is  periodic  with  respect  to  both 
rotation  and  time.  Under  these  conditions,  analysis  of  the  forces  can  be 
evaluated  using  the  EMSIM  (End  Milling  Simulation  Interface);  EMSIM 
was  developed  by  the  University  of  Illinois  at  Urbana-Champaign  and  can 
be  accessed  at  "http://mtamri.me.uiuc.edu/software.testbed.html"  [1]. 
EMSIM  was  used  to  characterize  the  various  milling  forces  acting  on  the 
workpiece  during  the  cutting  operations.  It  was  assumed  that  the  milling 
forces  were  independent  of  workpiece  deflection.  Consequently  the  static 
chip  load  model  in  EMSIM  was  used  to  predict  the  steady  state,  radial 
force  exerted  on  the  film  tracks  by  the  side  tooth  cutter  and  the  steady 
state,  axial  force  exerted  on  the  pads  by  the  end  mill.  Both  operations  were 
modeled  as  step  cuts.  The  tool  and  process  parameters  for  these  operations 
can  be  found  in  Table  2. 


Table  2.  Process  parameters  used  in  EMSIM  to  estimate  the  milling  forces. 


Film  track/ finish 

Pad 

Model 

static 

static 

Workpiece  material 

Cast  Aluminum 

Cast  Aluminum 

Tool  material 

Uncoated  Carbide 

Uncoated  Carbide 

End  mill  diameter  mm  (in.) 

76,2(3) 

15.875  ( 0.625 ) 

Projection  length  mm  (in.) 

97.79  (  3.85) 

92.075  (  3.625) 

Number  of  flutes 

18 

4 

Helix  angle  (Degree) 

15 

30 

Radial  rake  angle  (Degree) 

10 

10 

Milling  convention 

Climb  Milling 

Climb  MUltng 

Axial  depth  of  cut  mm  (in.) 

5.1689  (0.2035) 

2.54(0.1) 

15.875  (  0.625) 

Feed  per  tooth  mm/RPM 
(in/RPM) 

0.03352  (0.00132) 

0.05280  (0.00208) 

Spindle  speed  (RPM) 

250 

3000 
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The  characteristics  of  the  vertical  and  end  milling  forces.  Figures  7 
and  8,  show  a  high  level  of  harmonic  content.  The  nulling  forces  are 
periodic  with  respect  to  the  cutter  rotation  and  hence  with  respect  to  time. 
The  respective  milling  force  power  spectra  are  also  illustrated  in  Figures  7 
and  8.  The  radial  milling  has  a  static  load  (average)  of  20.02  N  (4.5  lb)  with 
a  fundamental  frequency  of  75  Hz.  Most  of  the  "power"  is  contained  in  the 
static  (DC)  component  and  the  first  six  harmonics.  The  axial  millmg 
produces  an  average  static  load  of  12.72  N  (2.86  lb)  with  a  fundamental 
frequency  of  200  Hz.  Again,  the  majority  of  the  power  is  contributed  by 
the  static  and  the  fundamental  frequency  components. 

D.  Profile  Error  Assessment 

The  results  from  the  compliance  and  experimental  modal  analysis 
can  be  used  in  conjunction  with  the  milling  force  predictions  to  evaluate 
profile  errors  attributed  to  structural  deformation.  The  error  analysis 
concentrates  on  the  tracks  and  pads  since  they  are  the  key  features  subject 
to  profile  tolerances  problems. 

Computation  of  the  static  deflection  profile  error  in  the  film  tracks 
used  the  maximum  radial  force  39.32  N  (8.54  lb)  computed  by  EMSIM  in  a 
quasi-static  manner.  This  force  was  assumed  to  act  independently  at  each 
node  (node  1,5, 6,7,9  and  10)  near  the  two  film  tracks.  The  corresponding 
nodal  displacements  were  computed  by  multiplying  this  force  with  the 
experimentally  derived,  driving  point  compliance  coefficients.  A  similar 
procedure  was  used  to  compute  the  nodal  displacements  (node  2,4,7  and 
9)  at  the  four  pads  due  to  the  application  of  the  minimum  (greatest 
negative)  axial  force. 

Because  the  tracks  were  peripherally  milled,  they  were  undercut; 
however,  the  pads  were  overcut  by  the  end  milling  operation.  The  track 
profile  tolerance  was  specified  with  respect  to  the  pads  and  the  profile 
error  was  associated  with  the  dimension  difference  between  two 
geometries.  The  profile  error  was  computed  as  two  times  the  difference 
between  the  maximum  track  node  displacement  and  the  minimum 
(greatest  negative)  pad  node  displacement.  The  computed  profile  error 
was  8.81x10-2  mm  (3.47x10-^  in).  Since  the  profile  tolerance  is  bilaterally 
allocated,  this  profile  error  consumes  70%  of  the  allowable  tolerance. 

By  itself,  static  deflection  of  the  workpiece  will  not  cause  the  film 
tracks  to  be  manufactured  out  of  tolerance.  However,  since  static 
deflection  is  but  one  of  many  contributors  to  workpiece  geometric  error, 
its  relatively  large  contribution  is  of  concern.  The  static  analysis  also 
revealed  that  the  nodes  near  pad  4  experienced  relatively  large  deflections 
when  subject  to  either  the  maximum  radial  load  or  the  rninimiim  axial 
load. 
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Figure  7.  Time  and  spectral  results  of  the  radial  forces  predicted  by  EMSIM  for  the 
peripheral  milling  of  the  drive  plate  film  tracks.  The  cutter  tooth  passing  frequency 
is  at  75  Hz, 


Figure  8.  Time  and  spectral  results  of  the  axial  forces  predicted  by  EMSIM  for  the 
end  milling  of  the  drive  plate  pads.  The  cutter  tooth  passing  frequency  is  at  200  Hz. 

The  experimental  modal  analysis  indicates  that  the  first  resonant 
frequency  of  the  workpiece-fixture  is  863  Hz.  The  spectra  of  both  the  radial 
and  end  milling  forces  (Figures  7  and  8)  show  that  nearly  all  the  power  is 
contained  by  harmonics  well  below  this  frequency.  It  was  concluded  that 
forced  vibration  was  not  a  significant  contributor  to  workpiece  flexure  and 
the  resultant  film  track  profile  error. 
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IV.  FIXTURE  REDESIGN  VIA  FINITE  ELEMENT  ANALYSIS 

The  analysis  revealed  that  static  flexure  contributed  to  70%  of  the 
allowable  profile  error,  and  that  forced  vibration  was  not  a  significant 
factor.  The  analysis  also  revealed  that  pad  4  was  significantly  more 
compliant  than  the  others.  Consequently  an  FEA  model  of  the  workpiece 
was  developed  to  evaluate  alternative  fixturing  arrangements  in  an  effort 
to  increase  the  rigidity  in  this  area  and  decrease  the  profile  error. 

The  workpiece  model  was  developed  using  the  PATRAN  FEA 
package.  The  model  consisted  of  1250  nodes  and  488  3-D  brick  elements. 
The  model  attempted  to  capture  the  basic  static  behavior  of  the  workpiece 
without  an  over  burdensome  mesh.  Simplifications  in  the  geometry  were 
made  which  initially  eliminated  some  of  the  fine  geometric  characteristics 
of  the  workpiece.  A  static  analysis  was  performed  which  replicated  the 
experimental  compliance  test.  Comparison  of  the  FEM  to  the  experimental 
deflections  showed  an  unacceptable  level  of  difference.  This  result  is  not 
unexpected  since  finite  element  models  have  inherent  modeling 
imperfections  related  to  boundary  conditions  and  geometric  definition  of 
the  complex  structure. 


COMPARISON  BETWEEN  EXP.  AND  FEM  RESULTS 
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Figure  9.  Comparison  of  FEM  and  experimental  compliance  results 

The  FEA  model  was  fine  tuned  using  the  experimental  compliance 
data.  Many  methods  exist  to  localize  errors  in  finite  element  models.  For 
the  sake  of  time  and  simplicity,  a  manual  calibration  of  the  FEM  was  used. 
Because  of  the  complex  workpiece  geometry  only  the  major  characteristics 
were  initially  modeled.  The  manui  tuning  concentrated  on  refining  the 
mesh  to  capture  the  more  subtle  geometric  workpiece  characteristics.  The 
iterative  process  used  the  experimental  compliance  data  as  the  target.  The 
geometry  was  continually  refined  until  the  FEM  nodal  compliance 
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corresponded  closely  with  the  experimental  data.  Once  the  geometry  was 
sufficiently  defined,  the  FEM  was  further  calibrated  by  either  adding  or 
removing  stiffness  where  differences  between  data  were  observed.  The 
results  are  summarized  in  Figure  9  which  compares  the  responses  for  the 
original  FEM,  the  refined  FEM  and  the  experimental  data.  The  updated 
FEM  shows  compliance  differences  on  the  order  of  6.85x10-^  mm/N 
(1.2x10-^  in/ lb),  which  was  deemed  acceptable  for  this  analysis.  The 
updated  model  could  now  be  used  to  evaluate  changes  to  the  fixturing 
configuration. 

A.  Analysis  of  Alternative  Fixture  Modifications 

From  the  error  analysis,  the  region  between  Clamp  6  and  Clamp  7 
was  identified  to  be  particularly  over  compliant.  To  avoid  the  cost  of  a 
total  fixture  redesign,  the  structural  analysis  focused  only  on  the  identified 
problem  area.  Two  approaches  were  considered  to  improve  the  localized 
stiffness:  1)  the  addition  of  an  extra  support,  and  2)  a  movement  in  the 
location  of  Clamp  6. 

Adding  extra  supports  is  the  most  straightforward  method  to  gain 
structural  rigidity.  Theoretically,  by  the  increasing  number  of  supports  the 
workpiece-fixture  system  can  yield  any  degree  of  stiffness.  In  practice, 
assembling  a  workpiece  to  the  fixture  is  time  consuming.  Most  supports 
are  engaged  through  either  spring  action  or  hydraulic  pressure,  while  hold 
down  nuts  are  screwed  on  manually.  To  avoid  unwanted  distortion  of  the 
workpiece,  operators  often  place  a  dial  indicator  on  the  workpiece  surface 
and  manually  adjust  the  supports  and  hold  down  nuts  to  ensure  the 
workpiece  is  in  a  free  state.  To  minimize  any  additional  manufacturing  set 
up  time  the  study  was  limited  to  adding  only  one  new  support. 

The  placement  of  the  extra  support  is  critical.  Limited  optimization 
work  is  available  associated  with  maximizing  global  or  local  rigidity  by 
changing  the  boundary  conditions.  Hence,  the  approach  used  here 
determined  the  best  location  from  a  predetermined  candidate  set.  The  set 
was  selected  by  taking  into  consideration  physical  accessibility  of  the  new 
clamp  in  the  fixture.  The  clamp  is  about  20  mm  (0.785  in)  in  diameter. 
Based  on  the  size  and  the  existing  fixture  layout,  five  likely  candidates 
were  selected  along  the  workpiece  between  Clamp  6  and  Clamp  7  (Figure 
10).  The  workpiece  compliance  was  then  reevaluated  with  the  FEM  for 
each  candidate  support  location.  Note,  since  the  cutting  parameters  are 
unchanged,  the  previous  loads  were  used  in  the  analysis.  The  best  result 
was  obtained  with  the  support  placed  76.2  mm  (3  in)  away  from  Clamp  6. 
A  minimum  profile  error  of  3.15xl0'2  mm  (1.24x10'^  in)  was  obtained 
compared  to  an  original  value  of  8.81x10-^  mm  (3.47x10-^  in). 

The  second  approach  to  increase  the  local  rigidity  in  the  problem 
area  was  to  change  the  current  support  configuration.  Again  to  avoid  a 
complete  fixture  redesign,  the  analysis  was  restricted  to  moving  only  one 
support.  Examination  of  the  profile  errors  indicated  a  problematic  region 
around  pad  4.  Since  this  is  close  to  Clamp  6  it  seemed  reasonable  to 
reposition  the  clamp  in  order  to  improve  the  localized  stiffness.  Ten 
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candidate  locations  were  selected  along  the  edge  of  the  workpiece 
between  Clamp  6  and  Clamp  7  (Figure  11).  The  compliance  for  each  case 
was  evaluated  through  the  finite  element  analysis.  Again,  the  same  cutting 
forces  were  applied  to  compute  the  deflections,  and  hence  assess  the 
induced  profile  errors.  The  best  performance  was  obtained  by  moving  the 
support  25.4  mm  (1  in)  away  from  Clamp  6.  This  scenario  produced  a 
profile  error  of  5.03xl0"2  mm  (1. 98x10'^  in). 

A  summary  of  the  profile  errors  for  the  fixture  redesign  is  shown  in 
Table  3.  These  results  need  to  be  interpreted  carefully.  Although  the  FEM 
has  been  updated  correspond  to  the  experimental  data,  the  model  tends  to 
overestimate  the  stiffness  (Figure  9).  Obviously,  this  causes  an 
underestimation  of  the  deflections.  Thus  m  practice,  the  values  shown  in 
Table  3  might  not  be  completely  representative.  The  results,  however,  do 
show  that  significant  improvement  can  be  obtained  by  implementing 
either  of  the  proposed  modifications.  The  final  selection  is  left  to  the 
manufacturing  engineer  who  also  needs  to  consider  how  these  changes 
may  affect  the  entire  set  up  and  machining  process. 


Figure  10.  Candidate  locations  for  additional  support. 


Figure  11.  Candidate  locations  considered  to  move  a  support 
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Table  3,  Summaiy  of  maximuin  profile  errors  of  the  origirtal  fixture  and  two  redesigns. 


Original  design 

8.81x10-2  nun  (3.47x10-3  in) 

Added  support 

3.15x10-2  nun  (1.24x10-3  in) 

Moved  support 

5.03x10-2  nun  (1.98x10-3  in) 

V.  SUMMARY 

The  work  presented  in  this  paper  evaluated  the  static  and  dynamic 
structural  characteristics  of  a  workpiece/ fixturing  system  in  relation  to  the 
manufacturing  process.  Initially  manufacturing  profile  errors  related  to  the 
static  and  dynamic  structural  characteristics  of  the  workpiece/ fixturing 
system  were  assessed  experimentally.  A  milling  process  model  was  used 
to  estimate  the  dynamic  cutting  forces  and  frequencies.  The  analysis 
showed  the  dynamic  structural  response  was  inconsequential  and 
identified  localized  regions  where  relatively  lower  stiffness  contributed 
significantly  to  the  profile  errors. 

Subsequently  a  Finite  Element  Model  was  developed  to' evaluate 
various  fixturing  redesigns  in  an  effort  to  decrease  the  static  stiffness 
related  profile  error.  The  finite  element  model  was  first  calibrated  against 
the  experimental  compliance  data.  The  model  was  then  applied  to 
evaluate  a  candidate  set  of  support  locations.  In  essences,  this  modified  the 
workpiece  boundary  conditions  imposed  by  the  fixture.  The  analysis 
showed  that  the  structurally  weak  zone  could  be  strengthen  by  changing 
the  support  conditions.  In  this  particular  case,  the  addition  of  an  extra 
support  reduced  the  likely  maximum  profile  error  contributed  by  cutting 
forces  by  64%. 

The  fixture  redesign  is  inherently  requires  an  accurate  FEM.  Since 
the  FEM  inherently  contains  modeling  errors,  it  must  be  updated  using 
experimental  results.  Recently  the  finite  element  model  updating  has  been 
widely  studied  and  a  variety  of  updating  methods  proposed  [2].  In  this 
case,  the  finite  element  model  was  tuned  manually  witih.  low  effort  and 
achieved  an  acceptable  level  of  accuracy. 

The  analysis  approach  presented  in  this  paper  can  generally  be 
applied  for  existing  workpiece-fixture  systems.  Obviously,  if  these 
procedures  are  used  earlier  in  the  process-tool  design  cycle  greater 
benefits  could  be  realized.  Cutting  force  and  workpiece  stiffness  can  be 
readily  determined  early  via  the  computational  methods  described.  The 
difficulty  arises  from  the  modeling  of  the  boundary  conditions  imposed  on 
the  workpiece  by  the  clamps  and  supports.  The  clamping  of  workpieces  in 
a  fixturing  system  is  a  dominant  factor  controlling  the  static  and  dynamic 
structural  characteristics,  and  hence  can  greatly  affect  the  machining 
process  itself.  The  mechanics  of  clamping  is  complicated  and  dependent 
on  a  number  of  parameters.  To  effectively  examine  the  structural 
responses  of  workpieces  in  a  machining  operation,  effective  methods  of 
capturing  the  effects  of  the  clamping  on  the  workpiece  boundary 
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conditions  need  to  be  developed.  Hence,  the  accurate  characterization  of 
fixture  boundary  conditions  remains  a  major  area  of  interest. 
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ABSTRACT 

A  variable  gain  direct  velocity  feedback  law  is  constructed  to  control 
vibrations  in  structures  with  two  closely  spaced  natural  frequencies  using  a 
single  actuator.  At  the  first  half  of  the  paper,  optimization  and  limitation  of 
constant  gain  direct  velocity  feedback  are  discussed  based  on  perturbation 
analysis  of  the  free  response  of  structures  with  two  vibration  modes  and  a  single 
actuator.  At  the  second  half  of  the  paper,  a  variable  gain  feedback  is  constructed 
from  the  physical  intuitions  obtained  from  these  responses.  The  variable 
feedback  gain  is  derived  in  terms  of  the  states  of  the  system  while  the  feedback 
loop  remains  direct  velocity  feedback.  Numerical  studies  confirm  the  efficiency 
of  the  proposed  method.  The  proposed  control  law  is  also  applied  to  dynamic 
vibration  absorbers  to  improve  the  performance. 

INTRODUCTION 

Control  of  structures  with  closely  spaced  natural  frequencies  is  known  to  be 
difficult  owing  to  coupling  between  modes,  especially  when  few  actuators  are 
used,  i.e.,  number  of  actuators  are  fewer  than  the  number  of  closely  spaced 
natural  frequencies  [1,2,3,4].  For  example,  in  the  active  control  experiment  of 
cable-structure  system,  spill-over  was  observed  when  natural  frequencies  of  the 
cable  and  the  supporting  structure  are  close  to  each  other  [1].  Detailed  analysis  of 
a  structure  with  two  closely  spaced  modes  and  a  single  actuator  has  shown  that 
state  feedback  can  enhance  the  performance,  but  robustness  of  stability  is  reduced 
considerably  [2,3].  One  of  the  solutions  used  to  overcome  this  difficulty  is  the  use 
of  direct  velocity  feedback  which  guarantees  asymptotic  stability  of  the  system  [5]. 
However,  it  has  mathematically  been  proven  that  the  control  effect  of  direct 
velocity  feedback  has  a  certain  upper  bound,  which  is  inversely  proportional  to 
the  closeness  of  each  natural  frequency  [2,3,4]. 

In  this  paper,  a  new  control  strategy  to  improve  the  control  performance 
which  preserves  asymptotic  stability  of  direct  velocity  feedback  is  studied.  The 
fundamental  idea  is  shown  in  the  block  diagram  of  Figure  1.  The  feedback  loop 
itself  is  direct  velocity  feedback,  while  the  gain  for  direct  velocity  feedback  is 
scheduled  by  state  information.  This  control  strategy  can  also  be  realized  by 
semi-active  devices  such  as  variable  orifice  dampers,  electro /magneto 
rheological  fluids  dampers,  or  magnetic  dampers  whose  damping  characteristics 
can  be  varied  according  to  command  [6, 7,8,9].  Although  this  control  strategy  is 
attractive,  calculation  of  the  appropriate  gain  is  somewhat  involved  and  requires 
extensive  computation  such  as  dynamic  programming.  To  obtain  simple 
interpretation  of  this  control  strategy,  analysis  in  this  paper  is  concentrated  on 
control  of  impulse  response  of  structures  with  two  closely  spaced  natural 
frequencies  using  one  actuator.  This  can  be  considered  as  the  most  fundamental 
situation. 
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The  paper  starts  with  perturbation  analysis  of  free  response  solutions  of  two 
degrees  of  freedom  structure  [2,3,10],  and  a  discussion  of  the  optimization  and  the 
limitation  of  the  constant  gain  direct  velocity  feedback  control.  Then,  state 
varying  gain  of  direct  velocity  feedback  is  constructed  based  on  physical 
intuitions  obtained  from  these  time  domain  solutions.  Because  the  time 
domain  solutions  are  given  in  relatively  simple  expressions,  the  control 
algorithm  is  also  developed  in  an  analytical  form.  Thus,  ti\e  proposed  method  is 
readily  applicable  to  any  structures  with  two  closely  spaced  natural  frequencies 
without  recourse  to  numerical  iterations.  Control  of  two  identical  oscillators 
which  are  connected  by  weak  spring  (Figure  2)  is  employed  to  demonstrate  the 
efficiency  of  the  proposed  control  law.  This  structural  system  has  been  employed 
in  Reference  [11]  for  analysis  of  fundamental  characteristics  of  dynamic  vibration 
absorber  attached  to  structures  with  closely  spaced  natural  frequencies. 
Numerical  simulations  show  that  the  proposed  control  law  has  higher 
performance  than  that  of  the  constant  gain  direct  velocity  feedback. 

In  the  last  part  of  the  paper,  the  control  strategy  is  applied  to  the  semi-active 
dynamic  vibration  absorber  where  the  damping  coefficient  of 'the  absorber  is 
adjustable.  The  control  law  of  the  current  paper  is  shown  to  approximate  the 
optimal  control  law  which  has  been  developed  specifically  for  semi-active 
dynamic  vibration  absorbers  [12]. 

OPTIMAL  CONSTANT  GAIN  DIRECT  VELOCITY  FEEDBACK 


At  the  first  half  of  this  section,  perturbation  solutions  for  free  response  of 
structures  with  two  closely  spaced  natural  frequencies  controlled  by  a  single 
actuator  are  developed.  Then,  the  optimal  gain  for  the  constant  gain  direct 
velocity  feedback  which  maximizes  the  modal  damping  ratios  of  the  system  is 
derived  using  these  solutions. 

Equations  of  motion  for  free  response  of  a  two  degrees  of  freedom  structure 
controlled  by  a  single  force  actuator  with  direct  velocity  feedback  are, 

Mx+Kx=bz.i ,  (la) 

(lb) 

where,  M  and  K  are  2x2  mass  and  stiffness  matrices;  b  is  the  actuator  position 
vector;  g  is  the  gain  of  direct  velocity  feedback;  and  x  =  [x,y]  ^  is  the  displacement 
vector.  The  actuator  position  is  assumed  to  be  associated  with  x  coordinate 
without  loss  of  generality,  and  hence  vector  b  is  expressed  by  [1,0]T  This 
installation  is  explained  by  the  example  of  two  identical  oscillators  which  are 
connected  by  weak  spring  in  Figure  2.  If  the  actuator  is  attached  to  the  mass  2,  the 
same  b  vector  can  be  used  by  exchanging  x  and  y  coordinate.  Although 
placement  of  actuator  at  the  connection  of  masses  1  and  2  cannot  be  expressed  by 
this  selection  of  b  matrix,  the  placement  is  not  appropriate  for  control  purpose 
and  is  not  considered  here,  because  it  makes  the  vibration  mode  with  parallel 
motion  of  both  masses  uncontrollable. 

The  open  loop  natural  frequencies  and  associated  mode  shapes  are  denoted  by 
cOjQ  and  where  /  =  1,  2.  The  mode  shape  matrix  is  defined  by. 


<Pn  <Pi2 

,<^21  (PnJ 


(2) 


which  is  normalized  with  respect  to  the  mass  matrix  M  ,  i.e.,  =1.  The 

equation  of  motion  can  be  transformed  by  this  matrix  to 
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Moda!  frequencies  foa 


actuator 

Figure  2.  Example  of  structures  with  two  closely  spaced  natural  frequencies: 
Two  identical  oscillators  connected  with  weak  spring. 


Normalized  gain  ^  Normalized  gain ^ 

(a)  Modal  frequencies  (b)  Modal  damping  ratios 


Figure  3.  Modal  properties  of  the  two-oscillator  system: 
- Numerical  solutions, - Perturbation  solutions. 


489 


Iq  +  rq  +  Aq  =  0^  (3) 

where  q=[qy  q2V,  and  A=diag{6020^  The  matrix  F  is  generally  not 

diagonalized  and  transformed  to. 


r  = 


- 1 

Oq 

S<Pn<l>i2 

g'Pn  . 

^^20^22  _ 

{co-^Q+ C02q)  /  2, 

(4) 


Laplace  transform  of  the  closed  loop  system  is, 

[s2l+sr+A]as)=r(]<0)+j.i0)+q(0) .  (5) 


where  Q(s)  is  Laplace  transform  of  q(f)-  The  characteristic  equation  for  this 
system  is  found  from  the  matrix  determinant: 

detjs^I  +  sF  +  a}  =  0  _  (6) 

To  solve  this  fourth  order  polynomial  in  terms  of  s,  perturbation  analysis  which 
follows  References  [2,3,10]  is  applied  here. 

The  following  two  parameters,  related  to  the  natural  frequencies,  are 
introduced  for  the  convenience  of  the  analysis: 


,COa^{COi0+O}2Q)/2^  (7) 

P^(coio-o}2o)/(2ma\  (8) 


Because  the  two  modes  are  closely  spaced,  the  parameter  (5  is  small  relative  to 
unity.  Normalized  gain  f/s  are  assumed  to  be  small.  Also  an  approximation 
is  introduced,  because  it  is  reasonable  to  place  the  actuator 
where  bii“0i2  holds,  to  control  both  modes  equally.  Note  that  the  signs  of  and 
can  always  be  made  the  same  by  appropriate  definition  of  coordinate  systems. 
Substituting  these  perturbation  parameters  into  the  characteristic  equation 
and  keeping  only  the  lowest  order  terms,  one  obtains  the  perturbation  solutions 


of  eigenvalues  as. 

Si  =  -  (C  +  /)] ,  s^  =  co,[i  -  (C  -  r)] , 

(9a,b) 

S3  =  co,[-i  -  (C + r)] ,  s,  =  w,[-i  -  (c  -  r)] . 

(9c,d) 

where. 

(9e) 

Details  of  derivation  can  be  found  in  References  [2,3,10]. 

Figure  3  shows  modal  frequencies  and  modal  damping  ratios  calculated  for 
the  system  of  Figure  2.  Modal  frequencies  and  damping  ratios  are  calculated  by 
1  s- 1  and  -Re[Sj]/  !  I ,  respectively,  following  the  common  practice.  The  mass  and 
the  spring  constant  of  each  oscillator  are  m/2  and  m£2^l2,  and  weak  spring 
between  the  masses  is  where  sis  set  to  0.04.  For  this  system,  the  natural 

frequencies  are  cOjq  =  Q,  and  =  Q-Vl  +  2s  ==  n(l  +  e),  and  the  mode  shapes  are 

bi  =[l/ Vm,l/A/mJ  and  =[l/-Vm,-l/Vm]  .  Therefore,  the  parameter  p  is  equal 

to  -e/ 2=  -0.02.  The  perturbation  solutions  of  equation  (9)  are  shown  to  give  good 
approximation  of  numerically  obtained  eigenvalues. 

In  Figure  3,  it  is  observed  that  both  modal  damping  ratios  increase  with 
to  ^^2 -  ^P  I  bifurcate  into  high-damped  and  low-damped  modes  when 
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>\p  I,  as  can  be  expected  from  equation  (9).  Hence,  the  optimal  gain  for  direct 
velocity  feedback  is 

which  maximizes  the  minima  of  the  damping  ratios.  This  relationship 
substantiates  the  assumption  of  the  analysis  that  is  small  relative  to  unity. 

By  applying  inverse  Laplace  transform  to  equation  (5)  using  the  eigenvalues 
of  equation  (9),  time-domain  solutions  for  arbitrary  initial  conditions  are  also 
obtained: 

z(?)  =  Vexp(Sf)Wz(0)^  (11) 

where 

z{t)  =  [q](tl  <?2(0,  qM/cOa,  ^  =  diag{^,,52,53,.S4},  (lla,b) 

1  1  1  1  ■ 

i^  +  y  i/J-y  -ij8  +  y  -ip -7 

V=  ij_  i2_  is.  ii-  ,  (11c) 

Si(i/3+y)  hi^P-r)  Sii-ip  +  r)  hi-^P-r) 

_  ^12^0  Cl2^o 


1 

1 

1 

ip+r 

ip-r 

-ip+r 

f,2 

C.2 

f.2 

ia. 

sfip+r) 

s^iip-r) 

S3  (-i/3 +  7) 

.  ?I2®. 

^12®. 

Cl2®. 

-ip+r 

-ip-r 

-if22 

ip+r 

ip-r 

-C.2 

if.2 

ip+r 

-ip+r 

C.2 

if.2 

-ip+r 

ip+r 

-i?>2 

Impulse  response  of  the  two  mass  system  of  Figure  2  is  shown  in  Figures  4  to 
6.  The  structure  is  subject  to  the  initial  conditions  of  (a)  i:(0)  =  y(0)  0, 
x(0)  =  y(0)  =  0;  and  (b)  i(0)  ^  0,  x(0)  =  y(0)  =  y(0)  =  0 .  The  response  is  normalized 
so  that  the  initial  kinetic  energy  corresponds  to  the  potential  energy  of  unit 
displacement.  Normalized  time  ris  given  by  The  response  of  mass  1  (x) 

and  mass  2  (y)  are  plotted  in  solid  lines  and  dashed  lines  respectively.  The 
responses  shown  here  are  all  obtained  through  numerical  integration.  Although 
they  are  not  shown  here,  responses  calculated  through  equation  (11)  had  good 
agreement. 

Figure  4  shows  the  response  when  Because  the  initial  condition  of  (a)  is 

precisely  in  the  shape  of  the  first  mode,  the  calculated  response  is  just  the  same 
as  that  of  a  single  oscillator.  In  Figure  4(b),  beating  between  the  first  and  second 
modes  are  observed,  because  of  the  two  closely  spaced  natural  frequencies 
appearing  in  Figure  3(a)  when  Figure  5  shows  the  response  when  ^^2  set 

to  the  optimal  value  of  equation  (10),  i.e.,  1=0.02.  Responses  of  both 

masses  are  decaying  at  approximately  the  same  rate.  Figure  6  shows  the  response 


when  1 P  I  =0.08.  Because  of  the  existence  of  low-damped  mode  as  observed 
in  Figure  3(b),  response  of  mass  2  in  Figure  6(a)  decays  very  slowly.  However,  the 
responses  subject  to  the  initial  condition  (b)  decays  very  fast,  because  the  actuator 
is  attached  to  mass  1,  and  initial  velocity  is  also  localized  in  x.  Hence  increasing 
gain  over  the  optimal  value  of  equation  (10)  does  not  generally  increase  the 
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Normalized  displacement  Normalized  displacement  Normalized  displacement 


Normalized  time T  Normalized  timet 


(a)  i(0)  =  m  ^  0,  x(0)  =  y{0)  =  0  (b)  x{0)  ^  0,  ;c(0)  =  >^(0)  =  y(0)  =  0 

Figure  4.  Impulse  response  of  the  two  oscillators  system  with 
- Mass  1  {x), - Mass  2  (y) 


0.0  5.0  10  15  20  25  0.0  5.0  10  15  20  25 


Normalized  timet  Normalized  timet 

(a)  m  =  m  ^  0,  x{0)  =  y(0)  =  0  (b)  i:(0)  0,  ^0)  =  y(0)  =  y(0)  =  0 

Figure  5.  Impulse  response  of  the  two  oscillators  system  with  !  jS  I : 
- Mass  1  (x), - Mass  2  (y). 


Normalized  timet  Normalized  timet 

(a)  i:(0)  =  y(0)  0,  ;c(0)  =  y(0)  =  0  (b)  i:(0)9t0,  x(0)  =  y(0)  =  y(0)  =  0 

Figure  6.  Impulse  response  of  the  two  oscillators  system  with  1^1: 
- Mass  1  (x), - Mass  2  (y). 
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damping  of  the  system,  although  it  may  make  the  response  faster  for  special  kind 
of  initial  conditions. 

In  this  section,  optimization  and  limitation  of  constant  gain  direct  velocity 
feedback  has  been  discussed  based  on  analyses  of  eigenvalues  and  time  history 
responses.  In  the  next  section,  variable  gain  control  law  is  constructed  based  on 
these  observations. 


VARIABLE  GAIN  CONTROL  STRATEGY 


Variable  feedback  gain  for  control  of  transient  vibration  is  developed  in  this 
section.  Here,  the  normalized  gain  or  equivalently,  g  is  assumed  to  be 
adjustable  upon  command.  However,  sudden  changes  of  cause  excessive 
variation  in  control  force  when  x  is  large,  because  control  force  is  the 
multiplication  of  ^^2  x.  This  sudden  change  in  damping  force  may  cause 
trouble  especially  in  semi-active  devices,  where  the  gain  ^^2  is  directly  controlled 
by  variation  of  dynamic  properties  of  the  elements  or  the  materials.  To  avoid 
this  difficulty,  Cn  is  adjusted  only  at  the  zero-crossings  of  the  velocity  of  the 
actuator  x  and  is  kept  constant  between  each  zero-crossing.  In  this  way,  the 
control  force  in  the  actuator  is  zero  when  ^^2  is  changed.  Because  of  this 
adjustment  policy,  only  the  responses  which  correspond  to  the  initial  condition 
of  the  zero-crossing  of  x,  i.e., 

x(0)  =  x(0)  =  0^  y(0)  =  yo^  y(0)  =  yo ,  (12) 

needs  to  be  considered  in  the  following  development. 

The  fundamental  strategy  is  to  use  larger  gain  when  the  response  is  localized 
in  X,  where  the  actuator  is  attached,  to  maximize  the  control  effect.  A  similar 
situation  has  been  shown  in  Figure  6(b).  When  the  gain  is  large,  i.e., 
the  response  of  equation  (11)  can  be  simplified  to: 

X  =  Xiexp(-2f„ffl,t)sm((B„t  +  e,)  +  X2Sin((a,t  +  0j)  (13a) 

y  “  ■'"iexp(-2Ca),t)sin(Q),f  +  e3)  +  y2sin((0,t  +  e,)  (13b) 

where. 


Xi=/ 


X2= 


Phi 

Ai  ^0 

2fl2021 

JlyoY 

2Ci2</>21 

V  UJ 

+yo 


Ti=- 


-^0 


„2+  P'hi  yo 
yo+  - — ^0^— 


\2 


6i=tan 


62=tan‘‘  - 


(13c) 


(13d) 


(13e) 


(13f) 


(13g) 


(13h) 
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03=0 


04=tan' 


(13i) 


I  Ufl2012  (13j) 

Response  in  x  decreases  by  increasing  Cu'  because  the  first  term  of  equation  (13a) 
is  highly  damped  with  the  damping  ratio  of  2Q  and  the  second  term  has 
coefficient  X2  which  is  inversely  proportional  to  This  is  natural  since  the 

(13b)  is 
to 


actuator  is  attached  in  x.  However,  the  second  term  of  equation 
undamped  and  its  coefficient  Y2  is  not  inversely  proportional 
Nevertheless,  by  taking  the  gain  of 

P<p22  COgXo 
2012  , 

the  amplitude  of  this  undamped  oscillation  y2  is  minimized  to  72  =  I  i . 

Now,  consider  the  case  that  the  structural  motion  in  y  is  much  larger  than 
that  in  x.  In  this  case,  increasing  gain  will  not  reduce  response  in  y,  just  as 
observed  in  Figure  6(a).  However,  when  the  value  of  is  small,  i.e.,  0<  (^2  << 
\  P  \ ,  the  response  becomes. 


(14) 


x= 


011 

021 

(15a) 


y=y  cos(|/3|fy«t)sin{(yaf+tan^[(a}^yo)/yo]} 

These  equations  describe  the  beating  between  two  closely  spaced  modes  with  the 
frequency  of  which  has  been  observed  in  Figure  4(b).  Introduction  of 

beating  is  advantageous  when  vibration  is  localized  in  y,  because  it  can  transfer 
energy  from  y  to  x  where  the  actuator  is  attached.  By  looking  at  equation  (14), 
one  can  observe  that  the  gain  (^2  becomes  small  when  vibration  energy  in  y  is 
much  greater  than  that  in  x.  Hence,  the  relation  of  (14)  is  expected  to  induce 
beating  and  introduce  desirable  effect  on  the  response  of  the  structure  in  this 
situation  too. 

Based  on  the  above  observation,  the  following  variable  gain  control  law  is 
proposed: 


2012 


CO„X. 


yo 


or  §- 


(16) 


Here,  the  absolute  value  of  equation  (14)  is  taken  to  prevent  negative  velocity 
feedback  and  to  guarantee  asymptotic  stability  of  the  system. 

The  advantage  of  the  proposed  analytical  method  over  numerical 
optimization  is  that  the  control  law  of  equation  (16)  can  easily  be  applied  to  any 
structures  with  two  closely  spaced  natural  frequencies  for  any  initial  conditions 
without  recourse  to  numerical  iteration. 

The  control  law  of  equation  (16)  is  applied  to  the  structure  of  Figure  2.  All  the 
structural  parameters  are  kept  same  as  the  previous  analyses  of  Figures  4  to  6, 
and  the  initial  condition  of  x(0)  =  y(0)  ^  0,  x(0)  =  y(0)  =  0  is  employed  here. 
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Normalized  timex 

(a)  Structural  response 


Normalized  time  T 
(b)  Normalized  gain 


Figure  1.  Impulse  response  of  the  two  oscillators  system  with  control 
- Proposed  control  law, - Optimal  constant  gain  feedback. 


0.0  10  20  30  40  50 

Normalized  timer 

(a)  Mass  1  (x) 


0.0  10  20  30  40  50 

Normalized  timer 
(b)  Mass  2  (y) 


Figure  8.  Impulse  response  of  the  two  oscillators  system  with  control 
- Proposed  control  law, - Optimal  constant  gain  feedback. 


The  calculated  structural  energy  are  shown  in  Figures  7  and  8.  Square  root  of 
structural  energy  normalized  by  initial  structural  energy  is  plotted  as  the 
indicator  of  the  amplitude,  which  shows  the  envelop  process  of  the  response. 

For  variable  gain  control,  the  upper  bound  for  gain  is  set  to  ^^2=^  I P  *  ^^sed 
on  the  previously  listed  natural  frequencies  and  mode  shapes,  the  control  law  of 
equation  (16)  becomes, 

(17) 

Look  at  the  properties  of  the  proposed  variable  gain  control  which  are  shown 
by  solid  lines  in  more  details.  Figure  7(a)  shows  that  the  proposed  variable  gain 
control  gives  faster  decay  of  structural  response  than  optimal  constant  gain 
feedback  with  ^^2=  '  P  •  =0.02,  especially  after  r  >  10.  Figure  7(b)  gives  the  time 
history  of  The  highest  value  of  gain  is  observed  at  the  beginning,  which  is 
immediately  followed  by  the  minimum  value  of  gain.  Afterwards,  the  gain 
increases  again  and  remains  almost  constant  around  ^^2-0-02=  \  P  \ .  The  response 
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of  each  mass  is  given  in  Figure  8.  The  response  of  mass  1  increases  around  r  =  10 
as  shown  in  Figure  8(a),  whereas  the  response  of  mass  2  given  in  Figure  8(b) 
decays  monotonicaliy  with  time.  The  timing  of  this  increase  in  response  of  mass 
1  coincides  with  the  lower  gain  region  in  Figure  7(b).  This  behavior  is  actually 
expected  from  the  construction  of  the  varying  gain  control  rule  in  the  preceding 
section.  As  energy  in  mass  1  is  dissipated,  the  gain  becomes  lower  to  allow 
energy  of  mass  2  to  flow  into  mass  1  around  T  =  10  by  the  beating  effect.  Because 
of  this  energy  transfer,  the  response  of  mass  2  decays  much  faster  than  that  of 
constant  gain  feedback.  Then  the  gain  increases  up  to  approximately  I  p  I  =0.02  to 
dissipate  the  energy  stored  in  mass  1. 

APPLICATION  TO  DYNAMIC  VIBRATION  ABSORBER 


Dynamic  vibration  absorbers  are  commonly  used  to  control  vibrations  in 
mechanical  systems.  Because  the  absorber  is  tuned  to  a  natural  frequency  of  the 
structure,  the  resulting  absorber/ structure  system  has  closely  spaced  natural 
frequencies.  In  usual  practice  of  dynamic  absorbers,  passive  viscous  damper, 
which  can  be  interpreted  as  actuator  with  constant  gain  direct  velocity  feedback, 
is  attached  to  broaden  bandwidth  of  vibration  suppression  [13].  Here,  tiie  damper 
is  replaced  by  actuator  with  variable  gain  control.  To  make  the  notation 
consistent,  the  x  coordinate  is  assigned  to  the  displacement  of  the  absorber 
relative  to  the  main  mass,  while  the  displacement  of  the  main  mass  is  denoted 
by  y  (see  Figure  9).  The  main  structure  is  modeled  as  a  single  degree  of  freedom 
structure  with  mass  and  natural  frequency  and  the  vibration  absorber  has 
mass  niy  and  natural  frequency  Qy.  The  absorber  frequency  is  given  by  the  well- 
known  optimal  tuning  ratio,  i.e.,  Qy=  Simple  approximate  solutions  of 

modes  are  available  when  mass  ratio  }i  =  myl  is  much  smaller  than  unity  [14], 
in  which  the  natural  frequencies  and  mode  shapes  are  given  by 

({jj  =[l/^277Zy,-^/.^2m„ j  ,  where  Q^={Q^+Qy)/2.  The  parameter  /?  can  be 


calculated  as  Then,  control  law  of  equation  (16)  yields. 


4% 

,  or  <?- 

to 

(18) 


Response  of  the  main  structure  with  //=0.01  and  initial  condition  of  y^  ^  0, 
Xq  =  Xq  =  yo  =  0  is  shown  in  Figure  10.  The  energy  transferred  to  the  absorber  is 
not  included  here  because  the  response  reduction  of  structure  by  attachment  of 
absorber  is  of  interest  but  not  the  absorber  response  itself.  Hence,  the  response  is 
smoothly  decreasing.  This  response  characteristic  is  similar  to  what  was 
observed  in  the  response  of  the  mass  2  in  Figure  8(b) 

The  optimal  variable  gain,  which  gives  the  fastest  decay  of  impulse  response 
of  structure  excluding  the  energy  of  absorber,  has  been  derived  analytically  [12]: 

0,  if  yiimit<yo^O; 


fl2(0 


=  / 


_1 


xq 


4  L  xo 


if  >’0<7limit; 


(19) 
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Figure  9.  Dynamic  vibration  absorber/  structure  system. 


Normalized  time  t  Normalized  time  r 

(a)  Structural  response  (b)  Normalized  gain 


Figure  10.  Impulse  response  of  structure  with  dynamic  vibration  absorber: 

- Proposed  control  law, - Optimal  constant  gain  feedback, 

- Optimal  variable  gain  feedback. 

where, 

yiimit  =  — cot(  V7I;r/2)  ^ 

(19a) 

Response  due  to  this  optimal  variable  gain  is  also  plotted  in  the  same  figure. 
The  proposed  control  law  is  shown  to  give  slightly  worse  response  than  the 
optimal  solution,  but  faster  decay  than  the  optimal  passive  absorber.  Variation 
of  gain  is  shown  in  Figure  10(b).  The  optimal  gain  variable  gives  more  drastic 
variation  of  gain  than  the  proposed  control  law. 

5.  CONCLUSIONS 

A  variable  gain  control  strategy  for  direct  velocity  feedback  to  suppress 
transient  response  of  structures  with  two  closely  spaced  natural  frequencies  is 
constructed  based  on  analytical  perturbation  solutions  of  the  initial  value 
problem.  The  design  method  is  applied  to  the  examples  of  two  identical 
oscillators  connected  by  a  weak  spring  and  dynamic  vibration  absorber.  Validity 


497 


of  the  method  is  confirmed  in  each  numerical  example.  The  main  conclusions 
are  as  follows: 

1.  Analytical  expressions  are  developed  for  structures  which  consist  of  two 
closely  spaced  natural  frequencies  and  an  actuator  with  direct  velocity 
feedback.  The  results  provide  useful  insights  on  optimization  and 
limitation  of  constant  gain  direct  velocity  feedback. 

2.  Variable  gain  direct  velocity  feedback  control  is  constructed  using  physical 
intuitions  obtained  from  analytical  solutions.  Numerical  studies  confirm 
that  the  efficiency  of  the  proposed  method  is  higher  than  that  of 
conventional  constant  gain  direct  velocity  feedback. 

3.  The  proposed  control  law  is  applied  to  dynamic  vibration  absorbers,  and  is 
shown  to  qualitatively  approximate  the  optimal  variable  gain  developed 
in  previous  study  [12]. 
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MOBILITY  MODEL  FOR  ACTIVE  ISOLATORS 


P.GARDONIO  S.J.  ELLIOTT  and  R.  J.  PINNINGTON 
Institute  of  Sound  and  Vibration  Research,  University  of  Southampton,  U.K. 

1.  INTRODUCTION 


This  paper  presents  a  theoretical  study  of  the  active  isolation  of  structural  vibration 
transmission.  The  content  of  this  paper  can  be  divided  into  two  parts:  first  the 
formulation  of  a  mathematical  model  which  allows  the  analysis  of  active  isolator 
systems  and  second  a  simulation  of  different  control  strategies. 

Recent  studies  of  active  isolation  have  suggested  the  need  for  mathematical  models 
which  give  a  detailed  analysis  of  the  coupled  wave  transmission  mechanism  when 
control  sources  are  acting  and,  at  the  same  time,  to  provide  a  summary  of  the  overall 
phenomenon  and  thus  allow  a  global  interpretation  of  the  dynamics  of  the  system. 
With  reference  to  these  requirements,  a  matrix  model  has  been  used  which  assumes 
that  the  system  is  divided  into  three  elements:  the  source,  the  receiver  and  the  active 
mounts.  The  dynamics  of  each  of  these  elements  is  evaluated  using  point  and  transfer 
mobility  terms.  The  elements  are  modelled  either  as  lumped  systems  or  distributed 
systems  on  which  structural  waves  can  propagate.  Vibration  transmission  within  the 
system  has  been  expressed  in  terms  of  power.  This  parameter  is  useful  for  both  local 
and  global  analysis  of  the  vibration.  There  are  two  major  advantages  in  using  power: 
first,  an  examination  of  the  power  related  with  specific  degrees-of-freedom  allows  a 
direct  comparison  of  different  types  of  motion  (for  example  it  is  possible  to  compare 
the  effects  of  angular  and  linear  vibration);  second,  the  total  power  transmitted  to  an 
element  gives  an  indication  of  the  energy  available  either  for  noise  emission  or  for 
vibration  transmission  to  a  substructure. 

The  second  part  of  the  paper  presents  a  review  of  the  different  strategies  for  the 
active  isolation.  In  principle  the  minimisation  of  total  power  transmitted  to  the 
receiver  is  the  optimal  control  strategy  but  this  turns  out  not  to  be  a  practical  solution. 
Therefore  it  has  been  used  as  a  "benchmark"  for  gauging  other  approaches  which  can 
be  implemented  in  practice.  Four  alternative  control  strategies  have  been  considered 
with  reference  to  the  receiver  junctions:  first,  the  cancellation  of  out-of-plane 
velocities  below  the  moimts;  second,  the  cancellation  of  out-of-plane  forces  at  the 
bottom  of  the  mounts;  third,  the  minimisation  of  power  due  only  to  the  out-of-plane 
velocities  and  forces  and  fourth,  the  mimmisation  of  the  weighted  sum  of  squared 
out-of-plane  velocity  and  squared  out-of-plane  forces. 

2.  MATRIX  MODEL  FOR  AN  ACTIVE  ISOLATING  SYSTEM 

Many  of  the  studies  of  isolators  are  concerned  with  systems  having  only  a  single 
mount  vibrating  in  one  direction  [1].  A  more  detailed  study  is  needed  for  a  system 
with  many  mounts  (usually  3  or  4),  each  of  which  is  a  distributed  flexible  component. 
The  Finite  Element  Method  can  be  used  to  study  this  problem  but  the  model  can  then 
be  complicated  and  physical  insight  limited.  Good  results  have  been  obtained  by 
using  an  approach  where  the  system  is  divided  into  individual  components  and  each 
component  is  studied  in  terms  of  input  and  transfer  mobilities  or  impedances  [2, 3]. 

In  reference  [2]  a  matrix  model  is  introduced  where  the  dynamics  of  the  source  and 
the  receiver  are  expressed  in  terms  of  input  mobility  matrices  and  the  dynamics  of  the 
mounting  system  connecting  these  two  members  is  given  in  terms  of  the  transfer 


501 


mobility  matrices.  This  formulation  is  valid  for  linear  systems  and  can  describe  the 
dissipative  effects  of  all  three  members,  but  was  limited  to  axial  motion  only.  In  the 
following  section  this  approach  will  be  generalised  for  multi-axis  vibration. 

The  complete  isolating  system  is  divided  into  three  flexible  parts  as  shown  in  figure  1: 
the  source,  the  moimting  system,  composed  by  n  elements,  and  the  receiver.  These 
parts  are  connected  at  a  finite  number  of  junctions.  At  each  junction,  the  motion  and 
the  forces  transmitted  are  characterised  by  six  complex  parameters  at  a  single 
frequency  of  excitation.  These  velocity  and  force  parameters  are  grouped  in  a  velocity 
junction  vector  and  a  force  junction  vector  which,  for  the  j-th  junction  can  be  written 
as 

‘i'.  e,  e,  =  W,  N,  M,  M„  mJ  (U) 

where  iij,  Vj,  Wj  are  the  linear  velocities  respectively  along  the  x,  y  and  z  directions, 
0^.,  0^^,  0^.  are  the  angular  velocities  referred  respectively  to  the  x,  y  and  z  axis, 
N  N  ,  N .  are  the  forces  in  the  x,  y  and  z  directions  and  finally  M ,,  M  M .  are  the 
moments  referred  respectively  to  the  0  ,  0  and  0  rotations. 


Fig.  1:  Scheme  of  a  general  complete  isolating  system. 


With  reference  to  the  notation  shown  in  figure  1,  combinations  of  these  jimction 
vectors  are  then  grouped  together  to  form  three  combined  pairs  of  vectors:  the  source 
velocity  vector  (vj  and  force  vector  (fj,  the  receiver  velocity  vector  (vj  and  force  vector  {Q 
and  the  mounting  system  velocity  vector  (vj  and  force  vector  {ij.  The  source  and 
receiver  velocity  vector  and  force  vector  are  given  by: 


where  represent  the  velocity  junction  vector  and  the  force  junction  vector  at 

the  source  junction  for  the  mount,  while  v,^.,  represent  the  velocity  junction 

vector  and  the  force  junction  vector  at  the  receiver  junction  for  the  f  mount.  The 
vectors  of  velocities  and  forces  of  the  mounting  system  are  given  by: 
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(8) 


f. 


f  1.^ 

‘•»i2n  J 


where  represent  the  velocity  junction  vector  and  the  force  junction  vector  at 

the  source  junction  for  the  mount  and  represent  the  velocity  junction 

vector  and  the  force  junction  vector  at  the  receiver  junction  for  the  moimt. 

The  dynamics  of  the  source  and  the  receiver  are  studied  using  a  mobility  matrix 
approach  so  that  their  velocity  and  force  vectors  can  be  written  in  the  form: 

V.,  =  +M,q,.  V,  =  M,f,  +M,3q,  (9,10) 


where  M^,,  and  mobility  matrices  respectively  of  the  source  and  the 

receiver  [4]  and  q^,  are  the  primary  excitation  vector  and  the  flanking  excitation 
vector.  The  flanking  excitation  acting  on  the  receiver  q^  could  be  due  to  a  subsystem 
connected  with  it  or  to  a  flanking  path  connecting  the  source  with  the  receiver.  A 
detailed  description  of  the  source  and  receiver  mobility  matrices  for  a  rigid  body 
(source)  and  a  flat  plate  (receiver)  is  given  in  appendices  A  and  C.  The  dynamics  of 
the  mounting  system  are  expressed  using  an  impedance  matrix  approach: 

f.=Z.„v.+Z„.q,  (11) 


where  and  are  impedance  matrices  of  the  mounting  system  [4]  and  q^  is  the 
excitation  vector  of  the  control  forces  acting  on  the  mounts.  Appendix  B  gives  the 
details  of  these  impedance  matrices  when  evaluated  for  a  flexible  one-dimensional 
mount.  The  source  and  receiver  equations  (9),  (10)  can  be  grouped  together  in  one 
equation: 

(12) 


where  the  mobility  matrices  and  the  excitation  vector  have  the  form: 


= 


M,  0 
0 


M„,  = 


M,,  0 

0  M., 


q/ 


and  the  junctions  velocity  and  force  vectors  are  given  by: 


= 


(13-15) 


(16,17) 


where  v^.^  and  f are  called  respectively  source-receiver  velocity  vector  and  source- 
receiver  force  vector.  The  source  receiver  vectors  are  related  with  the  analogous 
mounting  system  vectors  by  a  transformation  matrix  T  [4]  m  such  a  way  as  to  satisfy 
the  contmuity  principle  (for  the  velocity  vectors)  and  the  equilibrium  principle  (for 
the  force  vectors)  at  each  junction: 

f^^=-Tf^^  =Tv^^  (18,19) 


Using  these  two  relations,  equations  (11)  and  (12)  can  be  related  in  such  a  way  as  to 
find  the  source-receiver  velocity  vector  or  the  source-receiver  force  vector  as  a 
function  of  the  primary-flanking  and  secondary  sources: 

V,  =  + Q„q,  =  Qtf  q,/ + Q„q,  (20,21) 

where:  Q„  =(I  +  M„T-'Z„„T)"'m„  (22) 

Q„  =-(I  +  M„,T-'Z„„T)“m„.T-'Z.,  (23) 
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(24) 


Q,/  =  -T-‘Z,.T(I  +  M„T-‘Z„„T)-'m„, 

Q„  =T-'Z.,T(I  +  M,,T-'Z.,T)"m„.T-‘Z,„  -T-'Z,„  (25) 

The  vibration  transmission  to  the  receiver  will  be  quantified  by  using  power  and  for 
the  specific  model  investigated  five  types  of  power  parameters  can  be  defined: 

(i)  the  power  input  by  the  primary  excitation  {P^}; 

(ii)  the  power  input  by  the  flanking  excitation  q^,  {P^}; 

(iii)  the  power  input  by  the  secondary  excitation  q^,  {PJ; 

(iv)  the  power  input  by  both  primary  and  secondary  excitations,  {PJ  (which  is 
the  minimised  power  cost  function); 

(v)  the  total  power  input  into  the  receiver,  (PJ. 

Because  the  source  is  considered  as  a  flexible  distributed  system  with  dissipation  the 
power  input  by  the  primary  source  into  the  complete  isolating  system  is  given  by: 

P,.=|Re(q,"v,)  (26) 

where  is  a  vector  containing  the  velocity  parameters  at  the  source  points  where  the 
primary  excitations  act  [4]  and  ”  denotes  the  Hermitian  transpose.  The  power  input 
into  the  complete  isolating  system  by  the  flanking  excitation  is  given  by: 

(27) 

where  q^  is  the  flanking  excitation  vector  and  is  a  vector  containing  the  velocity 
parameters  at  the  receiver  points  where  tihe  flanking  excitations  act  [4].  The  power 
input  into  the  complete  isolating  system  by  the  secondary  source  is  given  by: 

/>,=|Re(qfv,)  (28) 

where  is  a  vector  containing  only  the  axial  velocity  at  the  mounts  junctions.  The 
power  transmitted  to  the  receiver  by  the  primary  and  secondary  sources  is  given  by: 

P,  =^Re(f>,)  (29) 

and  the  total  power  input  to  the  receiver  is  obtained  by  summing  the  power 
transmitted  to  tiie  receiver  by  the  source  and  the  power  input  to  the  receiver  by  the 
flanking  excitation  =  P^+P^. 

3.  CONTROL  STRATEGIES 

The  strategies  considered  here  for  active  control  can  all  be  expressed  in  terms  of  a 
quadratic  cost  function  which  is  minimised  and  this  can  always  be  written  in  the  form 
[5,6]: 

y  =  qfAq^ +qfb  +  b"q^ +c  (30) 

The  control  source  that  minimises  this  quadratic  equation  is  given  by  [5,6]: 

q,„=-A-‘b  (31) 
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The  control  strategy  of  -a-  minimising  total  power  transmitted  by  the  source  to  the  receiver 
was  assumed  as  a  reference  for  assessing  the  efficacy  of  four  alternative  control 
strategies  that  are  the  -b-  cancellation  of  out-of -plane  input  velocities  to  the  receiver  or  the  - 
c-  cancellation  of  out-of-plane  input  forces  to  the  receiver,  the  -d-  minimisation  of  an  estimate 
of  power  transmitted  by  the  source  to  the  receiver  and  finally  the  -e-  minimisation  of  the 
weighted  sum  of  squared  values  of  out-of-plane  input  velocities  and  forces  to  the  receiver.  The 
estimate  of  the  power  quantity  is  the  power  associated  with  the  out-of-plane 
velocities  and  forces  at  the  receiver  jimctions.  In  this  paper  these  four  control 
strategies  will  be  referred  to  as:  -a-  total  power  minimisation  (J^),  -b-  velocity 
canceUation  (/„),  -c- force  cancellation  (Jf,  -d-  axial  power  minimisation  (Jf)  and  finally 
(e)  velocity  and  force  minimisation  (/„^).  When  the  total  power  is  minimised  the  cost 
function  is: 


y„=iRe(f>,)  =  i(f>,+vff,)  (32) 

where  the  receiver  velocities  and  forces  parameters  at  the  receiver  jimctions  are  given 
by  the  two  following  equations  and  where  R„=[0„,  I,„]  and 

^fx,’  Irx,  respectively  a  zero  matrix  and  a  unit  matrix,  t  is  the  dimension  of  the 
source  and  receiver  vectors.  The  two  matrices  in  the  quadratic  form  of  equation  (30) 
are  then  needed 


(33,34) 

When  velocity  cancellation  is  implemented  then  the  cost  function  has  the  form: 

/=vfv,  (35) 


and  the  velocity  vector  v,  is  obtained  with  the  following  equation  =  R,2V^,  [6].  The 
two  matrices  m  equation  (30)  are  then  given  by: 

A,  =  Q.:R':,R„Q.  b,  =  Q:R:,R„Q,.q,,  06, 37) 


When  force  canceUation  is  implemented  than  the  cost  function  has  the  form: 


(38) 


and  the  force  vector  f  is  obtamed  with  the  foUowing  equation  f,  =  [6].  The  two 

matrices  in  equation  (30)  are  then  given  by: 

A,  =  Q,"R' R,:Q.,  b,  =  QjR^.R„Q„q,,  (39, 40) 

If  the  axial  power  is  minimised  the  cost  function  assumes  the  same  form  as 

equation  (32)  and  the  velocity  v^  and  force  f  vectors  are  given  by  the  two  equations 
=  R,jf„  [6].  FinaUy  when  velocity  and  force  minimisation  are 

implemented  then  the  cost  function  has  the  form: 

(41) 

and  the  velocity  and  force  vectors  are  the  same  as  those  considered  above 
respectively  for  velocity  or  force  canceUation.  Thus  the  two  matrices  in  equation  (30) 
are  given  by: 
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A,.,  =Q:R^:R,:Q„  +  HQ:R,',R,:Q„  b,,  =(Q>^,R,,Q^+HQ.“R:,R,,Q„)q„ 


(42,  43) 


The  coefficient  is  a  weighting  factor  used  to  make  homogeneous  the  two  parameters 
minimised  and  have  the  dimensions  of  a  mobility  squared  {sjKg ).  The  coefficient  |x 
can,  for  example,  be  assumed  to  be  equal  to  the  square  of  the  point  mobility  of  an 
infinite  plate  when  out-of-plane  velocity  and  force  are  considered  [4]. 


4.  ACTIVE  CONTROL  WHEN  THE  RECEIVER  IS  AN  INFINITE  PLATE 


Figure  2  shows  the  geometry  of  the  system  considered.  The  source  is  an  alummium 
mass  whose  dimensions  are  0.52  x  0.3  x  0.25  m.  The  two  mounts  are  modelled  as  rings 
of  rubber  with  two  reactive  control  forces  acting  at  the  ends.  The  external  and  internal 
diameters  and  the  height  of  the  suspensions  are  respectively  6  cm,  3  cm  and  10  cm. 
Two  types  of  receiver  structure  are  analysed:  first  an  infinite  plate;  second,  a  simply 
supported  finite  plate.  In  both  cases  the  aluminium  plate  is  0.5  cm  thick.  The  source  is 

modelled  as  a  rigid  body 
since  the  first  natural 
frequency  due  to  the 
structural  waves  which 
propagate  on  it  is  well 
above  the  frequency  range 
considered  in  the 
simulations.  The  receiver 
thin  plate  is  assumed  to  be 
distributed  and  the  model 
considers  the  propagation 
of  longitudinal  and  shear 
in-plane  waves  and  the 
propagation  of  flexural  out-of-plane  waves.  The  mounts  are  also  modelled  as 
distributed  systems  on  which  longitudinal  and  flexural  waves  can  propagate.  It  has 
been  assumed  that  the  rigid  mass  vibrates  in  a  plane  (y-z  plane)  and  in  this  way  both 
the  effects  due  to  multi-degree-of-freedom  vibration  and  the  effects  due  to  multi¬ 
mounts  are  taken  into  account  in  the  simulations.  Appendices  A,  B  and  C  contain  the 
mobility  or  impedance  formulation  for  the  three  elements  of  the  system.  The  primary 
excitation  considered  in  the  simulation  was  composed  by  unitary  axial  and  transverse 
harmonic  forces  and  by  a  unitary  harmonic  moment  in  the  y-z  plane  whose  time 
dependence  was  exp(/cof). 

Considering  the  total  power  minimisation  strategy,  figure  3  shows  the  frequency 
distribution  of  the  power  transmitted  to  the  infinite  receiver  plate  while  figure  4 
shows  the  contribution  to  the  power  transmission  due  to  each  degree-of-freedom.  The 
dynamics  of  the  system  without  control  are  characterised  by  three  rigid  body  modes 
(transverse,  axial  and  pitching  modes)  at  low  frequency  (at  around  7  Hz)  [4]  and  by 
natural  modes  of  the  distributed  mounts  at  aroimd  500  Hz  [4].  The  control  action 
produces  an  average  reduction  in  the  power  transmitted  to  the  receiver  of  about  30 
dB  and  the  maximum  and  minimum  reductions  are  about  45  dB  and  6  dB 
respectively.  When  active  control  is  implemented  the  d5mamics  of  the  system  change 
a  bit  at  low  frequency;  in  fact  now  only  two  rigid  body  modes  characterise  the  system 
vibration  [4,6,7]. 

As  shown  in  figure  4  the  main  contribution  to  the  power  transmission  when  the  active 
control  is  implemented  is  due  to  ihie  axial  or  transverse  power  at  low  firequency  and 


506 


to  the  angular  power  at  high  frequency.  When  the  two  rigid  modes  of  the  controlled 
system  are  excited  the  power  transmission  is  due  to  all  of  the  components.  The  axial 
power  is,  however,  larger  than  the  total  power  transmitted  to  the  receiver  at  these 
frequencies.  The  reason  for  this  is  that  axial  power  is  not  transmitted  to  the  receiver 
but  is  absorbed  from  the  receiver.  Power  thus  circulates  in  the  system  with  part  of  the 
transverse  and  angular  power  transmitted  to  the  receiver  being  absorbed  by  the 
control  sources  as  axial  power.  So,  when  the  active  control  of  total  power 
transmission  is  implemented  the  transverse  displacements  and  the  rotations  become 
as  important  as  the  axial  displacements  and  a  new  phenomenon  of  "power  circulation" 
characterises  the  power  transmission  to  the  receiver. 


Fig.  3:  Power  transmitted  to  an  infinite  0.5  cm  thick  Fig.  4:  Power  transmitted  to  an  infinite  0.5  cm  thick 
plate  when  a  combined  excitation  acts  on  the  plate  when  a  combined  excitation  acts  on  the 

.wurce,  thick  line  uncontrolled  system,  thin  source  and  the  total  power  control  strategy  is 

line  total  power  minimisation.  implemented,  thick  line  total  power,  dash- 

dotted  line  transver.se  power,  thin  line  axial 
power,  dotted  line  angular  power. 


Fig.  5:  Power  transmitted  to  an  infinite  0.5  cm  thick  Fig.  6:  Power  transmitted  to  an  infinite  0.5  cm  thick 
plate  when  a  combined  excitation  acts  on  the  plate  when  a  combined  excitation  acts  on  the 

.source,  thick  line  uncontrolled  system,  dash-  source,  thick  line  uncontrolled  system,  dash- 

dotted  line  velocity  cancellation,  dotted  line  dotted  line  velocity  and  force  minimisation, 

force  cancellation.  dotted  line  axial  power  minimisation. 

The  efficacy  of  the  four  active  control  strategies  which  use  only  axial  velocity  and 
force  signals  is  shown  in  figures  5  and  6.  The  global  effects  of  these  four  control 
strategies  are  quite  similar  to  each  other  in  this  case  and  the  average  reduction  of  the 
power  transmitted  to  the  receiver  is  about  20  dB  while  the  maximum  value  is  about 
40  dB.  However,  when  active  control  is  implemented  and  the  transverse  or  pitching 
rigid  body  modes  of  the  isolator  are  excited  the  performance  is  very  poor  since  the 
power  transmitted  to  the  receiver  is  even  larger  than  before  control. 
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Jenkins  et  al  [8]  and  Pan  et  al  [9]  used  the  efficiency  ratio  [4]  to  represent  the 
effectiveness  of  the  passive  and  active  isolation.  This  parameter  can  be  defined  as  the 

ratio  of  the  power  transmitted  to  the 
receiver  by  an  isolator  with  rigid 
mounts  and  the  power  transmitted  to 
the  receiver  by  an  isolator  with  flexible 
mounts. 


£  =  - 


P,  (rigid  mounts) 


P,  (passive  or  active  mounts) 


(44) 


Figure  7  shows  the  frequency 
distribution  of  the  efficiency  ratio  when 
passive  isolation  and  active  control 
isolation  based  on  total  power 
Fi}’.  7:  Efficiency  of  the  passive  isolation  (thick  line)  and  minimisation  are  used.  This  figure 
active  isolation  minimising  total  power(thin  line)  shoWS  that  the  active  isolator  system  on 
when  an  infinite  5  mm  thick  plate  is  considered.  average  increases  ihe  efficiency  of  the 

isolation  by  about  20  dB,  The  problems  of  passive  isolation  at  low  frequency  are 
overcome  since,  apart  from  the  frequency  at  which  the  pitching  rigid  body  mode  is 
excited,  the  efficiency  after  active  control  is  always  larger  than  one. 


5.  ACTIVE  CONTROL  WHEN  THE  RECEIVER  IS  A  FINITE  PLATE 


In  this  section  the  effects  of  active  control  are  examined  when  the  receiver  is  a  finite 
plate  of  dimensions  1  m  x  1.5  m  x5  mm .  Figure  8  shows  the  frequency  distribution  of 
the  power  transmitted  to  the  receiver  without  control  and  by  controlling  the  total 
power  transmission.  The  dynamics  of  the  system  is  quite  similar  to  that  having  an 
infinite  plate:  now  the  resonances  of  the  rigid  body  modes  (transverse  mode  3  Hz, 
axial  mode  4.2  Hz  and  pitching  mode  9  Hz)  and  the  distributed  mounts  (500  Hz)  are 
mixed  with  a  relatively  large  number  of  resonances  due  to  the  finite  receiver  plate 
dynamics.  Total  power  control  produces  an  average  reduction  of  the  power 
transmission  of  about  20  dB.  From  20  Hz  to  200  Hz  large  attenuations  are  achieved,  of 
the  order  of  30  dB,  but  for  frequencies  greater  than  200  Hz  the  reduction  is 
diminished  to  20  dB.  The  reason  for  this  lessening  of  the  active  control  efficacy  is 
related  to  the  dynamics  of  the  receiver.  At  aroimd  80  Hz  the  flexural  waves 
propagating  in  the  receiver  plate  have  wavelengths  which  are  comparable  to  the 
distance  between  the  two  moxmts  and  so  the  coupling  between  the  motion  under  the 
two  mounts  becomes  weaker  and  therefore  the  power  injected  by  them  becomes  more 
independent  [10].  At  frequencies  where  the  flexural  wavelength  is  long  compared  to 
the  distance  between  the  mounts,  the  axial  secondary  force  generated  by  one  moimt 
can  influence  the  moment  introduced  at  the  other  mount  [11]  and  thus  the  active 
mounts  have  a  greater  capability  for  controlling  the  total  motion  of  the  receiving 
structure. 

The  frequency  distribution  of  the  efficiency  ratio  is  shown  in  figure  9  for  total  power 
minimisation  which  shows  that  an  average  efficiency  improvement  of  about  20  dB  is 
achieved.  The  active  isolation  is  also  effective  at  frequencies  below  100  Hz  where  the 
passive  isolation  can  produce  negative  efficiencies  at  the  receiver  resonances  [4]. 

The  efficacy  of  the  velocity  and  force  cancellation  control  strategies  is  shown  in  figure 
10.  At  low  frequencies  the  active  isolator  produces  poor  results.  The  reason  for  this 
low  capability  of  controlling  the  rigid  modes  is  due  to  the  power  circulation 
phenomenon  described  in  the  previous  section.  At  frequencies  above  the  two 
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resonances  of  the  rigid  modes  and  below  200  Hz  the  control  effectiveness  of  these  two 
strategies  is  poorer  than  that  of  controlling  total  power.  The  velocity  and  force  control 
are  characterised  by  an  average  power  reduction  of  about  18  dB  which  becomes 
smaller  when  the  modes  of  the  distributed  mounts  and  receiver  plate  are  excited. 


Fi}’.  8:  Power  transmitted  to  a  finite  0.5  cm  thick 
plate  when  a  combined  excitation  acts  on  the 
source,  thick  line  uncontrolled  system,  thin 
line  total  power  minimisation. 


Fift.  JO:  Power  transmitted  to  a  finite  0.5  cm  thick 
plate  when  a  combined  excitation  acts  on  the 
source,  thick  line  uncontrolled  system,  dash- 
dotted  line  velocity  cancellation,  dotted  line 
force  cancellation. 


Fig.  9:  Efficiency  of  the  passive  isolation  (thick  line) 
and  active  isolation  minimising  total  power 
(thin  line)  when  a  finite  5  mm  thick  plate  is 
considered. 


Fig.  II:  Power  transmitted  to  a  finite  0.5  cm  thick 
plate  when  a  combined  excitation  acts  on  the 
.source,  thick  line  uncontrolled  system,  dash- 
dotted  line  velocity  and  force  minimisation, 
dotted  line  axial  power  minimisation. 


It  shoiild  be  noted  that  the  resonances  due  to  the  receiver  modes  occur  at  different 
frequencies  in  the  two  control  cases  and  this  can  be  explained  in  terms  of  the  modal 
behaviour  of  the  receiving  plate.  The  velocity  cancellation  control  strategy  constrains 
the  out-of-plane  vibration  at  the  two  jtmctions  where  the  mounts  are  connected  to  the 
plate.  Thus,  for  the  velocity  cancellation  control  strategy,  the  plate  can  be  assumed  to 
be  simply  supported  at  the  four  edges  and  pinned  at  the  two  junction  points.  This 
new  configuration  of  the  boundary  conditions  increases  the  stiffriess  of  the  plate  and 
therefore  the  natural  frequencies  occur  at  higher  frequencies  than  in  the  reference 
case.  On  the  other  hand  the  force  cancellation  control  strategy  does  not  produce  any 
change  in  the  boimdary  conditions  of  the  plate  and  therefore  the  natural  frequencies 
remain  those  of  the  simply  supported  plate.  At  frequencies  above  200  Hz  the  results 
obtained  by  the  velocity,  and  force,  control  strategies  are  similar  to  the  one  produced 
by  the  total  power  control  strategy.  It  must  be  emphasised  that  the  efficacy  of  these 
two  control  strategies  comes  closer  to  that  of  total  power  control  because  the  total 
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power  control  strategy  performance  is  reduced  above  200  Hz,  as  described  above, 
and  not  because  the  velocity  or  force  control  strategy  have  improved  their 
effectiveness. 

As  figure  11  shows,  the  control  of  axial  power  produces  even  worse  results  than  force 
or  velocity  cancellation  giving  average  reductions  of  only  about  10  dB.  Power 
circulation  is  foimd  to  be  very  strong  in  this  case,  which  causes  a  lot  of  problems 
particularly  when  the  rigid  body  modes  are  excited  after  control.  In  fact,  when  active 
control  is  implemented,  there  is  greater  power  transmission  after  control  when  the 
rigid  body  modes  are  excited.  For  frequencies  above  200  Hz  the  control  performance 
is  similar  to  velocity  or  force  cancellation. 

The  control  of  out-of-plane  velocity  or  force  produces  poor  results  when  the  modes  of 
the  receiver  are  excited.  The  fact  that  these  modes  occur  at  different  frequencies,  as 
described  above,  suggest  that  using  a  cost  function  which  minimises  a  combination  of 
both  out-of-plane  velocities  and  out-of-plane  forces  at  the  receiver  jimctions  should 
give  better  control. 

Figure  11  shows  results  of  minimising  the  cost  function  given  by  the  weighted  sum  of 
the  squared  velocity  and  squared  force,  as  described  in  section  3.  This  performs  very 
well  when  compared  with  conventional  velocity  or  force  cancellation:  the  rigid  body 
modes  after  control  are  quite  successfully  controlled.  In  the  frequency  range  between 
20  and  200  Hz  most  of  the  peaks  due  to  either  velocity  or  force  cancellation  are 
suppressed  and  even  at  higher  hrequencies  the  isolation  is  increased.  The  value  of  this 
control  strategy  becomes  even  more  evident  when  compared  with  the  total  power 
minimisation  control  strategy  (figure  8).  In  general  we  observe  that  the  minimisation 
of  the  weighted  sum  of  squared  values  of  velocities  and  forces  gives  almost  as  good  a 
performance  as  minimismg  total  power  except  that  the  control  of  forces  and  velocities 
give  slightly  higher  peak  values  (by  a  few  decibels)  at  the  controlled  resonance 
frequencies. 


6.  CONCLUSIONS 

The  first  part  of  this  paper  is  concerned  with  the  description  of  the  matrix  model  used 
to  describe  the  vibration  transmission  from  a  source  to  a  receiver  through  active 
mounts.  A  detailed  formulation  for  the  mobility  or  impedance  terms  for  the  source, 
for  the  mounts  and  for  the  receiver  is  reported  in  the  appendices.  Particular  attention 
has  been  devoted  to  the  consistent  derivation  of  the  individual  terms  required  in  this 
formulation,  since  even  though  many  of  the  individual  terms  have  previously  been 
derived,  it  is  still  difficult  to  find  references  in  which  a  complete  and  consistent  set  of 
mobility  or  impedance  terms  is  given. 

The  vibration  transmission  to  the  receiver  has  been  quantified  by  using  structural 
power  since  this  single  parameter  can  be  used  to  describe  the  d)mamics  of  the  system 
in  a  consistent  manner.  The  power  transmitted  to  the  receiver  does  not  only  give  a 
measure  of  the  vibration  in  the  receiving  structure  but  also  gives  the  estimate  of  noise 
radiation  that  in  many  applications  is  the  real  target  of  the  vibration  isolation. 

The  second  part  of  the  paper  considers  the  efficacy  of  four  different  control  strategies 
with  reference  to  the  optimal  approach  which  is  the  minimisation  of  total  power  input 
to  the  receiver.  The  strategies  of  cancelling  the  velocities  or  forces  under  the  mounts 
are  generally  less  effective  than  minimising  total  power  while  the  minimisation  of 
axial  power  perform  very  poorly  [12].  Minimisation  of  weighted  sum  of  squared 
velocities  and  forces,  however,  gives  similar  results  to  the  control  of  total  power. 

It  has  also  been  shown  in  references  [6,7,12]  that  for  more  realistic  cases,  characterised 
by  measurement  errors  and  flanking  paths,  the  cancellation  of  velocity  or  force  is 
more  effective  than  the  active  control  of  measured  power.  The  minimisation  of  the 
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sum  of  squared  velocities  and  weighted  square  forces  gives  a  particularly  interesting 
result  since  the  efficacy  of  the  isolation  is  almost  equal  to  the  total  power 
minimisation  control  strategy  and  this  performance  is  not  sensitive  to  measurement 
errors  or  flanking  paths. 
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APPENDIX  A:  SOURCE  DYNAMICS 

Practical  applications  of  complete  isolating  systems  often  involve  systems  having  a 
source  of  vibration  that  can  be  modelled  as  a  rigid  mass  on  which  act  external  forces 
and  moments  that  represent  the  source  excitation.  When  more  than  one  mount  is 

attached  to  the  source  then  the 
mobility  and  load  matrices  of 
such  sub-systems  become  quite 
involved.  In  this  appendix,  the 
matrix  formulation  is  derived 
for  a  source  modelled  as  a  rigid 
mass  free  to  vibrate  in  the  y-z 
plane  and  excited  by  forces  and 
a  moment  acting  in  the  same 
plane.  Two  mounts,  reacting  to 
axial  (z-direction),  and 
transverse  (y-direction) 

displacements  and  to  rotation 
(0^-direction),  are  connected  to 
the  source.  As  shown  in  figure 
12  the  primary  excitation  is 
divided  into  three  components 
acting  on  the  centre  of  gravity 
of  the  mass  (N^,  N^,  MJ-, 
figure  12  also  shows  the  displacement  and  force  parameters  for  the  two  junctions 
where  the  source  is  connected  to  the  mounts.  With  reference  to  the  source  vectors 
notation  introduced  in  section  2  for  this  particular  case  the  source  velocity  and  force 
vectors  are  given  by  the  following  set  of  parameters: 


W,,  0.„,  v.i 

(A.1) 

=  K,  N^,  W„z  W.Z 

(A.2) 

To  describe  the  block  mass  dynamics  with  a  matrix  approach  it  is  convenient  to  use 
two  new  vectors  giving  the  linear-angular  velocities  and  the  force-moment 
parameters  at  the  block  mass  centre  of  gravity  position  as  shown  in  figure  12: 

v„={v.  4=K.  (A.3,A.4) 

Considering  the  block  mass  as  a  rigid  body,  for  small  oscillations  these  two  vectors 
are  related  with  the  source  vectors  in  the  following  way: 

v,=V,v,  f^=FX  (A.5,A.6) 


Fi^.  12:  Scheme  with  the  junction.^  parameters  of  the  complete 
isolatin}’  system. 


where: 
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1  0  0 

0  1  (/.-4>.)/2 

0  0  i 

1  0  0 

0  1  -(/,-(|)J/2 

0  0  1 

/j,  I2  are  the  dimensions  of  the  block  mass  and  <|)^  is  the  diameter  of  the  suspension 
cross  section.  With  reference  to  the  centre  of  gravity  parameters  and,  considering  a 
motion  with  time  dependence  of  the  form  exp(ycof),  the  dynamic  equilibrium 
principle  can  be  used  to  obtain  the  following  equations: 

Wy  +  mw^.  =  jcomwg  (A.9-A.11) 

where  F^.^,  are  the  three  components  of  the  primary  source  of  vibration  and 

m,  4  represent  respectively  the  source  mass  and  the  source  moment  of  inertia  with 
respect  to  the  x  axis.  These  three  equations  can  be  summarised  in  matrix  form: 

4  =  L,q„  +  H,v,  (A.12) 

so  that: 

(A.13) 

where: 

q,  =  K  p.  (A.14) 

is  the  primary  excitation  vector  and  the  two  matrices  L^,  have  the  form: 

-10  0  j(om  0  0 

L^-  =0-10  Hy  =  0  j(0m  0 

0  0  -1  0  0  7C04 

Then  using  equations  (A.5)  and  (A.6)  it  is  possible  to  express  the  dynamics  of  the 
system  in  terms  of  the  junction  parameters  and  the  primary  excitation  vector  as 
shown  by  equation  (9)  where  m  this  case  M,;  and  are  given  by: 

M„  =  V^Hc'F,  M,3  =  (A.17,  A.18) 

This  result  can  be  extended  to  a  rigid  mass  free  to  oscillate  into  the  space  and 
connected  with  several  mounts  by  using  the  same  approach  presented  above. 

APPENDIX  B:  MOUNTING  SYSTEM  DYNAMICS 

The  mounts  of  an  isolator  system  can  be  studied  as  a  one  dimensional  system 
composed  of  several  elements.  A  general  multi-degree-of-freedom  mount  reacts  to 
normal  and  transverse  (in  two  cross  directions)  forces  and  also  reacts  to  bending 
moments  (in  two  cross  directions)  and  to  a  torsional  moment.  In  this  paper  a  system  is 
studied  that  can  vibrate  in  a  plane  and  then  excite  the  mounts  with  normal  and 


(A.15,  A.16) 


'1  0  0  1  0  o' 

4  =0  1  0  0  1  0  (A.7,A.8) 

4/2  (/,-(!) J/2  1  4/2  -(/.-(l),)/2  1_ 
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transverse  forces  and  a  bending  moment;  these  excitations  produce  longitudinal  and 
flexural  waves  propagating  in  the  one-dimensional  mount. 

In  this  appendix  the  impedance  matrices  of  a  pair  of  mounts  reacting  to  an  axial  force 
{N^J,  to  a  transverse  force  {N^J  and  to  a  bending  moment  (M^J  are  given.  The 
mounts  have  an  actuator  which  is  able  to  act  only  in  the  axial  direction.  The  mounts 
are  considered  as  a  flexible  continuous  system,  having  a  passive  behaviour  given  by  a 
ring  of  rubber.  The  control  actuator  action  is  modelled  as  a  couple  of  opposite  forces 
(F)  applied  to  the  ends  of  the  mounts,  and  all  the  passive  effects  of  the  actuating 
device  are  neglected. 

With  reference  to  the  matrix  formulation  introduced  in  section  2,  the  dynamics  of  the 
mounting  system  is  given  by  equation  (11).  Considering  the  notation  of  figure  12,  the 
velocity  and  force  vectors  of  the  mounts  are  given  by: 

v„={v.„  V,„  =  f,„  f.„  f.,}’' 


Z„,  =- 


(B.3) 


where  for  example  }  and  N 

vnU  The 

impedance  matrix  Z,„j  of  equation  (11)  is  given  by: 

■Z,  0  Z,  0 

0  Z„  0  z, 

Z,,  0  Z,,  0 

0  Z„  0  z,, 

where  [13]: 

0 

/^;:;((pl-cp,cp,) 

‘Pa<p2-<pj 


z..  = 


Ak,X, 

X, 


0 

Ak, 

q).<Pz-"9' 

0 

Z.z  = 

-s 

O 

<P4<Pz-<P' 

0 

E*/(«p.<P,-9,«Pz) 

0 

<Pz<Pz-fp' 

.(p4'Pz-9? 

94<Pz-9L 

(B.4,B.5) 


z„  = 


0 


0 

Ak, 

'k 
0 


E*X<Pj‘p4  -<Pz<P.) 

0 

E*X9,tp.  -cp]) 

<P4<P:  -<P,' 

(P49z-<P] 

tp4<Pz-(p5 

Ak,X, 

0 

Z.z  = 

0 

0 

-(p,(p,) 

0 

E*/((P49. -<P,tPz) 

<p4‘pz-'pL 

-6 

"i 

cp4<Pz-<p' 

(B.6,B.7) 


where  E  is  the  Young's  modulus  of  elasticity,  A  and  are  respectively  the  area  and 
the  moment  of  inertia  for  the  cross  section  of  the  mount  (with  reference  to  the  :r  axis), 
and  are  respectively  the  wave  number  of  the  quasi  longitudinal  and  flexural 
waves  in  a  beam.  The  damping  effect  can  be  introduced  by  considering  the  complex 
wave  number.  The  other  terms  are  given  by  the  following  expressions: 

A,,  =  cosk,h  X,  =  sin k^h  (B.8,  B.19) 


cp,  =  — [cosh  k^h  + cos  k^li^ 


(p,  =  —  [sinhjt^/z  +  sin/:^/i] 


9?  =  -^[cosh  A:^/2  -  cosk^h^  (B.IO,  B.ll) 

9  ^  [sinh  k^h  ~  sin  k^h^  (B.12,  B.13) 


and  h  is  the  height  of  the  actuator  for  a  single  moimt.  The  impedance  matrix  Z,„2  and 
the  control  excitation  vector  in  equation  (11)  have  the  form: 
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Z.,  =  [-T:  -X  +T."  +T."] 

where: 

r  1  0  oT 

T  = 

'  0  0  0 


q,  =  {/v,  F..Y 

(B.14,  B.15) 

o 

o 

o 
— 1 

II 

o 

o 

(B.16,  B.17) 

The  procedure  to  determine  the  impedance  matrices  presented  above  can  be 
extended  to  a  system  having  several  mounts  vibrating  in  all  directions. 


APPENDIX  C:  RECEIVER  DYNAMICS 


In  this  appendix  the  dynamics  of  a  flat  infinite  or  finite  plate  are  studied,  when 
excited  by  out-of-plane  and  in-plane  forces  and  by  bending  moments.  The  in-plane 
force  are  assumed  to  act  in  the  middle  of  the  plate  cross  section  and  then  generating 
only  in-plane  longitudinal  waves  and  in-plane  shear  (transverse)  waves  while  the 
out-of-plane  force  and  the  flexural  moment  generate  only  out-of-piane  flexural 
waves.  Longitudinal  and  shear  (transverse)  waves  are  characterised  by  in-plane 
displacements  u(x,y)  and  v(x,y)  while  the  flexural  wave  is  characterised  by  out-of¬ 
plane  displacements  zv(x,y)  and  plate  cross  section  rotations  Q,(x,y)  and  Q^(x,y).  The 
formulation  reported  in  this  appendix  does  not  consider  the  action  of  a  torsional 
moment  which  generates  shear  (transverse)  waves. 

The  dynamics  of  the  receiver  system  is  given  by  equation  (10).  As  shown  in  figure  2 
the  complete  isolating  system  studied  in  this  paper  is  characterised  by  a  rigid  mass 
connected  to  the  receiver  plate  through  two  moimts.  The  junctions  connecting  the 
moimts  to  the  plate  and  the  flanking  excitation  forces  and  moment  are  placed  along 
the  y  axis.  As  shown  in  figure  12,  the  two  mounts  excite  the  plate  with  a  pair  of  out- 
of-plane  forces  N^,  and  with  a  pair  of  in-plane  forces  and  ^ 

of  moments  and  The  flanking  excitation  consists  of  an  out-of-plane  force 
a  in-plane  force  F^^  and  a  torque  in  the  y,z  plane  So,  the  formulation  of  the  two 
mobility  matrices  are  simplified  since  only  some  of  the  degrees-of-freedom  at  a  fixed 
position  of  the  receiver  plate  are  considered.  In  fact,  with  reference  to  the  notation  of 
figure  12,  the  receiver  velocity,  force  vector  and  flanking  excitation  vector  used  m 
equation  (10)  are  given  respectively  by; 

v,  =  {v„  N„  M„, 

'v  (C-1-C.3) 


Because  only  the  in-plane  force  {N^)  produces  in-plane  vibration  (u^)  while  only  the 
out-of-plane  force  (NJ  and  the  moment  (MJ  produce  out-of-plane  {w)  and  angular 
(e,,)  vibration  the  two  mobility  matrices  and  of  equation  (10)  are  given  by; 
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(C.4,C.5) 


where  indicates  a  point  mobility  term  at  the  j-th  junction  while  the  term  m'* 
indicates  a  transfer  mobility  term  between  jimction  /  (where  the  velocity  is  evaluated) 
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and  junction  k  (where  the  excitation  is  acting).  It  should  be  said  that  equation  (C.4) 
refers  to  any  case  of  plate  element  and  when  the  infinite  plate  case  is  considered  the 
point  mobility  terms  and  are  zero. 

The  next  two  subsections  give  general  mobility  equations  considering  either  an 
infinite  or  a  finite  plate.  With  these  formulae  it  is  then  possible  to  derive  the  mobilities 
of  the  two  matrices  M^,  and 
M^j.  The  notation  used  in 
these  subsections  is  shown 
in  figures  13  and  14.  Figure 
13  shows  the  notation  used 
for  the  in-plane 

displacements  (w  and  v) 
and  the  in-plane  forces  ( 
and  N^. )  at  two  generic 

points  of  a  plate  while 
figure  14  shows  the  notation 
at  two  generic  points  of  a 
plate  used  for  &e  out-of  plane  displacement  (w),  for  the  rotation  in  a  general 
direction  in  the  x-y  plane  (Q for  the  out-of-plane  force  ( )and  for  the  moment  in  a 

general  direction  in  the  x-y 
plane  ( ).  At  each  of  these 
two  points  a  local  system  of 
reference  composed  of  a 
right-handed  triple  of 
vectors  {x,  y,  z)  is  defined. 
The  formulation  of  the 
transfer  mobility  terms  in  an 
infinite  plate  require  the 
knowledge  of  the  angle  a 
which  is  defined  as  the 
angle  between  the  x  axis 
and  the  segment  r  joining 
the  two  points  examined.  This  angle  is  defined  as  positive  with  reference  to  the  right- 
handed  screw  rule.  For  the  mobilities  involving  angular  velocities  or  flexural 
moments  a  second  angle  p  is  used  and  this  is  defined  as  the  angle  between  the  x  axis 
and  the  segment  d  as  shown  in  figure  14. 

C.l.  INFINITE  PLATE 

In  the  formulation  below  the  pomt  mobility  for  in-plane  or  out-of-plane  forces  and  for 
the  moments  contains  the  local  indenter  effect,  which  is  the  cause  of  the  imaginary 
parts  in  the  mobility;  when  the  transfer  mobilities  are  considered,  however,  these 
local  effects  can  be  ignored,  and  the  unaginary  parts  of  the  mobilities  are  due  only  to 
the  wave  propagating  effects.  The  input  mobility  terms  are  considered  first  with 
reference  to  position  1.  The  in-plane  velocities  «,  and  v,  relate  respectively  to  the  in¬ 
plane  forces  N^j  and  by  two  mobility  terms,  one  for  the  longitudinal  wave  and  one 
for  the  shear  (transverse)  wave  [14]: 


Fi}’.  14:  Notation  for  out-of-plane  velocity  and  force  parameters. 
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l+^lnf 
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'l+i-lnf 
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85 
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,0)  j 

(C.6) 


where  D  =  sEjl-v'^  and  S  =  sG  are  respectively  the  longitudinal  and  shear  stiffiiess, 
s  is  the  plate  thickness,  E  is  the  Young's  modulus  of  elasticity,  G  is  the  shear  Young's 
modulus  of  elasticity  and  v  is  the  Poisson's  ratio,  co,  =7T:yD/4p5(t),  /  w,  =7i.^5/4pj(j)^  / 

p  is  the  density  and  is  the  diameter  of  the  indenter.  The  out  of  plane  force 
generates  a  flexural  wave  that  at  position  1  is  characterised  only  by  transverse  Wj 
velocity.  So  the  point  mobility  associated  with  this  excitation  is  [13]: 
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II 

wNz 


W|  _  (0 


(C.7) 


where  B  =  £sVl2(l  -v*)  is  the  flexural  stiffness  for  a  plate  and  is  the  wave  number 
of  flexural  waves  in  a  plate.  Also  the  torques  M,j  and  generate  a  flexural  wave 
that  at  position  1  is  characterised  only  by  plate  angular  velocities  that  are  respectively 
0^,  and  0  ^, .  The  two  mobilities  are  then  given  by  [15]: 


CO 


'  85(1 +  L) 


1  • 4 ,  ,  ^  ;8L 

1  +  j — In /:,(}) - -( - TT 

%  ^  ‘  7r(l-v*) 


(C.8) 


where  L  is  a  parameter  which  tends  to  unity  for  large  [16].  The  transfer 

mobilities  are  now  examined  for  the  particular  case  where  the  velocities  are  evaluated 
at  position  2  while  the  forces  or  moments  are  applied  at  position  1.  With  reference  to 
the  notation  introduced  in  figure  13  the  in-plane  forces  or  produce  axial  and 
shear  waves  that  propagate  with  a  typical  dipole  velocity  distribution.  The  transfer 
mobilities  in  polar  co-ordinates  (r,  t)  considering  the  in-plane  excitation  are  given 
by  the  following  two  equations  [17]: 
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smaH - 

45 

k,r 

sincx  (C.IO) 

where  k,  and  k,  are  respectively  the  wave  numbers  of  quasi-longitudinai  waves  and 
shear  waves  in  a  plate.  is  the  second  kind  of  Hankel  function  of  the  i-th  order. 
With  these  two  equations  it  is  then  possible  to  derive  the  two  mobility  terms  and 
relating  the  in-plane  force  with  the  in-plane  lij  and  Vj  velocities.  As  similar 
procedure  can  be  used  to  derive  the  two  mobility  terms  mil  relating  the  N,, 

m-plane  force  with  the  in-plane  and  velocities  respectively.  If  a  bending 

moment  and  an  angular  velocity  0^,  with  general  orientation  defined 
respectively  by  the  angles  (3,  and  ^re  considered,  the  following  four  transfer 
mobility  terms  can  be  derived  [11,18]: 
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where  the  following  parameters  are  defined:  5,  =  (52  -  (5, ,  82  =  (3,  -  P2/  =ot,  -  (3, , 
e,  =  a,  -  (3, .  is  the  second  kind  of  Hankel  function  of  the  i-th  order  and  K.  is 
the  second  kind  modified  Bessel  fimction  of  the  i~th  order.  If  the  moment  and  the 
angular  velocity  parameters  are  aligned  then  |3,=a,  or  (3,=a,+7c  and  p,=a2  or 
(32  =a,  +7C .  Therefore  e,  =0  and  £2=0  and  equation  (C.14)  assumes  the  following 
simplified  form: 
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Using  equation  (C.12)  it  is  possible  to  derive  the  expressions  of  the  mobility  terms 
and  while  from  equation  (C.13)  the  mobility  terms  and  can  be 

derived.  Finally,  using  equation  (C.14)  the  four  mobility  terms  ,  and 

/n„‘'  can  be  evaluated. 


C.2.  HNITE  PLATE 


The  notation  used  is  the  same  as  shown  in  figures  13  and  14  and  a  main  system  of 
reference  is  considered  at  the  left  bottom  comer  of  the  plate  as  shown  in  figure  2.  The 
simply  supported  boundary  condition  imposes  the  following  restraints  at  the  edges  of 
the  plate: 
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When  a  finite  stmcture  is  considered  the  formulae  of  point  and  transfer  mobilities 
have  the  same  form.  So,  the  following  equations  are  given  for  transfer  mobilities  but 
can  equally  be  applied  for  point  mobilities.  The  in-plane  velocities  and  Vj  relate 
respectively  to  the  in-plane  forces  and  by  two  mobility  terms,  one  for  the 
longitudinal  wave  and  one  for  the  shear  (transverse)  wave  [19]: 
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where  A  =  pslJJ4  is  the  modal  mass,  0),,„  ,  and  are  the  m,n-th  natural 

frequencies  associated  respectively  with  the  longitudinal  and  shear  waves 
propagating  on  the  plate  q  is  the  loss  factor  and  are  the  m,n-th 

eigenfunctions: 
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with  m  =  0,1,2,...  and  n  ~  0,1,2,...  The  out  of  plane  force  N,j  and  the  flexural  moments 
M,j  and  at  position  1  generate  flexural  waves  that  at  position  2  are  characterised 
by  both  transverse  vv^  velocity  and  angular  O^j  and  0^,j  velocities.  So  the  point 
mobility  associated  with  this  excitation  are  [19]: 
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where  A  =  pslJJ4  is  the  modal  mass,  co^„  „  is  the  m,n-th  natural  frequency  due  to  the 
flexural  wave  propagating  on  the  plate,  q  is  the  loss  factor  and  (p,„„,  are 

the  m,7i-th  eigenfunctions: 
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An  Application  of  An  Artificial  Neural  Network  Method 
to  Nonlinear  Vibration  Control  Systems 

Meiling  Zhu  Chunsheng  Zhao 
Institute  of  Vibration  Engineering  Research 
Nanjing  University  of  Aeronautics  &  Astronautics 
Nanjing,  210016,  People's  Republic  of  China 

Abstract:  An  artificial  Neural  Network  Method  (ANNM)  used  for  nonlinear  vibration 
control  systems  is  investigated.  The  fundamental  descriptions  of  the  network  structure  and  its 
learning  rules  are  briefly  given.  A  back  propagation  neural  network  control  scheme  is 
presented  in  combination  with  the  theory  of  a  state  feedback  control.  The  scheme  provides  a 
very  efficient  method  for  investigating  the  nonlinear  vibration  control  systems  in  the  case  that 
their  analysis  models  are  difficult  to  build.  Two  examples  are  cited  to  illustrate  its 
effectiveness.  Furthermore,  how  to  select  some  values  of  the  important  parameters  of  the 
ANN  structure  is  discussed. 


Introduction 

Various  control  methods  of  vibration  systems  have  been  researched  and  widely  used  in  the 
past  few  decades.  The  methods  may  be  categorized  into  two  major  classes  in  terms  of  the 
approaches  of  building  model.  The  first,  being  the  most  often  used,  uses  known,  fixed  and 
lined  system  models,  such  as  optimum  control,  suboptimal  control  and  eigenstructure 
assignment.  These  methods  have  been  successfully  applied  to  some  linear  vibration  systems 
(Matsumura  and  Yoshimoto,  1986;  Lee  and  Kim,  1992;  Nonamic  et.  al,  1990).  The  second 
is  to  utilize  an  adaptive  control  method  that  is  a  kind  of  advance  control  technique,  because  it 
does  not  require  a  complete  knowledge  of  controlled  systems  before  designing  the 
controllers  and  the  controller  parameters  can  be  turned  on  real  time  according  to  the  changes 
in  the  systems.  It  has  been  applied  for  controlling  some  nonlinear  systems  (Ulsoy  and  Koren, 
1989;  Butler  et.  al,  1989).  However,  the  adaptive  control  technique  can  be  only  used  in  such 
a  case  that  the  forms  of  models  of  the  systems  are  known  and  based  on  a  linear  system 
theory  (Liu,  1993).  Moreover,  these  put  heavy  computational  burdens  for  the  control  systems, 
because  a  large  number  of  parameters  of  the  models  have  to  be  estimated  on-line.  Thus,  this 
limits  the  scope  of  its  application. 

Therefore,  the  control  system  must  possess  some  performances  of  intelligence  to  learn  and 
control  a  practical  complex  system  (Shoureshi,  1991).  Expert  systems  have  been  proven  to  be 
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In  ANNl,  the  output  u  of  ANN2  and  measurement  signal  Y{k)  are  used  as  the  input  layer 
signals  of  ANNl  and  its  output  layer  signal  is  Y{k+1).  Hence  the  learning  signal  can  be 
expressed  as 

E  =  ]^[Y{k  +  \)-hk  +  m  (3) 

A 

where  Y{k+1)  is  a  calculated  output  value  of  the  network  ANNl. 

The  model  built  by  means  of  the  neural  network  is  following  form 

Y{k  +  1)  =  hx{k),u{k).  Oik),  W(k),k)  (4) 

where  /( . )  is  an  estimated  function  of  the  vectors  expressed  by  weights  of  the  network. 

In  ANN2,  its  input  layer  signals  are  measurement  signals  Y  (k),  its  output  signals  are 
control  signals.  So  learning  signals  can  be  expressed  as 

E  =  ]^[Y^{k  +  \)-Y{k  +  \)]  (5) 

where  Y^  is  the  target  vector  of  desired  output . 

The  output  of  ANN2  is 

U{k  + 1)  =  G{Y{k),uik),  eik),k)  (6) 

where  G(  .)  is  expressed  by  the  weights  of  the  network.  In  the  condition  of  a  current  state 
given,  the  neural  network  control  scheme  above  presented  can  generate  the  correct  control 
signals  and  drive  the  system  to  reach  the  desired  state.  It  is  necessary  to  monitor  the  output 
errors  [YQc+l)  -  Yik+1)]  between  the  practical  process  and  ANNl  model.  If  the  errors  are 
more  than  the  boundary  line,  the  connection  weights  of  the  neural  network  system  must  be 
updated  at  once. 


Artificial  Neural  Network  Model 

Artificial  neural  networks,  ANNl  and  ANN2,  consist  of  a  large  number  of  simple  neurons. 
The  typical  artificial  neuron  model  is  shown  in  Fig.  2  (Kohonen,  1986).  It  is  a  nonlinear 
model  having  n  inputs  single  output  Y and  some  threshold  6.  The  neuron  can 

receive  the  signals  from  other  neurons  by  connecting  weights  co^,  and/or  from  the  external 

world,  and/or  from  itself  signal  feedback.  The  connection  strength  between  them  can  be 
adjusted  by  the  weights  .  The  relationship  between  the  inputs  and  the  output  of  the  neurons 

can  be  expressed  as  follows 
n 

w=  I  ^-x. 

Y^fil.  tu.x.-e) 

i  =  1 

where /is  a  sigmoid  function.  For  symmetrical  case 
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(8) 


For  unsymmetrical  case 

The  multi layed  feedforward  neural  network  structure  presented  by  Rumalhart  and  so  on 
(1986)  and  employed  in  this  paper  is  shown  in  Fig.  3.  It  is  composed  of  three  layers;  input 
layer,  idden  layer  and  output  layer.  Each  neuron  is  represented  by  a  circle,  and  each 
interconnection  with  its  associated  weight  by  an  arrow.  The  neurons  labeled  b  are  bias 
neurons.  These  bias  neurons  always  have  an  output  of  1 .  They  serve  as  threshold  units  for  the 
layers. 

For  given  an  input  vector  Z  =  the  network  can  produce  an  output  vector 


Y  =  f{X)  (10) 

where  /is  a  nonlinear  vector  function  between  the  inputs  and  outputs.  It  has  been  shown  that 
this  network  is  able  to  approximate  arbitrary  nonlinear  functions  with  the  arbitrary  desired 
accuracy  (Funahashi,  1989). 


Learning  algorithm 

A  learning  algorithm  is  the  role  of  adjusting  mechanism  of  the  weights  How  to  adjust 

the  weights  is  a  very  important  problem  which  influences  upon  the  adaptability  and  anti¬ 
disturbance  ability  of  control  systems.  Therefore,  it  is  a  nucleus  in  designing  a  neuron 
controller.  Among  the  most  current  algorithms,  the  method  of  error  Back-Propagation  is  one 
of  the  successful  algorithms,  often  shortened  to  BP  network  algorithm.  The  gradient  descent 
method  and  the  error  back-propagation  are  employed  to  adjust  the  weights  between  layers  so 
as  to  minimize  average  sum-squared  errors  between  the  goals  of  learning  and  practical 
outputs  of  the  network.  The  learning  equations  can  be  divided  into  two  categories:  feed¬ 
forward  calculation  from  the  input  to  the  output,  and  error  back-propagation  from  the  output 
to  the  input.  The  calculation  is  made  layer  by  layer,  and  parallelly  in  the  same  of  layers  in  the 
learning  algorithm.  The  relation  between  the  input  space  and  the  output  space  of  the 
nonlinear  function  is  obtained.  In  the  view  of  network  structure  shown  in  Fig.  2,  a  concrete 
algorithm  is  described  as  follows. 

For  given  pairs  of  some  inputs  and  outputs  of  the  network,  their  errors  between  the  goals 
of  learning  and  practical  outputs  of  the  network  are  defined  as 
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(11) 


where  is  the  summation  of  the  errors  squared  ;  /is  the  total  number  of  the  output  nodes; 
tpj  and  Opj  are  the  goals  of  the  learning  and  practical  outputs  of  the  network  belonging  to  the 

pth  training  mode  and  the  jth  output  node,  respectively. 

For  the  feed-forward  calculation,  the  output  0,  of  the  input  layer  node  i  is  equal  to  its 

input ,  and  the  input  of  the  hidden  node  j  is  expressed  as  follows 

net  .  =  CO  ..  •  X.  +  9.  (12) 

J  .  J  J 

Therefore,  we  obtain  its  output  Oj 

i-netj) 

7=1.2,  ...,J  (13) 


The  input  of  the  output  layer  node  /  is  expressed  as  follows 
J 

net^  O.  +  (14) 

Then,  its  output  is 

i-netj) 

Ol  =  =  ''\-netA  '  ^ 

\^e  ^ 

where  cOj.  and  co^j  are  the  weights  of  the  network  from  the  zth  input  neuron  to  the  yth 
hidden  neuron,  and  from  the  yth  hidden  neuron  to  the  /th  output  neuron,  respectively.  9^  and 
9j  are  thresholds  of  the  /th  hidden  and  the  ;th  output  neurons,  respectively.  I,  /and  L  are  the 

total  number  of  its  input,  hidden  and  output  nodes,  respectively. 

For  the  error  back-propagation  from  the  output  toward  the  input,  the  equations  used  to 
update  the  cojj  between  the  output  layer  and  the  hidden  layer,  and  the  cOj.  between  the  hidden 

layer  and  the  input  layer  are  respectively 

coj^jik  +  1)  =  co^j{k)  ^  7]*  5^*  Oj-¥  a[co^j{k)  -  (0^.{k  - 1)]  (16) 


CO..  (/:  +  !)  =  co.^  {k)+T]*  8.*  O.  -h  a[  (Oj.{k)  -  cOj.  (^  -  1)] 


in  which 


Sj=f'inetj)»Z8^co^j 


k  the  number  of  learning; 
n  learning  rate  coefficient; 


524 


a  defined  as  momentum  coefficient. 

rj  and  a  can  be  assigned  an  arbitrary  value  from  0  to  1 . 

When  is  less  than  a  given  training  error  5  of  the  network,  the  learning  process  will  be 

stopped. 


Numerical  Examples  and  Results 

To  demonstrate  the  ability  of  the  scheme  for  identifying  and  controlling  nonlinear 
vibration  systems,  computer  simulations  are  performed  for  the  systems  with  Van  Del  Pol 
equation  and  Duffing  equation.The  numerical  solutions  of  the  differential  equations  are 
sought  through  the  applications  of  the  fourth  order  Runge-Kuta  method.  The  C  language  is 
chosen  for  the  implementation  of  the  numerical  examples. 

Example  1.  Identification  for  the  system  with  Van  Del  Pol  equation 

x  +  £{cx  -  l)x  +x  =  0 

with  5=0.1.  Introducing  the  state  variables  into  Van  Dei  Pol  equation,  that  is,  Xy  =  xand 
^2  =  X,  we  have 

xi=X2 

x2  =  -  l)x2  -  Xj 

Supposing  that  some  measurement  values  about  x^  and  X2  are  obtained,  250  group  datum  of 

the  input  and  corresponding  output  are  used  for  the  training  samples.  In  addition,  the 
different  number  of  hidden  nodes,  learning  rate  r\  and  momentum  coefficient  a  are  chosen 
in  the  process  of  training.  The  network  training  error  chosen  is  equal  to  0.005. 

The  phase  plane  chart  identified  by  the  scheme  is  shown  in  Fig.  4.  in  which  a  =0.3,  q 
=0.5;  x^(0)=2.22,  X2(0)=0.45;  1=2,  J=  10,  L  =  2. 

Example  2.  Control  for  the  system  with  Duffing  equation 

x+  /zCx+  X  +  sdx  -  sBcoscot  +  u{t) 

with  /y=0.1,  C=0.2,  5=0.3,  d=<d.2,  5=10,  00  =3.0.  In  this  equation,  u(t)  is  a  control  force. 
For  the  sake  of  comparison,  the  response  curves  of  system  verse  time  are  also  shown  in  Fig. 
5(a)  and  in  Fig.  5(b),  respectively,  without  control  and  with  the  neural  network  control. 

To  select  some  values  of  important  parameters  of  ANN  structure,  the  relationships 
between  the  output  mean  square  errors  and  the  number  of  learning  steps  with  different  the 
number  of  hidden  nodes,  learning  rates  and  momentum  parameters  are  shown  in  Fig.  6,  7  and 
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8,  respectively.  In  Fig.  6,  a  =0.3,  n  =0.45.  In  Fig.  7,  the  number  of  hidden  nodes  is  equal  to 
15.  In  Fig.  8,  the  number  of  hidden  nodes  is  equal  to  15,  a  is  equal  to  0.6  and  0.9. 

Discussions  and  Conclusions 

An  artificial  Neural  Network  Method  (ANNM)  used  for  nonlinear  vibration  control 
systems  is  investigated  in  combination  with  the  theory  of  a  state  feedback  control.  The 
conclusion  is  drawn  on  the  follows: 

It  can  be  used  for  a  controller  by  learning  the  practical  system,  without  the  requirement  for 
the  a  mathematical  model  and  control  algorithm  of  the  controlled  system. 

It  has  some  kind  of  abilities  of  adaptation  and  parallel  dealing  for  nonlinear  vibration 
control  systems  which  models  are  complex  and  difficult  established. 

Further  work  is  to  analyze  the  stability  and  convergence  of  the  neural  network  control 
system  and  solve  its  acceleration  of  the  calculation  so  as  to  obtain  real  time  control. 
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Fig.  1  A  Neural  Network  Control  Scheme 
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Fig.  5  Response  curve  of  the  system 
without  control  and  with 
neutral  network  method 


Fig.  6  Relationship  between  the  output 

mean  square  error  and  the  number 
of  learning  steps  with  different 
learning  rates 
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Fig.  7  Relationship  between  the  output 
mean  square  error  and  the 
number  of  learning  steps 


Fig.  8  Relationship  between  the  output 

mean  square  error  and  the  number 
of  learning  steps  with  different 
momentum  parameters 
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Abstract:  The  stability  analysis  of  a  rotor  system  with  electromagnetic  control 
forces  is  investigated.  The  formulas  for  the  electromagnetic  forces  between  the 
stator  and  rotor  of  the  electromagnetic  actuator  are  derived  with  respect  to  the 
displacements  of  the  journal  center  and  coil  currents.  The  minimum  setting 
values  of  the  controller,  and  the  relationship  between  mode  shapes  at  the 
positions  of  sensors  and  actuators  of  the  system,  are  given  by  using  a 
perturbation  method  and  Routh-Hurwitz  theory. 

INTRODUCTION 

Many  modern  rotational  machines,  such  as  high  speed  and  high  precision 
machine  tools,  and  turbines,  are  usually  designed  such  that  the  systems  run  at 
supercritical  rotor  speeds.  The  vibrations  induced  by  various  perturbations,  for 
example,  mass  distribution  unbalance,  support  perturbation,  unstable  self- 
excited  vibration,  have  drawn  considerable  investigators'  attention.  These  issues 
may  cause  large  displacements  with  respect  to  the  support  structures,  and/or 
may  also  lead  to  some  instabilities,  even  to  the  point  of  severe  accidents  of  the 
systems.  These  rotor  machines  would  benefit  from  additional  control  forces  at 
the  proper  locations  of  the  systems  (Stanway  and  Burrow,  1981). 

In  recent  years,  the  development  of  electromagnetic  bearing  technology 
(Schweitzer,  1990)  enables  active  vibration  control  of  the  rotor  system  with 
bearings  to  be  practical,  because  this  kind  of  device  can  effectively  suppress  the 
vibration  of  the  system.  Many  studies  concerning  electromagnetic  bearings  can 
be  found  in  the  literature.  Gondhalekar  and  Holms  (1984)  reported  on  the  design 
of  magnetic  bearings  for  long  flexible  shafts.  Salm  and  Schweitzer  (1984), 
Matsumura  and  Yoshimoto  (1986),  and  Youcef-Toumi  and  Reddy  (1992) 
discussed  the  modeling  and  controlling  of  flexible  rotor  systems  with 
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electromagnetic  bearings.  Bradfield  etal  (1987)  investigated  the  performance  of 
an  electromagnetic  bearing  used  for  rotor  vibration  control  operating  in  the 
supercritical  rotor  speed  condition.  Ulbrich  and  Anton  (1984)  studied  some 
details  about  magnetic  bearing  applications.  Hebble  (1985,  1986)  carried  out  a 
nonlinear  theoretical  analysis  of  magnetic  bearings.  Stanway  and  Reilly  (1984) 
presented  a  state  space  control  method  and  a  pole  assignment  method  for  the 
system.  Lee  and  Kim  (1992)  discussed  modal  test  and  sub-optimal  vibration 
control.  Tong  et  al.  (1992)  calculated  the  electric  current  of  optimal  output 
feedback  control.  Humphris  et  al  (1986),  and  Williams  et  al.  (1991)  studied  the 
effect  of  control  algorithms  on  properties  of  magnetic  journal  bearings  and  made 
a  comparison  of  analog  and  digital  controls.  Nonami  and  Yamanaka  (1990), 
Kasarda  et  al.  (1990)  did  some  important  experiments. 

However,  many  of  the  investigators  mentioned  above  have  not  accounted  for 
dynamic  characteristics  of  electromagnetic  bearings  and  the  stability  of  a 
flexible  rotor  system  with  electromagnetic  control  forces.  The  stability  analysis 
of  the  system  with  these  forces  is  investigated  in  this  paper.  The  formulas  of 
magnetic  forces  between  the  stator  and  rotor  of  an  electromagnetic  actuator  are 
derived  with  respect  to  displacements  of  the  journal  center  and  coil  currents. 
The  minimum  setting  values  of  the  controller,  and  the  relationship  between 
modal  shapes  at  the  positions  of  the  sensors  and  actuators  of  the  system,  are 
given  by  using  a  perturbation  method  and  Routh-Hurwitz  theory. 

Equation  of  Motion  of  the  Rotor  System 

The  equation  of  motion  for  n  degrees  of  freedom  of  the  system  with 
electromagnetic  control  forces  can  be  written  as 

[M]{x}  +[C]W  +[K]{x}  =  {Fit)}  +  M/)}  (1) 

where 

[M],[C]  and  [i:]  are  the  nxn  inertia  matrix,  damping  matrix  and  stiffness  matrix, 
respectively. 

{F(r)}and  («(r)}are  the  «xi  external  perturbation  force  vector  and  control  force 
vector. 


Electromagnetic  Force 

The  control  forces  (»(f)}  in  Eq.  1  are  the  electromagnetic  forces  induced  by  the 
electromagnetic  actuator  as  shown  in  Fig.l.  The  actuator  consists  of  a  stator 
and  rotor.  There  are  eight  control  coils  and  four  static  ones  on  the  stator.  The 
control  currents  are  i,  and  static  currents  are  /q.  According  to  electromagnetic 

theory,  the  attractive  forces  between  electromagnets  of  the  stator  and  rotor  can 
be  generally  written 
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cos^ 


(2) 


where 


/  is  the  attractive  force  between  electromagnets  of  the  stator  and  rotor  . 
is  the  permeability  in  the  air  gaps  between  the  stator  and  rotor. 

■S'  is  the  effective  area  of  the  cross  section  of  one  electromagnet. 

is  the  number  of  windings  around  the  core. 

./  is  the  coil  current  that  is  equal  to  a  control  current  and  static  current. 

5  is  the  radial  clearance  between  the  stator  and  rotor  of  the  actuator. 

(p  is  the  corresponding  half  angle  of  a  radial  magnetic  circuit  as  shown  in  Fig.  1 . 
Eq.(2)  is  derived  upon  the  following  assumptions: 

(1)  The  magnetic  fields  in  the  air  gap  and  core  are  uniformly  distributed. 

(2)  The  ferromagnetic  material  has  the  property  of  non-saturation. ' 

(3)  The  effects  of  the  leakage  and  overflow  of  the  magnetic  flux  are  ignored. 
For  our  purpose,  we  assume  that  all  of  the  electromagnets  have  the  same 

cross  section  area,  all  coils  have  the  same  number  of  windings,  that 
is,5|  =  52=...=  58,A^i  =  a^2=  •=^8-  When  the  rotor  deviation  from  the  journal 
center  is  x  and  ,  the  radial  clearance  for  the  angle  a.can  be  written  as: 


6-  =  -xcosor.  +;'sinaj-,/  =  1,2,. ..,8  (3) 

where  a-  as  shown  in  Fig.l.  The  corresponding  radial  clearances  for  «.  are 

(^1  =  -  ATCosa  +  vsina 

^2  =  £5q  -  sin  a  +  >^cos  a 
+  a:  sin  a  cos  a 
5^  =  (Jq +  .'ccosa+>'sina: 

5^  =  (5q  +j:cosa->'sin(3: 

=  (S’q +  .x:sina->'COsa 
^7  =  <5q  -  JTsina  ->'Cosa 
-xcosa-ysina 

The  corresponding  coil  currents  are 


(4) 


h  =  ■^8  =  ^"^Y 
l4  =  I^  =  lQ+i.^ 


(5) 


The  electromagnetic  forces  induced  by  every  pair  of  electromagnets  can  be 
represented  as  follows 


fi=— - ^-^COSiJ? 


4^f 


i=l,2,..,8 


(6) 


533 


So  the  resultants  of  the  electromagnetic  forces  between  the  stator  and  rotor  of 
the  actuator  in  the  horizontal  and  vertical  directions  are,  respectively  of  the 
forms 

~  ^f\  ~  ~  fs  +/g)cos^cosQr  +  (/2  “-^3  ”-^6  +/7)cos^sina 

fy=if2  +/3  -/6-/7)cos^cosQr  +  (/j  +f^  -  f^-  f^)cos(ps\na 

The  four  variables  are  x,y,i^,  and  while  all  other  variables  in  Eq.(4H7)  are 
dependent.  Therefore,  and  are  nonlinear  functions  with  respect  to  the 
journal  displacements  x  and  y,  and  coil  currents  i^.  and  that  is, 

fy^fyiX^yJx^iy) 


Stability  Analysis 

According  to  the  literature  (Saito,  1985;  Jean,  1990;  and  Shiau,  1993),  the 
steady  state  solution  of  Eq.(l)  can  be  approximately  described 

%  % 

^  ^  2  sin  co-i  (9) 

/  =  1  /  =  1 

where  is  an  integer.  To  examine  the  stability  of  the  steady  state  solution,  the 
dynamics  are  perturbed  and  the  resulting  motion  is  expressed  as 

=  (10) 

Assuming  that  the  electromagnetic  actuators  are  assigned  at  the  points  {xc}  of 
the  system,  and  the  sensors  at  {xj  ,  we  can  express  the  electromagnetic  forces 
as 

(11) 

x 

where  the  subscript  ^  denotes  the  steady  state  solution. 

Consider  a  general  feedback  control  with  the  following  equation 

{diJ  =  -k{Sx^^}-c{Sxrfi}  (12) 

where  k  is  the  proportional  gain  and  c  is  the  rate  gain  of  a  controller. 

The  corresponding  electromagnetic  control  force  is 

(/,)  =  yi  +  ,1  (13) 

-V  x 

Substituting  Eqs.(9).  (10)  and  (13)  into  Eq.(l),  the  perturbed  equation  of  the 
system  is  of  the  form. 

[U]{SA  =  {0}  (14) 

X 

where  the  element  of  the  c  th  row  and  the  mth  column  in  the  Ecm  matrix,  and 
the  mth  row  and  the  mth  column  in  the  Emm  matrix  are  equal  to  one.  The  other 
elements  are  equal  to  zero. 
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The  corresponding  eigenequation  belonging  to  Eq.(16)  is 


(15) 

The  eigenvector  are  normalized  as  follows 

c3>^[M]cD  =  I 
cd'^[A:]c1>  =  [6J?}  =  A 

■  (16) 

where 

0  =  [ct)j<D2...0„] 

(17) 

and 

{x}  =  ng} 

(18) 

where{^}is  the  modal  coordinate,  and  {<?}  =  . 

Substituting 

Eq.(18)  into  Eq.(15),  and  premutiplying  ,  Eq.(15)  becomes 

[Xh  +  ^,C+K]q  =  {0} 

(19) 

where 

(20) 

and 

E  =  o'^E  0  =  L  . 

cm  L  y  J 

E  =<t>'^E  cD  =  U'.. 
m  mm  \_  ij  ] 

(21) 

e..=^<^^(x  )$  .(.r  ) 
ij  i  ^  c'  j  m 

g\y=0.'^(x  )^Xx  ) 

V  1  ^  nr  J  nv 

If  the  eigenvalues  satisfy 

A^I  +  AC+A'^  =  0 

(22) 

and  all  of  the  real  parts  of  eigenvalues  in  Eq.(22)  are  negative,  the  rotor  system 
is  stable. 


EXAMPLE 

For  one  example,  consider  the  range  of  the  first  critical  rotational  speed. 
Taking  the  first  mode  in  Eq.(18),  Eq.(22)  can  be  simplified 

+  ( q  +  c ) A  +  ( e\ I  +  /C  )  =  0  (23 ) 

where 
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(24) 


Cj  =<D,i'[q®,  >0 

According  to  Routh-Hurwitz  theory,  the  stability  conditions  of  the  system  can 


be  obtained  as  follows 


c  ^  ^  ^ 

=max[ — 


.2 


Because  the  proportional  gain  k  and  rate  c  are  both  larger  than  zero,  the 
sufficient  conditions  for  a  stable  system  are 

.ll=®J'(a:p®l(A:,„) 

k>(,-a\+^en)l^e■^■^=kQ  (26) 

c>  0 

For  another  example,  consider  the  range  of  the  first  two  modes.  Eq.(22)  can 
be  simplified  into  Eq.(27)  by  the  same  way  as  above 


+CI7A  —0 


where 


X 

^  X 

-V 

X 

in  whick^ 

eii  =(D/(xJcDj(a:„J 

^22  =  (29) 
e\  \  ■=^(^2{x„,)<^2M 

According  to  Routh-Hurwitz  theory  again,  the  stable  conditions  of  the  system 
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(30) 


k  > 


fi  fll  +  !22 
2  2 
^ 


3c 


X  e.  1  gr,-,  3  1 

IT  _U.  +  -22  ... X.,  U  .  ,  22  N 

3  9+9  ;?''9+9^ 

(o^  a?“ 


oO 


CONCLUSIONS 

The  stability  analysis  of  a  rotor  system  with  electromagnetic  control  forces  is 
investigated  The  formulas  of  the  magnetic  forces  between  the  stator  and  rotor 
of  a  electromagnetic  actuator  are  derived  with  respect  to  the  displacements  of 
the  journal  center  and  coil  currents.  The  minimum  setting  values  of  the 
controller  and  the  relationship  between  mode  shapes  at  the  positions  of  sensors 
and  actuators  of  the  system  are  given  by  using  a  perturbation  method  and 
Routh-Hurwitz  theory. 
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Abstract 

For  semiactive  primary  suspensions,  the  potential  sources  of  time  delay  in  the 
system  are  evaluated.  The  model  for  a  single  suspension  is  used  to  evaluate 
the  effect  of  system  delays  in  suspension  performance.  The  time-domain 
results  indicate  that  body  acceleration,  wheelhop,  and  rattle  spaces  are  not 
much  affected  by  time  delays  expected  in  a  practice.  The  frequency-domain 
results  show  that  time  delays  influence  suspension  performance  more  strongly 
near  the  body  resonance  frequency.  At  the  axle  resonance  frequency,  system 
delays  had  no  appreciable  influence  on  suspension  performance. 


Introduction 

The  advent  of  electronics  and  microprocessors  in  recent  years  have  enabled 
suspension  manufacturers  to  use  more  advanced,  electronically-controlled 
suspension  systems  that  can  provide  a  more  favorable  compromise  between 
ride  and  handling.  The  idea  of  electronically-controlled  dampers  dates  back  to 
early  70’s,  when  the  concept  of  skyhook  dampers  was  invented  [1-  2]*.  The 
skyhook  dampers  attempt  to  adjust  damping  such  that  the  damper  nearly 
behaves  the  same  as  a  hypothetical  damper  connected  between  the  vehicle 
body  and  the  ground.  The  original  skyhook  concept  was  introduced  by 
Kamopp  and  Crosby,  and  since  then  many  other  variations  of  this  concept 
have  been  introduced  in  the  open  literature  [3  -  10].  These  schemes  require 
changing  damping  between  a  “high”  and  “low”  level,  in  single  or  multiple 
steps,  based  on  a  switching  policy  that  is  generally  a  combination  of  the  body 
vertical  velocity  and  the  relative  velocity  across  the  suspension.  Since  only  a 
minimal  amount  of  control  energy  is  needed  to  generate  the  desired  damping 
levels,  these  systems  are  refeaed  to  as  “semiactive.” 


Numbers  in  parentheses  indicate  references  cited  at  the  end  of  the  text. 
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Semiactive  dampers  benefit  from  several  advantages.  First,  they 
require  a  minimal  amount  of  control  energy  (commonly  10-20  v^atts).  This 
makes  them  suitable  for  most  vehicle  applications  without  concerns  for  the 
energy  overhead  to  the  vehicle.  Second,  they  are  fail  safe,  because  they  cannot 
generate  any  force  beyond  a  passive  damper.  If  a  semiactive  damper  fails,  it 
reverts  back  to  a  passive  damper.  Lastly,  they  are  simple  to  design  and 
implement  in  vehicles,  in  the  sense  that  they  don’t  require  the  complex 
hydraulic  system  needed  for  a  fully  active  system.  Fully  active  suspension 
systems  are  those  that  use  hydraulic  actuators  to  aid  as  well  as  to  resist 
motion.  Active  suspensions  require  a  hydraulic  system  that  is  heavier,  more 
complicated,  more  costly,  and  consume  considerably  more  energy  (as  much  as 
3-5  hp)  than  semiactive  suspensions.  Although  active  suspensions  perform 
better  than  semiactive  suspension  in  certain  conditions,  their  necessity  and 
benefit-to-cost  ratio  has  been  questioned  in  some  studies. 

In  this  study  we  examine  the  effect  of  system  delays  on  the 
performance  of  semiactive  dampers.  System  delays  are  defined  as  the  time  lag 
that  exists  between  the  sensor  signal  and  damper  response.  This  lag  is  affected 
by  the  electronic  and  mechanical  delays  that  exist  in  any  practical  system. 
Although  theoretically  it  is  not  possible  to  completely  eliminate  system 
delays,  it  is  possible  to  reduce  them  to  as  little  as  1-2  milliseconds  (m-sec).  In 
some  cases  system  delays  can  be  as  much  as  40-50  m-sec.  Reducing  system 
delays  increases  the  system  cost.  In  this  study  we  will  examine  if  the  benefits 
of  reducing  system  delays  justify  the  added  cost  to  the  system. 

A  model  for  a  single  suspension  is  used  to  represent  the  vehicle  body, 
axle,  and  suspension  dynamics.  The  results  of  our  study  shows  that  system 
delays  affect  the  body  dynamics  far  more  than  the  suspension  or  axle 
dynamics.  For  small  system  delays  (less  than  10  milliseconds)  the  effects  are 
nearly  negligible.  For  larger  delays,  however,  the  body  acceleration  at  the 
natural  frequency  of  the  body  approaches  the  levels  for  a  passive  suspension; 
therefore  reducing  the  benefits  of  the  semiactive  system. 


Semiactive  Damper  Implementation 

Semiactive  suspensions  are  implemented  on  a  vehicle,  using  a  switchable 
damper  that  can  be  switched  between  two  or  more  damping  levels  to  obtain 
varying  damping  rates  needed  for  a  semiactive  suspension.  The  switching 
between  different  damping  states  is  achieved  using  a  driver  such  as  solenoids 
or  stepper  motors.  The  driver  adjusts  a  valve  internal  to  the  damper,  therefore 
adjusting  the  fluid  resistance  and  damping  rate.  Commonly,  a  dedicated  or  a 
central  controller  is  used  to  command  the  driver.  The  controller  receives 
information  from  the  sensors,  analyzes  them  according  to  a  specified  control 
policy,  and  commands  the  damper  drivers  to  their  proper  position.  A  typical 
schematic  of  a  semiactive  suspension  system  is  shown  in  Figure  1 . 
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Sensory  Signals 


to  CCM 


Figure  1 .  System  Concept  for  the  Adaptive  Suspension  System 


Although  in  most  analytical  studies,  semiactive  suspensions  are 
modeled  as  perfect  systems  without  any  delay,  in  practice  it  has  been  proven 
that  the  real-time  implementation  of  semiactive  suspensions  can  involve  as 
much  as  50  m-sec  of  time  delay.  The  time  delay  is  defined  as  the  elapsed  time 
between  the  sensor  measurement  and  the  damper  response.  The  delay  is  due 
to  a  number  of  electrical  and  mechanical  factors,  including 

•  Circuit  Delays:  The  circuits  connecting  the  sensors  to  the 
controller  and  the  controller  to  the  damper  will  include  some  delay. 
Commonly,  the  capacitance,  inductance,  and  resistance  of  the 
circuit  determines  time  delays  due  to  the  circuit.  Therefore,  the 
circuit  should  be  selected  such  that  it  has  a  small  time  constant  (i.e., 
t  =  1/RC  or  L/R  is  small,  where  R,  C,  and  L  are  the  circuit 
resistance,  capacitance,  and  inductance,  respectively). 

•  Processor  Delays:  Depending  on  the  clock  speed  of  the 
microprocessor  or  micro-controller  and  the  number  of 
computations  in  each  step  (or  tick),  there  exists  a  certain  amount  of 
time  delays  associated  with  the  controller.  For  most  applications  it 
is  possible  to  select  the  micro-controller  such  that  the  controller 
delays  are  minimized. 

•  Driver  Delays:  The  drivers  that  are  used  for  driving  the  damper 
valve  often  include  considerable  amount  of  time  delays,  due  to  their 
electromechanical  nature.  The  speed  of  the  driver  is  often  weighted 
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against  the  system  costs.  Although  it  is  possible  to  select  drivers 
that  are  relatively  fast,  their  high  costs  often  prevent  their  use  for 
most  vehicle  applications.  The  driver  delays  are  often  a  major 
source  of  system  delays,  second  only  to  the  valve  delays  that  are 
discussed  next. 

•  Valve  Delays:  The  valve  that  is  implemented  inside  the  damper  to 
adjust  the  fluid  resistance  and  the  damping  level  is  often  the  largest 
source  of  time  delays  in  a  semiactive  system.  The  delays  are 
caused  by  the  mechanical  effects  of  the  valve,  such  as  its  inertia, 
friction,  and  interaction  with  the  damper  fluid.  Although  not  well- 
understood,  the  fluid  turbulence  inside  the  damper  and  its 
interaction  with  the  valve  appear  to  significantly  increase  time 
delay.  Proper  design  of  the  valve  and  the  means  of  connecting  it  to 
the  driver  can  somewhat  reduce  valve  delays.  Alternatively 
switchable  magneto-rheological  dampers,  can  be  used  to  lower 
valve  delays,  when  cost  and  other  practical  issue  allow  their  use. 

Other  elements  that  can  contribute  to  time  delays  include  temperature, 
damper  fluid  viscosity,  and  stiffness  of  damper  bushings.  The  combination  of 
different  time  delays  is  referred  to  as  the  “system  delays”.  Any  loss  of 
performance  due  to  system  delays  is  discussed  next. 


Mathematical  Formulation 

The  system  considered  for  this  study  represents  the  dynamics  of  a  single 
suspension,  as  shown  in  Figure  2. 


Figure  2.  Primary  Suspension  Model 

This  model  has  been  used  widely  in  the  past  for  analyzing  automobile 
suspensions,  due  to  its  effectiveness  in  demonstrating  fundamental  issues 
relating  to  suspension  performance.  Although  this  model  does  not  include 
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many  dynamic  aspects  of  an  actual  vehicle,  it  still  can  serve  as  an  effective 
first  step  in  comparing  different  suspension  systems.  Additional  full-size 
vehicle  modeling  and  actual  field  testing  is  necessary  to  more  accurately  assess 
the  suspension  effects.  The  dynamic  equations  for  the  model  in  Figure  2  are: 

miXi  c[xi  ~ X2)  +  ki[xi  -  X2)  =  0  (la) 

m2Xi  -  c(ii  -X2)-ki{xi-X2)  +  ^2^2  =  (lb) 

Variables  Xi  and  X2  represent  the  body  and  axle  vertical  displacement, 
respectively.  The  variable  Xin  indicates  road  input,  that  is  assumed  to  be 
random  with  a  low-pass  (0-25  Hz)  filter.  Such  a  function  has  proven  to 
sufficiently  represent  actual  road  input  to  the  tires. 


Table  1  indicates  the  model  parameters  that  are  selected  to  represent  a  typical 
automobile.  The  suspension  is  assumed  to  be  linear  in  its  operating  range. 
Again,  for  most  automobile  applications  this  is  a  good  approximation  of  the 
actual  damper. 


Table  1  Single  Suspension  Model  Parameters 


Description 

Symbol 

Value 

Body  mass^ 

mi 

240  Kg 

Axle  mass^ 

m2 

45.7  Kg 

Suspension  stiffness 

ki 

14720  N/m 

Tire  stiffness 

k2 

135680  N/m 

Suspension  damping— rebound  (damper 
extension) 

c 

1089,440  N-s/m 

Suspension  damping— jounce  (damper 
compression) 

c 

658,  440  N-s/m 

^  Represents  the  appropriate  portion  of  automobile  sprung  mass  for  a  single 
suspension 

^  Represents  1/2  of  axle  (unsprung)  mass 
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Time-delay  Modeling 

Re-writing  Eq.  (1)  in  a  discrete-time  form  with  damper  time  delay,  we  obtain: 

mix,  {tk  )  +  c^_„  [x,  {tk)-h{h)]  +  h  [^1  {h )  -  ^2  {h )]  =  0  (2a) 

m2Xz{h)-  ‘=k-n[^\{tk)- ^2{h)]-h[xi{tk)- X2{tk)\ 

(2b) 

+  h[^2{h)]^h^in{h) 
for  k;=  1,2, ...m 
k-n  >0 

The  damper  force  shown  in  the  above  equations  is  a  function  of  the 
relative  velocity  across  the  damper  at  time  k  and  the  damper  constant  that  is 
evaluated  based  on  measurements  made  at  time  k-n,  i.e., 

^2{h)\  (3) 

The  integer  indices  k  and  n  represent  the  discrete  time  step  and  time  delay. 

The  time  delay  is  defined  in  terms  of  the  number  of  time  steps  the  damper  is 
lagging  behind,  i.e., 

n  =  TD/At 

TD  =  time  delay  (sec) 

At  =  computation  step  size  (sec) 

Therefore,  from  the  above  equation,  the  damper  force  is  lagging  behind  the 
inertial  and  stiffriess  force  by  TD  seconds. 

Numerical  Results 

The  dynamic  system  in  Figure  1  is  modeled  in  Matlab  and  used  to  evaluate  the 
effect  of  different  time  delays  on  the  suspension  performance.  The  measures 
that  were  used  for  this  purpose  include: 

•  vehicle  body  (sprung  mass)  acceleration 

•  axle  (unsprung  mass)  displacement 

•  rattle  space  (relative  displacement  across  the  suspension) 
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The  selection  of  the  above  measures  are  based  on  their  importance  in 
vehicle  ride  comfort  and  handling,  and  suspension  design.  Vehicle  body  (or 
sprung  mass)  acceleration  is  often  used  as  a  measure  of  ride  comfort, 
particularly  in  automobiles.  Axle  displacement  (or  wheelhop)  is  directly 
related  to  the  vehicle  stability  and  ride  handling.  The  lower  the  wheelhop,  the 
more  stable  the  system  is.  Finally,  rattle  space  (or  relative  displacement 
across  the  damper)  is  an  important  parameter  in  suspension  design.  This  is 
particularly  true  for  automobiles  where  commonly  there  is  a  limited  amount  of 
space  between  the  axle  and  the  vehicle  body.  A  suspension  that  requires  a 
large  rattle  space  may  prove  unfeasible  in  practice. 

For  each  of  the  above  measures,  the  data  is  evaluated  in  both  time  and 
frequency  domain.  In  time  domain,  the  root  mean  square  (RMS)  and 
maximum  of  the  data  for  a  five-second  simulation  are  compared.  In  frequency 
domain,  the  transfer  function  between  each  of  the  measures  and  road 
displacement  input  is  plotted  vs.  frequency  for  different  amounts  of  time 
delay.  The  frequency  plots  highlight  the  effect  of  each  damper  on  body  and 
axle  resonance  frequencies. 

Figures  3  and  4  show  the  RMS  and  maximum  time  data  for  the  three 
measures  selected  to  evaluate  the  performance  of  the  suspension  system.  The 
RMS  and  maximum  values  are  calculated  from  the  results  for  a  five-second 
simulation  run.  Both  figures  indicate  that  time  delays  of  up  to  50  m-sec  does 
not  have  an  appreciable  effect  on  the  body  acceleration,  wheelhop,  or  rattle 
space.  Although  in  each  case  there  is  an  increase  in  the  measures  as  time  delay 
increases,  the  increase  is  less  than  2  percent  of  the  case  with  no  time  delay 
(i.e.,  the  perfect  case).  A  look  at  the  frequency  results,  shown  in  Figures  5  and 
6,  reveals  that  there  is  some  increase  in  body  acceleration  and  rattle  space 
transfer  functions  at  the  sprung  mass  resonance  frequency  (i.e.,  1.2  Hz). 
These  figures  show  no  change  at  the  wheelhop  frequency.  Further,  Fig.  7 
shows  that  the  wheelhop  transfer  function  is  not  affected  by  the  time  delay. 

To  further  highlight  the  effect  of  time  delay  at  the  vehicle  body  (sprung 
mass)  and  axle  (unsprung  mass)  resonance  frequencies,  the  suspension 
performance  was  evaluated  with  pure-tone  input.  Two  sinusoidal  inputs  at 
1.2  and  9.3  Hz  are  selected  since  they  match  the  resonance  frequencies  of  the 
system.  The  results  shown  in  Figs.  8  and  9  further  support  the  results  in  Figs. 
5-7.  There  is  a  significant  increase  in  all  three  measures  when  the  system  is 
excited  at  1 .2  Hz  as  time  delay  increases.  There  is  no  appreciable  change  in 
measures  at  the  input  frequency  associated  with  wheelhop. 
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Figure  4.  RMS  data  Normalized  w.r.t.  Results  for  Time  Delay  =  0 
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Figure  5.  Body  Acceleration  Transfer  Function  w.r.t  Input  Velocity 
for  Different  System  Delays 


Space  Rattle  TF 


Figure  6.  Rattle  Space  Transfer  Function  w.r.t  Input  Velocity 
for  Different  System  Delays 
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Figure  9.  RMS  data  Normalized  w.r.t.  Results  for  Time  Delay  =  0 
with  input  of  9.2  Hz 


CONCLUSIONS 

Various  sources  of  time  delay  in  a  semiactive  primary  suspension  were 
discussed.  A  simulation  model  for  a  single  suspension  was  used  to  evaluate 
the  suspension  performance  in  terms  of  body  acceleration,  wheelhop,  and 
rattle  space.  The  results  show  that  overall  time  delays  have  an  insignificant 
effect  on  the  suspension  performance,  as  compared  with  a  perfect  suspension 
with  no  time  delay.  In  the  range  of  time  delays  considered  (0-50  m-sec),  the 
suspension  performance  is  more  sensitive  to  time  delays  at  body  frequencies 
than  wheelhop  frequencies.  Further  simulation  of  the  suspensions,  using  full- 
vehicle  models,  and  vehicle  testing  is  needed  to  validate  these  initial  results. 
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Abstract 

The  paper  reports  a  theoretical  study  of  the  insertion  loss  of  close-fitting  enclosures  made 
of  stiffened  plates  in  low  frequencies.  The  theoretical  analysis  is  based  on,  the  Finite  Element 
Method  for  the  structural  part,  and  the  classical  solutions  suggested  in  [1]  for  the  acoustic 
part.  The  effects  of,  boundary  conditions,  acoustic  resonances  and  structural  resonances  on 
the  insertion  loss,  are  studied.  The  theory  shows  two  important  points;  1)  the  contribution  of 
the  non-fundamental  mode  of  the  source  plate  is  important  for  insertion  loss  as  the  enclosure; 
and  2)  Stiffeners  can  be  used  to  enhance  the  insertion  loss  ability  of  an  enclosure  plate  at  the 
frequencies  below  the  fundamental  resonance.  However,  in  other  frequencies,  the  enclosure 
plate  could  give  worse  insertion  loss  performance. 


Descriptions  of  The  Theoretical  Model 

An  enclosure  system  is  similar  to  that  of  [2]  shown  in  fig.  1.  The  boundaries 
at  z=0,  z=c  are  flexible  that  they  can  vibrate  in  typical  mode  shapes  while  the 
other  walls  are  acoustically  rigid. 


Enclosure  plate 


Fig.  1  Side  view  of  rectangular  enclosure  model 
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The  acoustic  velocity  potential  within  the  rectangular  cavity  is  given  by  the 
following  homogeneous  wave  equation  [3], 


1 

Cj  at^ 


=  0 


where 

([)  =  f  (x)g(y)h(z)e'^®^"^^ .  velocity  potential  function 
Ca  =  the  speed  of  sound. 


eq.(l) 


and  the  vibration  velocities  in  x,  y  and  z  directions  and  pressures  within  the  air 
cavity  can  be  derived  from  the  following  equations  [9], 

X  =  |i,  Y  =  -^,Z  =  -^.P  =  -p^. 

ax  3  y  3  z  3 1 

eq.(2) 


The  phase  lag  6  is  inserted  for  a  reason  which  will  be  explained  later.  The 
boundary  conditions  of  the  rectangular  cavity  to  be  satisfied  are 


B.C.(i)  atx  =  0andx  =  a,  X  =  -^  =  0;  B.C.(ii)  at  y  =  0  anciy  =  b,  Y  =  ^  =  0; 

dx  dy 


9<j) 


B.C.(iii)  at  z  =  0,  Z  = -^  =  W5(x,y,t);  B.  C.  (iv)  at  z  =  c,  Z  =  — =  w  (x,y,  t). 

dz  dz  ^ 


3({) 


Here  Wg(x,y,t),  Wp(x,y,t)  are  the  displacements  of  the  source  plate  and  the 

enclosure  plate,  so  their  velocities  are  marked  with  dot  sign.  Because  of  B.C.s 
(i)  and  (ii),  the  solution  of  eq.(l)  takes  the  modal  form  as  [4], 


<i>=TTcH 

U=:0W=0 


C0Sh(p.uw2)  ^uw 


sinh(M-uwz)]e^^“^'®^ 


eq.(3) 


where 

Luw,  Nuw  =  coefficients  which  depend  on  the  boundary  conditions  at  z  =  0  and  z  =  c 
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Acoustic-Structural  Boundary  OxiditicHis 

In  this  subsection,  the  two  variables,  Lu^  and  eq.(3)  will  be 

rewritten  in  term  of  and  ,  the  modal  amplitudes  of  the  source  plate 

and  the  enclosure  plate.  Then,  the  velocity  potential  and  the  pressure  within  the 
air  cavity  can  also  be  in  terms  of  them. 

It  is  assumed  that  (P,Q)  is  the  dominant  mode  shape  of  the  enclosure  plate 
and  the  source  plate  is  forced  to  vibrate  in  the  (S,T)  mode  shape  with  constant 
velocity;  and  the  effect  of  the  fluid  loading  within  the  cavity  on  the  enclosure 
plate  is  negligible.  Thus,  the  profiles  of  the  displacements  of  the  source  plate 
and  the  enclosure  plate  are  given  by 


w  f  (x,  y ,  t)  = (x,  y)  e'^^ 

Wp^  (x,y,t)  =  (x,y)e'^“‘'^""^ 

where 

=  the  (S,T)  mode  shape  of  the  source  plate 
(p^'^(x,y)  =  the  (P,Q)  mode  shape  of  the  enclosure  plate 
*1^/^  =  the  modal  amplitude  of  the  (S,T)  mode  of  the  source  plate 
=  the  modal  amplitude  of  the  (P,Q)  mode  of  the  enclosure  plate 


eq.(4) 


eq.(5) 


The  in- vacuo  mode  shapes  of  the  source  plate  and  the  enclosure  plate  are 
found  by  using  the  isoparametic  stiffriess  plate  element  [5].  In  other  words, 
\|/^^(x,y)  and  (p^^(x,y)  are  not  analytical. 

The  phase  lag  5pQ  is  now  seen  to  be  the  lag  between  the  modal  motions  of 
the  enclosure  plate  and  the  motion  of  the  source  plate.  By  substituting  eq.(3), 
eq.(4)  and  eq.(5)  into  B.C.(iii)  and  B.C.(iv),  then  the  two 
variables,  can  be  rewritten  in  term  of  .  The  velocity 

potential  in  eq.(2)  within  the  rectangular  air  cavity  can  be  expressed  in  term  of 
the  modal  displacement  amplitudes  of  the  source  plate  and  the  enclosure 
plate,  . 
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)  =  i(joe 


u=ow=o 


^  a  j  V  b 

cosh(H„„c)) 

M-UW 


fyST  fpj/ST  iSpQ 

cosh(|Li^vv  z)+  ' - sinh(^L  z) 


M'l 


eq.(6) 


where 


a  b 

II 


„ST  _  0  0 

Cbow  -  : 


V  (x,y)cos  -  cos  -  < 

V  a  y  V  b  y 


jdxdy  j  J  (x,  y )  j  cos|^  jdxdy 

nPQ  _  0  0 

-  a  b 


II 


/^UtcxV  fW-rcxV 

cos[^__J  ccs(^— J  dxdy 


From  eq.(2)  and  eq.(6),  pressure  at  the  z=c  is 


u=o  w=o 


|Xuw  sinh(M.uwc) 


V  a  ;  V  b  ; 


eq.(7) 


Response  StmcturalVibrati(Kisdvedby<heFEM 

Consider  the  air  pressure  at  the  face  z=c,  which  is  induced  by  the  constant 
vibration  motion  of  the  source  plate.  The  parameters  of  the  enclosure  plate 
such  as  stiffness  and  mass  etc.,  are  used  for  evaluating  the  vibration 

displacement  amplitudes  of  the  source  plate  and  the  enclosure  plate, 
ST  PO 

&  ‘Jt'p  .  Then,  considering  the  FEM  equation  of  the  forced  motion  of 
the  enclosure  plate  due  to  the  acoustical  pressure  at  z=c 


([K]-©^[M]){Vp^)W^-=«={f} 


where 

[M]  =  mass  matrix  of  the  enclosure  plate 

[K]  =  stiffness  matrix  of  the  enclosure  plate 

{Vpq}=  the  eigvenvector  of  the  (P,Q)  in-vacuo  mode  of 


KE 


i=l  A 


eq.(8) 


tlie  enclosure  plate 
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[Ni]=weight  function  of  the  isoparametic  stiffness  plate  element 
NE  =  No.  of  element 

In  the  above  formulation,  can  be  seen  as  the  modal  degree  of  freedom 

of  the  FEM  system.  To  perform  modal  reduction,  the  ratio  of  to  can 

be  found  by  substituting  eq.  (7)  into  eq.(8)  and  multifying  {  Vpq}^  on  both  sides. 
The  sound  insertion  loss  can  be  obtained  by 


f 

IL  =  101og 

V 


S-E-UENC^ 
S-E-enc  ; 


-10  log 


P  Q 

II 

P=1  Q=1 


ST 


^p<^PQ 

As^ST 


where 

Ap=  area  of  the  enclosure  plate 
As=  area  of  the  source  plate 

S.E.UENC  =  acoustic  energy  radiated  by  the  unenclosed  source  plate  [6] 
S.E.enc  =  acoustic  energy  radiated  by  the  enclosure  plate  [6] 

OpQ  =  radiation  efficiency  of  (P,Q)  mode  [  6] 


eq.(9) 


Theoretical  Results 

The  insertion  losses  of  an  enclosure  plate  with  different  cavity  depths  are 
shown  in  fig,  .2.  The  predictions  are  based  on  the  source  plate  vibrating  in  a 
(1,1)  mode  shape  and  enclosure  plate  vibrating  in  symmetric  mode  shapes. 
Smaller  cavity  depth  can  also  make  the  structural  resonance  frequency  higher. 
On  the  other  hand,  cavity  depth  is  an  important  factor  which  can  largely  affect 
insertion  loss  at  low  frequencies.  It  can  be  seen  that  at  the  frequencies  below 
the  structural  resonance,  it  is  noted  that  greater  cavity  depth  results  in  higher 
insertion  loss.  In  the  frequencies  ranged  from  800Hz  to  900Hz,  the  structural 
resonance  of  the  (1,3)  mode  of  the  enclosure  plate  in  the  dash  line  is  close  to 
the  acoustical  resonance.  This  makes  the  two  resonances  form  a  "wider  and 
deeper"  dip.  In  each  case,  the  acoustical  resonance  parallel  to  the  source  plate 
has  no  change.  It  is  independent  of  the  cavity  depth  and  the  stiffness  of  the 
enclosure  plate.  The  acoustic  resonance  perpendicular  to  the  source  plate  is 
changed  because  of  different  cavity  depths. 

In  tig.  3,  the  predictions  are  based  on  the  source  plate  vibrating  in  a  (2,1) 
mode  shape  and  enclosure  plate  vibrating  anti-symmetry  mode  shapes.  Unlike 


557 


the  acoustic  (2,0)  mode  in  the  fig.2,  the  (0,1)  acoustic  mode  in  the  fig.  3 
imposes  greater  effect  on  insertion  loss  than  the  structural  mode. 

In  fig.  4a,  the  effect  of  the  boundary  conditions  of  the  enclosure  plate  on  the 
insertion  loss  is  presented.  The  insertion  loss  above  the  fundamental  resonant 
frequency  of  the  clamped  case  is  slightly  lower  than  that  of  the  simply 
supported  case.  Below  this  frequency,  boundary  conditions  appear  to  have  a 
considerable  effect  on  the  insertion  loss,  with  the  insertion  loss  for  the  clamped 
plate  being  higher  than  that  for  the  simply  supported  plate.  The  enclosure  plate 
with  a  stiffener  has  a  higher  fundamental  resonant  frequency,  when  compared 
the  plates  without  any  stiffener(the  location  of  the  stiffener  is  showed  in  fig. 
4b).  At  the  frequencies  below  the  fundamental  resonance,  the  stiffener  of  the 
enclosure  plate  makes  the  insertion  loss  much  higher  than  those  of  the  other 
two  enclosure  plates.  Above  this  frequency  however,  the  coupling  effect 
between  the  structural  and  acoustic  modes  has  a  significant  effect,  resulting  in 
lower  insertion  loss. 


Experimental  Results 

The  general  theoretical  predicted  insertion  losses  of  the  1mm  steel  panel 
and  the  3mm  aluminum  plate  with  a  stiffener  in  fig.  5  are  confirmed 
experimentally  over  the  frequency  range.  The  resonance  frequencies  of  the 
enclosure  panels  are  different  from  the  predicted  values  because  the  boundary 
conditions  were  not  truly  simple  supports.  This  would  not  make  large 
difference  between  the  predicted  and  measured  insertion  loss.  It  is  because  the 
experimental  data  were  measured  with  one-third  octave  filter  white  noise. (i.e. 
average  insertion  loss  over  each  frequency  band  is  given).  Since  the  theoretical 
models  cannot  give  the  predictions  of  the  effects  of  the  structural  and 
acoustical  damping,  the  mam  uncertainty  remams  in  the  structural  and 
acoustical  damping  loss  factor.  It  can  be  seen  in  the  both  cases  that  the 
coupling  effect  between  (1,0)  acoustical  mode  and  (2,1)  structural  mode  is  an 
important  factor  which  can  decrease  the  insertion  loss  of  an  enclosure  plate. 

The  result  obtained  for  the  3  mm  aluminum  plate  is  compared  with  that 
obtained  for  the  3  mm  aluminum  plate  with  a  stiffener  in  fig.  6.  Given  higher 
insertion  loss  in  the  frequencies  below  the  fundamental  resonance  resulting 
from  the  application  of  the  stiffener,  that  is  not  surprising  according  to  the 
result  in  fig.  4a.  In  other  frequencies,  the  stiffener  cannot  act  as  an  efficient 
method  to  enhance  the  insertion  loss  ability  of  the  enclosure  plate. 
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Conclusion 

A  model  for  predicting  the  insertion  loss  of  an  enclosure  panel  has  been 
presented.  The  results  of  the  measurements  made  to  test  the  validity  of  the 
model  suggest  it  can  give  a  reasonable  prediction.  From  the  both  theoretical 
and  experimental  data,  it  can  be  concluded  that,  1)  the  coupling  effect  between 
(1,0)  acoustical  mode  and  (2,1)  structural  mode  is  an  important  factor  which 
can  decrease  the  insertion  loss  of  an  enclosure  plate;  2)  Stiffeners  can  be  used 
to  enhance  the  insertion  loss  ability  of  an  enclosure  plate  at  the  frequencies 
below  the  fundamental  resonance.  However,  in  other  frequencies,  the  enclosure 
plate  could  give  worse  insertion  loss  performance. 
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clamped  support 


clamped  support 


Fig.  4b,  Clamped  support  aluminium  Plate  with  a  stiffener 


Insertion  Loss  (dB) 


predicted  data  for  anti-symmetrically  structural  modes 


dimensions  of  the  enclosure  plate  0.37m  X  0.37m,  Cavity  depth  0.2tm 
4-  measured  data 
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Fig,  5b,  Comparsion  of  measured  and  predicted  of  insertion  loss  of  the  3mm  aluminum  plate  with  a  stiffener 
dimensions  of  the  enclosure  plate  0.72m  X  0.72m,  Cavity  depth  0.16m 

4-  measured  data 
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Hz 

Fig.  6.  Comparsion  of  measured  insertion  loss  of  the  two  enclosure  plates 
dimensions  of  the  enclosure  plates  0.72m  X  0.72m,  Cavity  depth  0.16m 


S  3mm  aluminum  plate  with  a  stiffener  ■©•  3mm  aluminum  plate 
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Free  Response  and  Wave  Propagation  in 
Constrained  Strings  and  Beams  on  Partial  Elastic  Foundations 
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ABSTRACT 

The  free  vibration  response  of  a  string  and  a  Euler-Bernoulli  beam  partially  supported  by  an 
elastic  foundation  is  studied.  The  transfer  function  method  is  used  in  the  analysis  of  the  system 
which  consists  of  three  subsystems  coupled  by  constraints  imposed  at  the  subsystem  interfaces. 
Reflection  and  transmission  coefficients  are  formulated  to  show  the  effect  of  the  foundation  on 
the  system  as  well  as  the  coupling  of  the  subsystems.  For  both  the  string  and  beam  systems, 
curve  veering  and  mode  localization  are  observed  in  the  lower  modes  when  the  foundation  length 
is  varied.  As  the  mode  number  increases,  the  modes  of  the  system  become  extended  indicating 
that  the  foundation  as  well  as  the  coupling  springs  have  little  affect  on  the  system  at  higher 
frequencies.  The  addition  of  a  rotational  spring  to  the  beam  system  produces  an  interesting 
phenomena  where  a  particular  mode  becomes  delocalized  while  other  modes  are  localized.  The 
delocalization  frequency ,  defined  as  the  frequency  at  which  the  delocalization  occurs,  is  obtained 
by  solving  for  the  frequency  which  renders  the  reflection  coefficient  of  the  propagating  waves  to 
be  zero.  The  results  compare  very  well  with  what  the  localization  factor  predicts. 
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2  Problem  Formulation 


A  schematic  of  the  system  to  be  studied  is  shown  in  Figure  1.  This  system  represents  a  string 
or  a  beam  between  two  fixed  supports.  The  string  or  beam  is  constrained  by  pointwise  linear 
translational  and/or  rotational  springs  (for  beams)  at  ;c,  and  ,  and  a  uniform  linear  foundation 
that  extends  from  x^  to  X2 .  The  translational  and  rotational  spring  constants  are  denoted  by 
and  k^-  at  x- ,  i  =  l,2,  respectively.  Assumptions  for  both  models  include:  (i)  the  mass  per  unit 
length  is  uniform  and  constant;  (ii)  the  equilibrium  position  is  straight;  (iii)  damping  is  neglected. 
The  beam  is  modeled  as  an  Euler-Bernoulli  beam  with  the  effects  of  rotary  inertia,  transverse 
shear  deformation,  and  axial  deformation  being  neglected.  Tension  is  also  neglected  in  the  beam 
model  but  the  analysis  procedure  is  the  same  if  tension  had  been  included. 


w(x,t) 

_ i  (1)  ^1  (2)  ^2  (3) 


d. 

Figure  1.  A  string  or  beam  partially  constrained  by  an  elastic  foundation. 


The  system  is  partitioned  into  three  subsystems  as  shown  in  Figure  1.  Under  the  assumptions 
above,  the  non-dimensional  equation  of  motion  governing  the  transverse  displacement  t)  of 
each  subsystem  is 

+  K^ix^)^  f^(x,t),  xG(0,x^),  xe{x2,1)  (la) 

fil 

with  boundary  conditions  expressed  in  the  general  form 

+  t>0,  y  =  l,--.n  (2) 

where  n  is  the  highest  order  of  derivatives  in  x .  Mj  and  Nj  are  spatial,  linear  differential 
operators  of  the  proper  order  and  {x,t)  are  functions  describing  the  inhomogeneous  boundary 


+  K  +  k^  \w{x,t)  =  f^ix,t),  xe{x^,X2) 


(lb) 
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conditions.  For  fixed  supports,  {x,t)=0.  In  Eqn.  (la,b),  is  the  dimensionless  foundation 
stiffness,  is  the  transverse  force,  and  K  is  the  stiffness  spatial  differential  operator 


string  model: 

1 

II 

(3a) 

(3b) 

beam  model: 

~  dx^  ' 

The  constraint  conditions  at  x, ,  x,  are  the  continuity  of  generalized  displacements  and  balance 
of  generalized  forces  which  are  determined  as 

string  model:  i  =  l,2  (4) 

beam  model;  ,t)-w^{x%t)-~k^.w^{x;,t),  (5a) 

(-^r  T)  -  (^; ,  0  =  k,  vw(x, ,  r ),  i  =  1,2  (5b) 


3  Free  Response  Analysis 

The  response  of  the  system  is  determined  by  the  distributed  transfer  function  method  and  the 
generalized  displacement  method  (GDM)  [15].  The  procedure  is  summarized  as  follows.  First 
transform  the  global  coordinate  x  into  a  local  coordinate  z  e  (0,1)  for  each  subsystem,  and 
represent  the  Laplace  transformed  equations  (la,b)  and  (2)  in  the  state  space  form.  Define 
r\^'\z,s)  as  the  state  vector  where,  for  the  string 


\z,s) 

(6) 

and  for  the  beam 

77^''^(z,^)  =  {w^'^(z,5)  w^^‘’(z,i')  wj 

'’’(z,5)  W^^'^(z,5)}\ 

(7) 

and  ^^'^(2,5)  is  the  Laplace  transform  form  of  w{z,t)  for  the  i-th  subsystem.  The  response 
solution  for  each  subsystem  is  [14] 


(z, ^)  =  J’  (z, ^)r (s),  z  e  (0,1) , 


where  the  matrix  transfer  functions  G^'\z,^,s)  and  H^'\z,s)  are  given  by 


(8) 


(9a) 
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The  state  matrices  F^‘^{s)  and  boundary  operators  M^‘\s),  N^‘\s)  are  listed  in  Appendix  A. 
In  Equation  (8),  q^'\^,s)  and  Y^'\s)  are  the  state  vectors  for  excitations  and  inhomogeneous 
boundary  conditions,  respectively. 

Equations  (8)  and  (9a, b)  give  the  formal,  closed-form  solution  of  the  response  for  each 
subsystem.  For  free  vibration  analysis,  ^)  =  0  and  the  boundary  conditions  at  x  =  0  and  1 
are  homogeneous,  the  response  of  each  subsystem  is  obtained  from  Eqn.  (8) 

q^'\z,s)  =  z  g  (0,1)  (10) 


r‘^’(s)= 


W(X2,j; 

0 


for  the  string,  and 


0  ' 

f  ^(x,  ,5) ' 

W(X2,S) 

7'"(j)  =  - 

0 

w(x,  ,5) 

W,(Xj,5) 

W(X2,^) 

w^ix2,s) 

0 

w,(x,  ,j)j 

W,(X2,5)^ 

0 

for  the  beam.  Combining  Eqns.  (11)  and  (12)  with  the  displacement  continuity  and  force  balance 
conditions  (4)-(5a,b)  leads  to  the  following  eigenvalue  problem 


where,  for  the  string 


[7;W]w,(5)  =  0 


W  =  W;(X2,^)} 


T,(s)  = 


-Ir  U-OO  ._L  rr(20) 

^t\  ^  “22  ^  ^  “21 

J_  n7(2l) 


_L  zj-(20) 

I  “22 
^2 

_ L;7(21)  ,  J_  rr(30) 

^/2  ^  “22  “2! 


and  for  the  beam 


vy^(5)  =  {w(x,,j)  w/x,,.y)  ^(x,,^)  w^{x,,s)} 
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(15b) 


_Lh(?0)-  1 


4 


dt 


d^ 


4  '' 

1  1/21) 

■4^' 


di 


12^32  “ 


1 


>4f)  ‘4>U*:„  ’/4f-^C> 


<« 


__Lh(2') 

4  “ 

-±H<2» 

4  ^ 


A? 


i  o(20) 
di 

4/4® 

4  " 


4 

1  W{20) 

4  * 

1  H<30)  ^  H<21)  1  ;/30)  1  f/21)  , 

—  rt31  -— ^33  —"32  j"34 

^3  02 

4/4f-4/4fH2 


^  i/30)  1  t/21) 

”3^42  “J^44 

O3  O2 


denotes  the  {m,n)  element  of  H^'\z,s)  and  =x, ,  -x^_~x^ 

eigenvalues  of  the  system  are  the.  roots  of  the  transcendental  characteristic  equation 


and  <^3  =  1  -  a:,  -  The 


Det[r,(5)]  =  0 


(16) 


Note  that  classical  methods  would  require  the  evaluation  of  the  determinant  of  a  6x6  and  a 
12x12  matrix  for  the  characteristic  equation  of  the  string  and  the  beam  system,  respectively. 
The  eigenfunctions  of  the  distributed  parameter  system  are  obtained  by  first  determining  the 
eigenvalues  s.  of  the  system  from  (16).  The  corresponding  eigenvector  Wj(Sj)  from  (13)  is 

then  back  substituted  into  (10)  to  give  the y-th  eigenfunction 

w(x,Sj)  =  hl'\x,Sj)Y^'\sj),  /  =  1,2,3,  x  g  ,X;].  (17) 


Consider  an  elastic  foundation  located  symmetrically  along  the  span  of  the  string  or  the  beam, 
i.e.,  =d^.  Figure  2  shows  the  locus  of  the  natural  frequency  as  a  function  of  the  foundation 

length  cf,  for  the  string  model  with  k,^  =  -  kj  =50.  For  comparison,  the  natural  frequencies 

of  the  uncoupled  subsystems  {k,^  k^^  00)  are  also  plotted  as  dashed  lines.  From  Figure  2,  it  is 

seen  that  eigenvalue  veering  occurs  in  the  first  few  modes  and  loci  of  the  coupled  system  appear 
to  closely  follow  the  loci  of  the  uncoupled  systems.  However,  as  the  mode  number  increases,  the 
“fluctuating  amplitudes”  of  the  loci  decrease,  becoming  much  flatter  over  the  entire  range  of  the 
foundation  length.  This  results  in  the  loci  of  the  coupled  system  moving  away  from  the  loci  of 
the  uncoupled  systems.  Chung  and  Tan  [4]  showed  that  the  coupling  of  the  subsystems  increases 
with  1  /  yfc,- ,  and  for  weakly  coupled  subsystems,  mode  localization  occurs  when  the  frequency 
loci  of  a  particular  mode  is  close  to  some  frequency  loci  of  the  uncoupled  subsystem.  Thus,  as 
the  mode  number  increases,  with  the  loci  of  the  coupled  system  becoming  increasingly  flatter  and 
moving  away  from  the  loci  of  the  uncoupled  system,  the  theory  of  [4]  predicts  that  mode 
localization  will  become  less  prominent  and  eventually  will  not  occur  regardless  of  the  length  of 
the  foundation.  This  prediction  agrees  with  simulation  results.  To  reduce  the  number  of  figures 
in  this  paper,  only  mode  shapes  of  the  higher  modes  of  the  beam  system  are  presented  (see  Fig. 
4).  It  should  be  noted  that  the  loci  for  higher  modes  are  not  flat,  that  is,  a  straight  line.  The 
overall  shapes  of  the  loci  only  appear  to  be  flat  relative  to  the  loci  of  the  lower  modes  because  the 
“fluctuating  amplitudes”  of  the  loci  decrease  as  the  mode  number  increases. 
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Figure  2.  Loci  of  the  natural  frequencies  of  the 
string  model  versus  the  foundation  length  for 
=50. 


Figure  3.  Loci  of  the  natural  frequencies  of 
the  beam  model  versus  the  foundation  length 
for  k,^  =  k,^  =kf=  5000 ,  -k^^=Q. 


Figure  3  shows  the  results  for  the  beam  model  with  =k^2  -  ^f  =5000,  k^^  =k^2  - 
The  results  for  k,^  -k,2-^°°  (dashed  curves)  are  also  shown  to  explain  the  loci  veering  and 
mode  localization.  Note  that,  for  a  beam  model,  each  subsystem  is  bi-coupled  through 
translational  and  rotational  constraints.  Thus  the  dashed  curves  are  not  the  eigenvalue  loci  of  the 
uncoupled  subsystems  {k,,k^  Nevertheless,  similar  loci  veering  phenomenon  for  the  first 

few  modes  are  also  observed  in  the  beam  model,  and  the  loci  of  the  higher  modes  deviate  away 
from  the  loci  of  the.  dashed  curves  significantly.  Again  the  degree  of  mode  localization 
diminishes  for  higher  modes.  This  is  clearly  shown  in  Fig.  4,  where  the  mode  shapes  of  the 
eighth  mode  are  plotted  for  several  values  of  the  foundation  length.  It  is  noted  that  in  the  study 
of  mode  localization  in  a  two-span,  mono-coupled  beam  [10],  the  authors  hypothesized  that  the 
localized  behavior  of  the  first  few  modes  are  representative  of  the  behavior  of  higher  modes. 
However,  Langley  [16]  showed  that  it  was  not  the  case.  The  results  for  the  beam/foundation 
system  considered  here  agree  with  the  general  findings  of  Langley.  The  effects  of  rotational 
constraints  in  the  mode  localization  of  the  beam  model  will  be  examined  in  Section  5. 

Figure  5  shows  the  first  mode  of  the  string  model;  the  modes  are  localized.  Similar  results 
can  also  be  shown  for  the  lower  modes  of  the  beam  model.  Chung  and  Tan  [4]  showed  that 
mode  localization  occurs  in  weakly  coupled  systems  and  the  amount  of  coupling  is  a  function  of 
1  /  k,  and  not  kj. .  It  thus  suggests  that  the  partial  foundation  does  not  contribute  to  the 

occurrence  of  the  mode  localization.  From  Fig.  5,  it  is  obvious  that  k^  affects  the  amount  of 
localization.  To  further  understand  the  influence  of  kj.  and  to  further  show  that  localization 
diminishes  at  high  frequencies  for  the  systems  studied  here,  a  wave  analysis  is  performed. 
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Figure  4.  Eighth  mode  of  the  beam  model,  for 
=5000,  lc^,=  K,=Q. 


Figure  5.  First  mode  of  the  string  model,  for 
d2  =  0.68  ,  k^^  =  kj2  =50 . 


4  Wave  Reflection  and  Transmission 

Consider  a  local  wave  analysis  of  a  wave  incident  at  the  subsystem  interface.  It  is  well 
known  that  when  a  propagating  wave  in  an  elastic  medium  is  incident  upon  some  discontinuity  in 
the  medium,  a  reflected  and  a  transmitted  wave  are  generated  [12].  Denote  the  coupling  point  as 
X  =  0 ,  and  because  the  wave  propagates  from  one  medium  to  another,  two  different  cases  need 
to  be  considered,  as  shown  in  Figure  6. 


Case  I  Case  11 


Figure  6.  Two  cases  for  an  incident  wave  at  the  coupling  point  of  the  string  system. 


4.1  String  Model 

Considering  a  wave  propagating  in  the  positive  direction  in  the  subsystem  without  the 
foundation,  subsystem  (1),  the  dispersion  relation  is 
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-co^  +  rl  =0 


(18) 


which  gives  the  wavenumbers 

7,1  =±G)  =  7i,-7,  (19) 

where  7,  =  0) .  For  subsystem  (2),  the  string/foundation  medium,  the  dispersion  relation  is 

-co^  +rl^+kf=0  (20) 

which  gives 

=72. -y2  (21) 


where  7,  =  ^jco^  —  kj.  .  The  string/foundation  subsystem  is  dispersive  with  a  cutoff  frequency 
co^  =  ,  above  which  all  waves  propagate  and  below  which  all  waves  attenuate. 

4.1.1  Case  I:  Propagation  from  string  to  string/foundation 

For  this  case,  the  positive  traveling  incident  wave  is  in  the  subsystem  without  the  foundation. 
The  wave  motions  at  the  subsystem  interface  are  expressed  as 


\co>a)^ 


w{x,t)  = 


X<0' 

,  x>0-" 

x<0' 

x>0* 

where  7,  =  -^k^  -cpf  .  The  constraint  conditions  at  the  subsystem  interface  are  the  continuity  in 

the  displacement  and  the  force  balance  (4).  Substituting  (22),  (23)  into  the  constraint  conditions 
gives  the  reflection  and  transmission  coefficients,  r  and  f ,  for  (0>co^  and  0)<Q)^ 


k^ +i^co^ -k^  -ico  ^  _ 2_m) _ 

-k,  -i-yjo)^  -  kj  -ico  k^  +i^Q)^~kj.  +iQ) 


;  co>co^  (24a) 


^  _  A'  _  k,+^k^-Q)^  -ico 


2  ico 
t,  +^fk~^ 


r  =  — = - P= - - - ,  t  =  —  = - - - -  ;  o)<o)^  (24b) 

^  -k,-^k^  -  CO  -io)  A  k,-^^k^~(0  +  ico 

Figure  7(a)  shows  the  magnitude  (modulus)  of  the  above  coefficients  for  several  values  of 
k. .  When  co<co^  ,  |rl  =  1  since  no  wave  can  propagate  in  the  string/foundation  medium;  i.e.. 
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the  transmitted  wave  is  attenuating.  When  co>0)^  ,  all  waves  propagate  and  Irj  decreases  as  co 
increases,  while  the  transmission  modulus  |?|  increases  with  ft)  and  approaches  the  value  of  1. 
As  ft)  increases,  it  is  seen  that  the  curves  for  both  r  and  t  converge  to  the  case  of  =0 
implying  that  the  foundation  appears  to  have  almost  no  effect  on  r  or  r  as  ft)  becomes  large.  In 
fact,  it  can  be  shown  from  (24a)  that,  as  ft)  ->  0° ,  H  0  and  |r|  1  independent  of  .  In  other 

words,  at  high  frequencies  there  are  no  reflected  waves;  all  waves  are  transmitted.  Therefore  at 
high  frequencies,  both  the  foundation  and  point  springs  are  transparent  to  the  system  and  the 
system  behaves  as  if  kj  =  =  /(:,2  =0.  This  means  that  for  ft)  >  ft)^,  and  for  increasing  ft),  the 

coupling  between  the  subsystems  becomes  stronger.  As  the  coupling  becomes  stronger,  the 
effect  of  mode  localization  will  decrease.  Therefore,  as  ft)  increases,  the  degree  of  mode 
localization  decreases  regardless  of  the  length  of  the  foundation.  This  is  exactly  what  Figure  2 
predicts  based  on  [4], 


Frequency,  to  Frequency,  oj 


Figure  7.  Reflection  and  transmission  coefficients  for  the  string/foundation  system  for 
^t\  ~  ’  (^)  C^se  I,  (b)  Case  II. 


4.1.2  Case  II:  Propagation  from  string/foundation  to  string 

In  this  case,  the  positive  traveling  incident  wave  is  in  the  string/foundation  medium.  The 
wave  motions  at  the  subsystem  interface  for  ft)  >  ft)  ^  and  ft)<  ft)^  are 


;  x<0- 


(25a) 
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^,0  =  1  V  ^  ,  CO  <  CO.  (25b) 


where  7j  ,72  >  7 2  previously  defined.  The  transmission  and  reflection  coefficients  can 

be  determined  as  before,  and  are 


-k,  +  i^co^  ~^f  ~  2  i^co  -  kj 

k,  +  ijo)^  ~kr  +  ico  k.  +  ijco^  -  k,  +  ico 


CO  >  co^  (26a) 


A~  B* 

r  =  — =  -l,  r=  — =  0  ;  co<co^  (26b) 

A  A 

Figure  7b  shows  |r|  and  |r|  for  the  same  values  of  k^  that  were  used  in  Case  I.  Note  that,  for 
co<0^,  H  =  1  for  both  cases,  as  shown  in  Figs.  7(a,  b)  and  by  Eqns.  (24a),  (26a).  However, 
r  =  0  for  co<co^.  This  is  due  to  the  fact  that  all  waves  are  attenuating  in  the  string/foundation 
medium  and  therefore  no  propagating  wave  can  be  transmitted.  When  co>  co^,  t  increases  with 
CO.  Again,  it  is  seen  that  as  co  becomes  large,  |r|  and  |r|  approach  0  and  1,  respectively,  meaning 
that  the  subsystems  behave  as  if  they  are  completely  coupled  and  the  degree  of  mode  localization 
diminishes.  Thus,  the  results  of  Figs.  7  (a,  b)  confirm  the  findings  in  Section  3  for  large  CD . 

5.2  Beam  Model 

The  reflection  and  transmission  coefficients  for  the  beam  model  can  also  be  determined  for 
the  same  two  cases  as  the  string.  The  dispersion  relation  for  the  subsystem  without  the 
foundation  is 

-cu^+ 7^1=0  (27) 

which  results  in  the  following  wavenumbers 

7n=±Vffl.  ±^^/ffl  =  ±y,  .±iy,  (28) 

where  y ,  =  ^/G) .  For  the  beam/foundation  subsystem,  the  dispersion  relation  is 

-tB"+y:,+*:,=0  (29) 

which  gives  the  wavenumbers 


7,2=±(6J  -k^)  ,  =±72»±^‘r2 
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where  -  (or  .As  with  the  case  of  the  string,  Eqn.  (30)  shows  that  the  beam  has  a 

cutoff  frequency  0)^  =  JkJ . 

5.2. 1  Case  I:  Propagation  from  beam  to  beam/foundation 

From  Eqns.  (28)  and  (30),  the  beam  has  four  wave  components;  two  of  which  are  propagating 
and  two  are  attenuating.  At  the  subsystem  interface,  the  wave  solutions  are 


(OXO.  (31a) 


w(x,r)  = 


x<0' 

’ 

x>0^ 

x<0' 

,  x>0^ 

where  and  are  the  positive  propagating  and  attenuating  waves,  A  and  A“  are  the 
negative  propagating  and  attenuating  waves,  respectively,  and  are  propagating/spatially 
varying  waves,  and 


The  2x2  reflection  and  transmission  matrices  r  and  t  are  expressed  as  [17] 

A-  =  rA^  ,  =tA^  , 

where, 


(33a,  b) 
(34) 


At  the  coupling  point  and  for  coxo^,  applying  the  continuity  of  generalized  displacements  and 
force  balance  conditions  based  on  Eqns.  (5a,  b)  leads  to  the  following  set  of  equations 


A" 

U'l 

1  .  >  A-  = 

B  =  A 

[a:/ 

"Wi 

[K] 

■ 

1 

1  1  . 

■  1 

1 

1  1 

A^  + 

A": 

(35) 

AYi 

-7iJ 

J7i 

rj 

.-'72  72 

- 

1 - 1 

1 

r,' 

-r/. 

+ 

+ 

-rr  rr 
r‘r'  rL 

A"  : 

L  '72 

’'%V7 

-72J  L 

. 

K  J 

(36) 
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Resolving  (35),  (36)  in  the  forms  of  (33a,  b)  yields  the  reflection  and  transmission  matrices  r 
and  t  foT  CO  >  CO The  same  procedure  can  be  used  to  determine  r  and  t  for  m  . 

Figures  8-11  plot  various  reflection  and  transmission  coefficients  as  a  function  of  frequency, 
with  k,  =  5000  and  =  0.  As  seen  in  all  figures,  for  sufficiently  large  (0>(o^,  the  curves  for 
kj  approach  the  corresponding  ones  for  kj  =  0,  as  in  the  case  of  the  string.  This  means  that 

the  foundation  appears  to  be  transparent  at  high  frequencies.  Comparing  Fig.  3  with  Figs.  8-11, 
it  can  be  concluded  that,  for  this  particular  case,  the  foundation  has  negligible  effect  on  the  wave 

motions  for  mode  number  greater  than  6.  Figure  10  shows  that  1  as  (O  increases  (i.e., 

most  of  the  propagating  waves  are  transmitted),  regardless  of  the  value  of  kj. .  The  subsystems 


Figure  8.  Reflection  coefficient  r^^  for  Case  I  of 
the  beam  model  with  k,  =  5000 ,  k^  =  0 . 


Figure  10.  Transmission  coefficient  q,  for  Case 
I  of  the  beam  model  with  k,  =  5000 ,  k^  =  0. 


Figure  9.  Reflection  coefficient  r,2  for  Case  I  of 
the  beam  model  with  =5000,  k^  =  0  . 


Figure  11.  Transmission  coefficient  ri2  for  Case 
I  of  the  beam  model  with  k,  =  5000 ,  k^.  =  0 . 
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are  thus  strongly  coupled  and  the  degree  of  mode  localization  diminishes,  agreeing  with  the 
results  implied  by  Fig.  3.  Now  since  the  effect  of  is  negligible  at  high  frequencies,  the 

diminishing  of  the  mode  localization  is  thus  independent  of  the  presence  of  the  foundation. 

In  Figs.  8-1 1,  it  is  seen  that  the  reflection  and  transmission  coefficients  change  drastically  at 
(0~co^,  and  are  significantly  affected  by  kj. .  In  particular,  the  wave  transmission  coefficients 

go  to  infinity  at  0)  =  0)^,  for  both  the  transmitted  propagating  (Fig.  10)  and  attenuating  waves 
(Fig.  11).  To  explain  this,  it  is  noted  that  y  is  complex  for  co<co^,  and  is  either  real  or  purely 
imaginary  for  (0>co,.  Thus  the  characteristics  of  wave  motions  are  different  as  the  cutoff 
frequency  is  passed.  Also,  why  does  this  phenomenon  occur  only  in  the  beam  model  and  not  the 
string  model  (Fig.  7)?  At  this  point,  it  is  suspected  that  this  could  be  due  to  a  deficiency  in  the 
modeling  of  the  Winkler  foundation  which  constrains  only  the  transverse  displacement  and  has 
no  effect  on  the  rotational  motion  of  the  beam.  The  foundation  represents  a  series  of  point 
springs,  assuming  that  the  beam  interacts  with  it  only  at  discrete  points  and  deformation  at  a 
material  point  of  the  beam  is  not  affected  by  motions  of  neighboring  material  points.  The  effects 
of  rotational  constraints  on  the  wave  reflection  and  transmission  will  be  explored  in  Section  5  to 
explain  the  phenomenon  seen  in  Figs.  8-11.  Similar  observations  in  the  deficiency  of  the 
Winkler  foundation  model  have  also  been  made  in  civil  engineering  applications,  and  a  more 
realistic  model  of  a  Pasternak  foundation  was  suggested  [18,  19]. 

5.2.2  Case  II:  Propagation  from  beam/foundation  to  beam 

With  the  incident  wave  in  the  beam/foundation  medium,  the  wave  solution  becomes 


w(x,0  = 


r  y.-o  . 

I  +  g+^(to'-y,.v)  . 


x<0' 

x>0^ 


Q)>0)c 


(37a) 


w(x,0  = 


BU 


Xicat-Yix) 


+  BU 


(.ici>i~y,x) 


X  >  0 


^co<0)^  (37b) 


where  the  notations  used  are  the  same  as  in  Case  I  with  A^,A2,A^,  and being 
propagating/spatially  varying  waves.  A  similar  procedure  can  be  applied  to  obtain  the  wave 
reflection  and  transmission  matrices.  Again,  the  simulation  results  show  that  kj-  has  no  effect  on 

the  wave  propagation  at  high  frequencies. 


5  Role  of  the  Rotational  Constraint  in  the  Beam  Model 

Due  to  the  suspected  deficiency  in  the  modelling  of  a  Winkler  foundation  for  a  beam 
structure  which  has  rotational  stiffness,  the  effects  of  having  both  translational  and  rotational 
springs  at  the  subsystem  interfaces  are  studied.  To  simplify  the  problem,  only  a  two-span  beam 
is  considered,  i.e.,  x^  -  1  and  d^  =  0.  Figure  12  shows  the  frequency  loci  versus  the  foundation 
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length  d.,  for  the  two-span  beam  with  =  5000 .  The  loci  exhibit  veering  for  the  first 

three  modes  while  the  loci  of  the  fourth  mode  becomes  almost  flat  relative  to  the  other  loci  over 
the  range  of  =  0.05  -0.95 .  Veering  then  occurs  for  the  fifth  mode  and  continues  for  higher 
modes.  This  “flattening”  of  the  fourth  mode  loci  is  similar  to  the  beam  model  at  high  frequencies 
shown  in  Fig.  3.  This  suggests  that  the  fourth  mode  is  extended  (global  mode),  while  the  other 
modes  above  or  below  the  fourth  mode  are  localized.  In  other  words,  the  modes  are  first 
localized,  delocalized  at  the  fourth  mode,  and  then  localized  again.  Results  for  the  mode  shapes 
of  the  first  seven  modes  show  exactly  this  behavior. 


Figure  12.  Loci  of  natural  frequencies  versus  foundation  length  for  a  two-span  beam  on  partial 
foundation  with  k^  ■=k^=k^  —  5000  .  Mode  shapes  for  the  fourth  and  fifth  modes  are  also  shown. 

To  help  explain  this  phenomenon,  the  reflection  and  transmission  matrices  at  the  coupling 
point  are  determined  in  a  similar  manner  as  before.  For  Case  I,  with  the  incident  propagating 
wave  in  the  subsystem  without  the  foundation,  the  modulus  of  hi  shown  in 

Figures  13  and  14  for  different  values  of  kj  with  k,  =k^=  5000.  The  figures  show  that,  for 
=  0,  there  is  a  frequency  where  r^^-O  and  r,]  =  1 ,  implying  that  at  this  frequency  all  incident 

propagating  waves  are  completely  transmitted,  and  therefore  if  the  natural  frequency  of  the 
system  coincides  with  that  particular  frequency,  mode  localization  will  not  occur.  This 
frequency,  hereby  termed  the  delocalization  frequency,  can  be  found  by  equating  the  numerator 
of  r,i  to  0  and  then  solving  for  co .  For  the  case  shown  in  Figure  13,  the  delocalization  frequency 
is  184.87.  The  figures  also  show  that  the  addition  of  the  foundation  shifts  the  reflection 
coefficient  up  and  to  the  right  so  that  now  there  is  no  frequency  at  which  r,,  becomes  0. 
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However,  for  the  current  case  where  ^^=5000,  its  minimum  value  r,i=0.05  occurs  at 

0)  ~  192 .  This  minimum  value  is  still  very  low  and  will  cause  the  modes  near  that  frequency  to 
become  extended.  This  explains  why  the  eigenvalue  loci  of  the  fourth  mode  in  Figure  12  is 
nearly  flat.  Note  that  the  delocalization  is  basically  independent  of  the  foundation.  The  addition 
of  the  rotational  pointwise  constraint  also  removes  the  singularity  phenomenon  seen  in  Figs.  8-1 1 
except  at  (O^ .  Thus  a  rotational  constraint  and  a  foundation  model  which  includes  rotational 
constraints  are  needed  to  properly  formulate  the  wave  propagation  problem  in  a  constrained 
beam  model. 


Figure  13.  Reflection  coefficients  for  Case  I  of  the 
beam  model  with  k,  =k^  =  5000 . 


Figure  14.  Transmission  coefficients  for  Case  I 
of  the  beam  model  with  k,  =k^=  5000.  For 
given  kj- ,  lower  curve  is  curve  is  r,, 


A  similar  delocalization  phenomenon  for  a  two-span  Timoshenko  beam  joined  by  a  pin  joint 
with  a  translational  and  rotational  spring  at  the  pin  joint  was  reported  by  Lust  et  al.  [20].  Their 
finite  elements  results  show  that  there  is  first  mode  localization,  then  followed  by  delocalization 
as  the  transverse  spring  is  increased.  It  was  suggested  that  the  delocalization  is  due  to 
interactions  of  the  bending  and  shear  modes  and  the  disorder  of  the  beam  span  lengths.  It  is 
interesting  that  the  fact  that  delocalization  does  not  occur  in  the  string  model  may  suggest  that 
this  phenomenon  has  to  do  with  the  interactions  of  transverse  and  bending  motions  in  a  beam  (bi- 
coupled  system). 

Consider  the  case  of  =  0  and  neglect  attenuating  wave  components,  the  degree  of  mode 
localization  of  the  two  subsystems  due  to  the  coupling  can  be  quantified  by  the  localization  factor 
|5|  which  is  expressed  as  [16] 
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(38) 


I 


¥i  =0,,+0,+(?^,+(^-27,L, 


where  r  and  t  are  the  reflection  and  transmission  coefficients,  respectively,  at  the  coupling 
point,  0^.,  is  the  phase  angle  of  the  reflection  coefficient  at  boundary  associated  with  subsystem 
1,  0^  and  0,  are  the  phase  angles  of  rand  r  respectively,  is  the  wavenumber  of  subsystem  1, 
and  Lj  is  the  length  of  subsystem  1.  The  values  of  0  can  ht  ±\7t  and  for  our  case  is  taken  to  be 
\7Z .  When  \S\  is  evaluated  at  a  particular  natural  frequency,  it  determines  the  degree  of 
localization  for  the  corresponding  mode.  When  |5|=1  the  modes  are  completely  extended  (not 
localized).  In  Fig.  15,  the  localization  factor  is  plotted  against  frequency  for  several  locations  of 
the  coupling  point  x,  of  the  two-span  beam.  The  line  \S\=1  is  also  shown  for  reference.  The 
points  on  each  curve  (*,  o,  +)  represent  the  second  to  sixth  natural  frequencies  of  the  system.  At 
low  frequencies,  the  amplitude  of  the  curves  are  very  large  indicating  that  the  modes  are  strongly 
localized.  As  the  frequency  increases,  the  amplitude  of  the  curves  decrease  and  eventually  all  the 
curves  coalesce  at  the  delocalization  frequency  of  184.87  where  r  =  0.  At  this  point  the 
localization  factor  is  1.  The  fourth  modes  of  all  three  cases  are  very  close  to  the  delocalization 
frequency  indicating  that  the  localization  factor  is  near  unity  and  hence  mode  localization  does 
not  occur  in  the  fourth  mode.  As  the  frequency  increases  beyond  this  point,  the  localization 
curves  begin  to  increase  thus  showing  that  localization  can  occur  in  the  modes  above  the  fourth 
mode.  It  can  be  seen  directly  from  (38)  that  when  \r\  =  0  and  |r|  =  1  the  localization  factor  is  1. 
Note  that  Fig.  15  agrees  with  the  hypothesis  that  mode  localization  is  strongest  at  the  lower 
modes  [10]. 


Frequency,  co 

Figure  15.  Localization  factor  versus  frequency 


for  a  two-span  beam  with  =k^=  5000,  kj-  =  0  . 
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The  implication  of  the  delocalization  is  that,  with  the  parameters  of  the  system,  E ,I 
and  ,  the  system  can  be  tuned  such  that  a  particular  mode  coincides  with  the  delocalization 
frequency  and  becomes  delocalized.  Moreover,  the  delocalization  is  virtually  unaffected  by  the 
location  of  the  translational  and  rotational  springs;  that  is  its  mode  shape  is  practically 
independent  of  the  position  of  the  coupling  point.  Of  course  modes  which  are  not  exactly  at  this 
frequency  but  are  sufficiently  close  to  it  will  also  exhibit  delocalization.  The  delocalization 
phenomenon  poses  an  important  design  criterion,  and  must  be  avoided  if  particular  mode 
localization  is  desired. 


6  Summary  and  Conclusions 

The  free  response  and  wave  propagation  of  a  constrained  string  and  beam  on  a  partial  elastic 
foundation  is  studied  in  this  paper.  Plots  of  eigenvalues  show  that  at  high  frequencies  loci 
veering  diminishes  and  hence  the  degree  of  mode  localization  decreases.  The  wave  analysis 
confirms  this  and  further  shows  that  the  spring  constraints  become  transparent  to  the  system  at 
high  frequencies  and  thus  the  subsystems  are  strongly  coupled.  The  effect  of  the  foundation  on 
the  free  response  is  also  examined.  It  is  shown  that  the  foundation  has  negligible  effect  on  the 
wave  propagation  at  high  frequencies  and  does  not  seem  to  affect  the  fundamental  characteristics 
of  the  free  response  of  the  system.  With  the  inclusion  of  a  rotational  constraint,  a  mode 
delocalization  phenomenon  occurs  in  which  the  lower  modes  are  localized,  delocalized 
(extended)  at  a  particular  mode,  and  localized  at  higher  modes  again.  The  frequency  at  which 
delocalization  occurs  is  the  frequency  which  makes  the  reflection  coefficient  of  the  propagating 
waves  become  zero.  This  delocalization  frequency  matches  well  with  the  prediction  obtained 
from  a  plot  of  the  localization  factor  [16]  even  though  the  attenuating  wave  components  were 
neglected  in  the  analysis. 
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The  state  matrices  and  the  boundary  operators  in  local  coordinates  for  the  string  are 
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THE  MEASUREMENT  OF  IN-PLANE  WAVE 
POWER  FLOW  IN  PLATES 


S.H.  Liu*  and  RJ.  Pinnington 

Institute  of  Sound  and  Vibration  Research,  University  of  Southampton, 
Southampton  SO  17  IBJ,  England 

1.  INTRODUCTION 

The  measurement  of  power  flow  in  beams  and  plates  was  first  introduced  by 
Noiseux  [1],  who  described  flexural  wave  power  in  terms  of  surface  vibrations 
so  that  power  transmission  under  far  field  condition  could  be  measured  by  two 
accelerometers  -  one  measuring  the  transverse  acceleration  and  the  other 
measuring  rotational  acceleration.  Fahy  [2]  and  Verheij  [3]  introduced  a 
measurement  method  by  using  cross  spectral  density  in  the  frequency  domain 
that  provided  a  convenient  method  for  practical  measurements  with  FFT 
analysers. 

Most  of  the  structural  intensity  measurements  have  been  focused  on  the 
flexural  wave  by  using  various  accelerometer  arrays  and  finite  difference 
approximations  [4-7].  One  reason  for  this  is  that  the  local  accelerations  and 
strains  associated  with  flexural  wave  motion  are  larger  and  more  noticeable 
than  those  of  in-plane  wave  motion  and  therefore  easier  to  measure.  For  in¬ 
plane  measurements,  the  accelerometers  have  to  be  positioned  parallel  to  the 
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structure,  usually  via  an  attached  to  a  mounting  block.  The  introduction  of  the 
mounting  block,  together  with  the  problem  of  the  transverse  sensitivity  of 
accelerometers,  can  cause  the  measurement  to  be  less  accurate.  Thouglustrain 
gauges  can  instead  be  used  for  measurement,  problems  however  occur  in 
practice  because  their  sensitivity  is  low  at  high  frequencies.  Another  drawback 
with  strain  gauges  is  that  rather  than  the  use  of  charge  amplifiers  (as  used  with 
piezo-type  sensors  such  as  load  cells  and  accelerometers)  they  require  special 
conditioning  amplifiers.  Phase  is  crucial  in  power  measurements  and  the 
simultaneous  introduction  of  different  types  of  amplifier  when  using  strain 
gauges  alongside  piezo-type  sensors  can  cause  severe  phase  mismatch  errors. 

Piezo  film  gauges  have  been  used  to  measure  the  flexural  wave  and 
longitudinal  wave  power  transmission  in  beams  [8].  Piezo  gauges  are 
lightweight,  with  negligible  mass  effect  on  structures,  and  low  cost.  Unlike 
strain  gauges,  piezo  gauges  are  very  sensitive  to  strain  and  can  be  used  in  the 
high  frequency  range.  Piezo  gauges  like  other  piezo-type  sensors  such  as 
accelerometers  and  load  cells  use  charge  amplifiers  converting  an  output 
charge  signal  to  a  voltage  signal,  therefore  piezo  gauges  can  be  used  together 
with  accelerometers  and  load  cells  in  power  measurements  without  causing 
any  phase  mismatch  problem. 

This  paper  discusses  the  use  of  the  piezo  film  gauge  in  measuring  in-plane 
wave  structural  intensity  in  plates.  Also  experimental  investigations  were 
carried  out  to  verify  the  new  measurement  method. 
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2.  MEASUREMENT  OF  IN-PLANE  STRUCTURAL  INTENSITY 


2  ■  1  Theory  of  measurement 

The  X  and  y  component  of  in-plane  structural  intensity,  power  transmission  per 
unit  cross-section  area  (W/m-),  can  be  obtained  from  in-plane  stresses  and 
motions  as  [9] 


4=  .  (') 

where  it  and  v  are  velocity  in  the  x  and  y  direction  respectively,  cr„  and 
are  normal  stress  in  the  x  and  y  direction  ,  and  are  shear  stresses. 

Equations  (1)  and  (2)  represent  instantaneous  intensity,  but  only  time-averaged 
intensity  is  referred  to  in  this  paper.  In  practice  acceleration  rather  than 
velocity  was  monitored  and  broadband  forces  rather  than  harmonic  forces 
were  often  occur.  In  this  case  the  spectral  density  of  time-averaged  intensity 
(W/mVHz)  in  the  x  and  y  directions  are  given  by  [3] 
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where  a]  and  denote  conjugate  of  acceleration  a=^uldt^  and  a^^&vldt^ . 

In  equations  (3)  and  (4)  all  the  stresses  o;,.,,  Cyy,  T,y  and  accelerations  are 
the  Fourier  transform  functions  of  the  responses  in  the  time  domain. 
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By  substituting  in-plane  stress-strain  relations  from  elasticity  theory  [10],  the  x 
and  y  component  of  the  time-averaged  in-plane  intensity  therefore  can  be 
expressed  in  terms  of  strains  and  accelerations  as 
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If  a  three-element  rectangular  rosette  which  employs  uni-axial  piezo  gauges 
placed  at  the  0°  ,45°  and  90°  position  (see  Figure  1)  is  applied  to  measure  in- 
plane  strains  £„Sy  and  ,  it  would  give  [11] 
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By  substituting  equations  (7)-(9)  into  equations  (5)  and  (6),  the  x  and  y 
component  of  time-averaged  in-plane  intensity  can  be  measured  by  using  three 
uni-axial  piezo  gauges  and  two  accelerometers  as 
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where  Gpp  is  autospectrum  of  input  force  signal,  and  Hpa  are  transfer 
functions. 
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2.2.  Uni-axial  piezo  gauge 

The  uni-axial  piezo  gauge  (see  Figure  2)  has  been  used  successfully  in 
measuring  the  flexural  and  longitudinal  power  transmission  in  beams  [8].  The 
piezo  gauges  were  made  from  52  pm  thick  piezo  film  (PVDF)  with  Cu/Ni 
electrode  layers.  The  size  of  piezo  gauge  was  20mmxl5mm  (lengthxwidth) 
and  the  active  area  was  20mmx5mm  in  the  middle  of  the  gauge.  The 
sensitivity  coefficient  (output  charge  per  strain)  of  uni-axial  piezo  gauge  is  6.5 
pc/p. 

2.3.  Flejoir^  wave  effect 

In  practice  flexural  waves  usually  occur  when  measuring  in-plane  structural 
intensity.  As  accelerometers  have  a  low  transverse  sensitivity  (smaller  than 
3%)  the  errors  caused  by  flexural  waves  in  measuring  in-plane  acceleration 
can  be  ignored.  But  for  the  signal  from  piezo  gauge  the  surface  strains  caused 
by  flexural  waves  and  in-plane  waves  may  have  the  same  order,  so  the  flexural 
wave  effect  cannot  be  ignored  for  piezo  gauges.  An  averaging  method  can  be 
applied  to  cancel  out  the  flexural  wave  effect  by  gluing  the  piezo  gauges  on 
both  sides  of  a  plate.  The  output  signals  from  the  piezo  gauges  on  both  sides 
caused  by  flexural  waves  are  out-of-phase,  because  surface  strains  of  the  plate 
are  opposite  on  the  opposite  sides.  On  the  other  hand  surface  strains  caused  by 
in-plane  waves  are  the  same  for  both  sides.  The  surface  strain  at  a  certain 
position  purely  cause  by  in-plane  waves  therefore  can  be  obtained  by 
averaging  the  output  signals  of  piezo  gauges  on  both  sides  of  the  plate  and  the 
flexural  wave  effect  can  be  cancelled  out. 
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3.  EXPERIMENT 


The  application  of  in-plane  structural  intensity  measurement  was  carried  out  to 
investigate  the  power  input  and  transmission  in  a  semi-infinite  plate  from  an 
in-plane  point  force  excitation. 

Consider  an  in-plane  force  applied  at  the  edge  of  a  semi-infinite  plate  (see 
Figure  3)  the  total  power  transmitted  through  the  cross-section  at  radius  r 
should  equal  to  the  input  power  from  the  force  if  r  is  far  smaller  than  an  in¬ 
plane  wavelength.  The  energy  dissipated  by  the  material  damping  can  be 
neglected. 

To  simulate  a  semi-infinite  plate,  where  only  outgoing  waves  from  an 
excitation  on  the  edge  exist  and  no  reflection  occurs,  a  large  Perspex  plate  with 
the  dimensions  2026mmx  1520mmxl  1.7mm  (widthxheightxthickness)  was 
mounted  on  a  laminated  absorber  and  clamped  on  the  left  and  right  sides  (see 
Figure  4).  Perspex  was  chosen  because  it  has  a  high  loss  factor  ^=0.02.  Other 
material  properties  from  the  manufacturer  data  sheet  are  Poisson’s  ratio  v=0.4, 
Young’s  modulus  .£^=3.2x10^  N/m^  and  density  p=\\^9  kg/m^  The  laminated 
absorber  was  made  by  laminating  strips  of  steel  and  rubber  to  match  plate 
impedance,  so  waves  created  by  an  exciting  force  would  be  absorbed  at  the 
junction  and  wave  reflection  could  be  reduced.  Also  rubber  strips  were  glued 
along  the  vertical  edges  to  reduce  wave  reflection  on  the  edges. 

The  plate  was  excited  at  the  top  edge  by  a  hammer  in  two  conditions  : 
vertically  and  horizontally. 

Input  power  was  measured  directly  and  used  for  the  comparison  with  the 
transmitted  power  measured  by  in-plane  structural  intensity  technique.  The 
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active  input  power  is  proportional  to  the  imaginary  part  of  the  accelerance 
according  to  [7]  : 


(12) 


where  Hfa  is  the  input  accelerance. 

The  total  transmitted  in-plane  power  was  obtained  by  integrating  the  radial 
component  of  in-plane  structural  intensity  (4)  over  the  surface  at  radius  r, 
where  the  radial  component  of  structural  intensity  was  calculated  from  the 
intensities  measured  in  the  x  and  y  directions  (see  Figure  5)  as 


4  =  4  cos(9+ /y  sin^.  (13) 

In  this  experimental  investigation  the  structural  intensity  was  measured  at 
three  positions,  9  =  30°,  60°  and  90°  on  the  radius  r=200mm,  because  of 
symmetry  measurements  are  required  only  on  the  half-plane.  The  surface  at 
radius  r  was  divided  into  five  regions,  0°-45°,  45°-75°,  75°-105°,  105°-135°, 
135°-180°  (see  Figure  6),  and  the  radial  intensity  was  assumed  to  be  uniformly 
distributed  over  each  region.  An  approximate  transmitted  power  was  obtained 
by  summing  up  the  product  of  the  radial  intensity  and  cross-section  area  over 
each  region,  where  the  radial  intensity  was  calculated  from  the  x  and  y 
components  of  intensity  measured  with  accelerometers  and  piezo  gauges. 

At  each  position  two  accelerometers  were  mounted  on  an  aluminium  block 
together  with  three  uni-axial  piezo  film  gauges  to  measure  structural  intensity 
in  the  x  and  y  direction  by  using  equations  (10)  and  (11).  To  cancel  out 
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flexural  waves  three  other  piezo  gauges  were  also  glued  on  the  opposite  side 
of  the  plate  and  the  averaged  signals  were  used  in  the  calculation. 

The  plate  was  excited  by  an  impact  hammer.  Signals  from  the  hammer, 
accelerometers  and  piezo  gauges  were  fed  into  a  FFT  analyser  via  charge 
amplifiers. 

Figure  7  and  Figure  8  show  the  comparison  between  input  power  and 
transmitted  power  measured  from  a  vertical  and  horizontal  point  force 
excitation.  Input  power  was  measured  directly  by  using  equation  (12). 
Transmitted  power  was  estimated  from  the  measured  in-plane  intensity. 
Averaged  piezo  gauge  signals  were  used  to  cancel  out  flexural  wave  effect. 
Experimental  results  show  that  the  transmitted  power  agreed  with  input  power 
satisfactorily.  It  demonstrates  that  the  new  measurement  technique  is  capable 
of  measuring  in-plane  wave  power  in  plates. 

4.  CONCLUSIONS 

A  new  measurement  method  for  in-plane  structural  intensity  by  using  piezo 
film  gauges  and  accelerometers  has  been  developed.  Experimental  result 
shows  that  flexural  wave  effect  is  important  in  measuring  in-plane  structural 
intensity  and  it  can  be  cancelled  out  by  averaging  signals  from  piezo  gauges 
on  both  sides  of  the  plate. 

With  the  new  in-plane  structural  intensity  measurement  method  and  the 
existing  methods  for  flexural  wave,  power  transmission  through  a  range  of 
structural  components  by  a  variety  of  wave  types  can  be  investigated  in  order 
to  determine  the  dominant  propagation  mechanisms. 
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Figure  1.  Transducer  airangement  for  in-plane  structural  intensity  measurement. 


Figure  2.  Sketch  of  a  uni-axial  piezo  film  gauge. 
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Figure  3 .  Power  transmission  from  a  point  excitation. 


Figure  4.  Experiment  set-up  for  the  measurement  of  in-piane  structural 
intensity. 
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4  ;  structural  intensity  in  the  radial  direction 
4  :  structural  intensity  in  the  x  direction 
4  :  structural  intensity  in  the  y  direction 


Figure  5.  Definition  of  intensity  in  the  different  direction. 


*  Measurement  position  at  9  =  30°,  60°  and  90° 

*  Five  uniform  radial  intensity  region  : 

0M5°,  45°-75°,  75°-105°,  105°-135°  and  135°-180° 


Figure  6.  Approximation  for  estimating  transmitted  power. 
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Figure  7.  Comparison  of  input  power  and  transmitted  power  from  a  vertical 
point  force  excitation  : - ,  input  power; . ,  transmitted  power. 


Figure  8.  Comparison  of  input  power  and  transmitted  power  from  a  horizontal 
point  force  excitation  : - ,  input  power  ; . ,  transmitted  power. 
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ABSTRACT 

The  influence  on  the  vibrational  energy  transmission  of  the  shape  of 
the  interface  between  a  superstructure  and  a  recipient  is  analysed.  The 
real  parts  of  the  zero  and  first  order  interface  mobilities  are  derived  for 
a  basic  rectangular  shape.  Numerical  results  are  presented  for  various 
aspect  ratios  but  comparisons  are  also  made  with  the  corresponding 
results  for  an  annular  shape.  It  is  concluded  that  the  primary  parameter 
is  the  perimeter  of  the  interface  and  the  condition  that  the  wavelength 
is  larger  than  the  perimeter  constitutes  the  transition  from  point  to 
distributed  contact.  Also  it  is  demonstrated  that  for  closed-contour, 
strip-like  interfaces,  the  real  parts  are  independent  of  the  strip  width  in 
a  large  and  practically  relevant  range.  With  respect  to  the  zero  order 
interface  mobility,  the  aspect  ratio  is  of  subordinate  importance  for  the 
overall  trend  whereas  the  details  of  the  signature  are  influenced.  In 
contrast,  the  first  order  interface  mobility  includes  two  orthogonal 
cases,  which  are  affected  differently  by  the  aspect  ratio.  Straight¬ 
forward  estimation  procedures  are  proposed  for  both  interface 
mobilities. 


1.  INTRODUCTION 

In  the  analysis  of  structure-borne  sound  and  vibration  transmission 
between  structural  elements,  use  is  often  made  of  the  assumption  that 
subsystems  are  attached  to  each  other  over  a  finite  number  of  contact 
areas  of  dimensions  smaller  than  the  governing  wavelength.  For  many 
kinds  of  built-up  structures  like  machine  casings,  seating  structures 
and  ventilation  systems,  plate  elements  are  folded  or  welded  together 
to  partially  or  fully  form  a  hollow  section  which,  in  turn,  joins  some 
recipient  acting  as  a  radiator  or  dissipator  for  vibrational  energy.  The 
interface  between  the  superstructure  and  the  recipient  in  those  cases  is 
generally  far  from  point-like  but  becomes  a  closed  or  partially  closed 
contour  which  can  have  dimensions  larger  than  the  wavelength  in  the, 
from  a  practical  viewpoint,  interesting  frequency  range. 

In  a  recent  study  [1],  the  dynamic  interaction  between  an  annular 
superstructure  and  the  recipient  for  the  vibrational  energy  has  been 
considered  and  the  important  conclusion  was  drawn  that  for  a  large 
class  of  structural  configurations,  the  zero  and  first  order  stress 
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distributions  suffice  for  the  modelling.  It  was  argued,  moreover,  that 
for  not  too  extreme  geometrical  shapes  of  the  interface,  the  annular 
interface  constitutes  the  generic  case.  In  this  contribution  that 
argument  is  considered  in  more  detail. 

Interface  mobilities  of  plate-like  structures  have  been  derived  [2]  for 
the  generic  case  which  show  that  for  both  the  zero  (transverse  force) 
and  first  order  (lateral  force  or  moment)  excitation  distributions,  the 
real  parts  equal  those  found  for  ordinary  point  excitation  when  the 
governing  wavelength  of  the  recipient  is  larger  than  the  circumference 
of  the  interface  but  decrease  markedly  at  high  frequencies.  The 
imaginary  part  of  the  zero  order  interface  mobility  is  small  and 
negative  and  can  be  termed  a  negative  spring  while  that  of  the  first 
order  interface  mobility  is  stiffness  controlled  in  the  region  of  point-like 
behaviour.  Although  the  quantitative  details  may  vary  with  the  shape 
of  the  interface  the  overall  character  will  remain  the  same. 

In  order  to  investigate  the  shape  dependence,  the  transmission  of 
vibrational  power  at  a  rectangular  interface  is  addressed.  The 
theoretical  analysis  is  carried  out  for  both  a  primary  transverse  force 
excitation  and  a  primary  lateral  force  or  moment  excitation.  As  in  the 
case  of  an  annular  interface,  a  plate-like  recipient  is  assumed. 

2.  ANALYSIS 

2.1  Zero  order  excitation  distribution.  Consider  a  thin  homogeneous, 
linearly  elastic  plate  subject  to  an  excitation  distributed  over  a  strip 
with  an  overall  rectangular  form  as  depicted  in  Figure  1.  Since  the 
primary  objective  of  the  present  study  is  to  clarify  the  influence  of  the 
shape  of  the  interface  on  the  power  transmission,  the  real  part  of  the 
mobility  constitutes  the  appropriate  quantity.  Owing  to  the  fact  that 
the  dimensions  of  the  interface  can  be  larger  than  the  wavelength  of  the 
free  flexural  wave,  however,  the  mobility  concept  must  be  extended. 
This  is  achieved  by  considering  the  so-called  effective  interface 
mobility,  suggested  in  [1].  As  discussed  in  e.g.  [3],  a  suitable  analytical 
model  in  conjunction  with  power  transmission,  is  realized  by  a 
recipient  plate  of  infinite  extent. 

For  the  sake  of  rigour,  the  strip  is  assumed  to  be  of  finite  width  and  the 
stress  to  be  uniformly  distributed  both  along  and  across  the  strip-like 
interface.  Therefore,  let  the  zero  order  stress  be  given  by. 


4A{a  +  b) 
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Figure  1.  A  thin  plate  excited  over  a  rectangularly  shaped  strip. 

For  a  thin  infinite  plate,  the  velocity  due  to  a  distributed  excitation  can 
be  written  [4] 


v(x^,y,)  =  ,  (2) 

where  Y°°  =  coj ZB'k\  is  the  ordinary  point  force  mobility  of  an  infinite 
plate  and  E{kR)  =  (kR)  -  H^^\-ikR) .  Following  [1],  the  real  part  of 
the  interface  mobility  can  be  established  by  considering  the  far-field. 
For  large  distances  between  the  excitation  and  an  arbitrary  response 
position,  the  propagation  function  above  simplifies  into 

E{kR)  ~  ^2lKkRe~^^^^~'^^^\  Moreover,  under  such  conditions, 
R^  =  -  Txj-x^  +xf  +y^  -  +y^ ,  which  can  be  approximated  by 

R=^  Rq-x^cos6- y^ s’m6  .  This  means  that  since  essentially  the  phase  is 
sensitive  to  the  small  geometrical  perturbations. 


44(a  +  fc)l|;rfci?oK4 


a-A  b-A 


-a+A~b+A 


The  integrations  are  readily  obtained  as. 
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v(i^,^)  =  r 


£a/?o  I  2  [r2sm(/:acos^)l  r2sin(/:^sm0) 


AA{a  +  b)  [L  kcosB  JL  /:sin0 

r  2sin(/:(^z-zi)cos0)l  f  2sin(/:(^- zl)sin0) 


kcosO 


ksinO 


where,  for  small  A, 


.n  m  r^r  n,  ■  ^^sm(^acosel) 

=  y  — -  -  <2COs(^Z?sin0) — ^ - - 

(a  +  b)  'V;r/:/?oL  kacosO 


+bcos{kacos9) 


sm{kbsm6) 
kb  sin  6 


Hence,  for  kA  less  than,  say,  0.1,  the  farfield  is  independent  of  the 
width  of  the  strip  interface. 

A  power  balance  can  now  be  employed  to  determine  the  real  part  of 
the  interface  mobility  which,  with  the  perimeter  p  =  4{a  +  b),  yields 


.  sinUp-cose 

Re[io]  =  -5'°°  f  -cos  kp-sine  — - 

IT  J  n  n  ,  CL  ^ 


^  n  P 


kp—cos6 

P 


f  b  ■  (5) 

.  V  sin  kp—sinO 

4-— cos  kp^cosO  — - -  do 

P  ^  P  J  kp-sinO 
P 


To  get  an  analytical  overview,  the  integrands  can  be  expanded  in  terms 
of  sin^  and  cos0  which  for  ka  <1  and  kb  <1  leads  to. 


RelTol 


2K{a  +  by 


Cl  +  b^ 


r  2  r2  1] 

-2{a  +  b)k^  — (3b  +  a)cos^  6  - (3^2  +  ^)sin^^  \d0 

6  6 


and  in  the  limit  one  finds. 
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Re[yo]-^r 


\-^{a  +  bf 


=  Y° 


l__(4(a  +  fc)) 


(6a) 


This  is  to  be  compared  with  that  of  the  annular  case  [2]  i.e.. 


Re[Fo]  =  y”(/o(^)f 


1-- 


-{iTO-of 


=  y“ 


1 - {^TTTQf 

80^ 


(7) 


and  it  is  seen  that  the  decrease  of  the  interface  mobility  compared  with 
the  ordinary  point  force  mobility  is  slightly  larger  in  the  annular  case 
than  in  the  case  of  a  rectangular  strip  for  the  same  perimeter  as 
illustrated  in  Figure  2. 


Helmholtz  number,  kp 


Figure  2.  Schematic  comparison  of  asymptotic  behaviour  of  annular 

[1]  ( - )  and  rectangular  ( - )  interface  mobility  for 

the  same  perimeter  p. 

In  Figure  3  is  displayed  the  interface  mobility  versus  Flelmholtz 
number  for  various  aspect  ratios  b/a.  It  is  clearly  seen  that  the  onset  of 
the  reduction  is  controlled  by  the  aspect  ratio  and  that  an  order  of 
magnitude  increase  in  the  aspect  ratio  means  a  shift  of  a  decade 
downwards  in  Helmholtz  number  of  the  onset. 

A  perhaps  more  adapted  way  of  displaying  the  variation  in  interface 
mobility  with  aspect  ratio  is  as  function  of  Helmholtz  number  based  on 
the  perimeter,  used  in  Figure  4.  Here,  as  indicated  in  Figure  2,  it  is 
evident  that,  when  the  perimeter  equals  a  wavelength  of  the  governing 
wave,  the  spatial  matching  of  the  free  wave  and  the  excitation 
distribution  starts  to  deteriorate  and  the  real  part  of  the  interface 
mobility  diminishes  irrespective  of  the  aspect  ratio.  Hence,  the 
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tentative  conclusion  drawn  in  [2]  is  strongly  corroborated  for  this 
excitation  distribution  and  accordingly  the  perimeter-wavelength 
criterion  appears  applicable  for  the  onset  of  the  influence  of  the 
distributed  excitation. 


Figure  3.  Interface  mobility  versus  Helmholtz  number  based  on  side 

length  for  some  aspects  ratios:  b! a  =  l  ( - ),  b! a  =  2 

( . ),  bf  a  =  3  ( - )/  bla  =  5  ( - )  and  b! a  -  10  ( - ). 

Slope  of  characteristic  beam  mobility  ( - ) 


Figure  4.  Interface  mobility  versus  Helmholtz  number  based  on 

perimeter  for  some  aspects  ratios:  b!  a -I  ( - ),  b!  a -  2 

( . ),  bla  =  3  ( - ),  bla  =  5  ( - )  and  b! a  =  \0  ( - ). 
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The  more  or  less  deep  troughs  stem,  of  course,  from  the  fact  that  power 
circulation  occurs  between  the  sides  of  the  rectangular  interface.  Only 
in  the  case  of  a  square-shaped  strip  interface  is  the  pattern  regular. 

Since,  as  illustrated  in  Figure  3,  the  envelope  for  the  upper  range  of 
Helmholtz  numbers  follows  a  square  root  law  it  is  possible  to  establish 
a  simple  estimation  procedure  as  depicted  in  Figure  5.  For  the  upper 
range,  the  estimates  will  be  conservative.  By  shifting  the  onset  of  the 
inverse  square  root  dependence  to  kpllit  =  1/2,  the  estimation  in  the 
upper  range  is  somewhat  improved. 


2.2  First  order  excitation  distribution.  For  this  case  as  well,  the  strip  is 
assumed  to  be  of  finite  width  but  the  stress  to  be  linearly  distributed  in 
either  x-  or  y-directions  and  to  have  a  uniform  distribution  along  the 
perpendicular  strips.  Hence,  the  stress  can  be  written  on  the  form. 


o{x,y)  =  ~ 


4a(a/3  +  ^)A 


sign(a) ;  -b<y<b,  \x\  =  a 
-a<x<a,  \y\=^b 

.0, 


(8) 


As  in  the  previous  sub-section,  a  power  balance  can  be  employed 
which  leads  to. 


mY,]  = 


4cgm'‘ 

7rk\MQ 


^271 


-a  -b 


dd. 


(9) 
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The  real  part  of  the  first  order  interface  mobility  thus  becomes. 


J 


Q  l_ 

+cos(^i?sin0)| 


— sin(^acos0) 


sin(A:i>sin0) 

kbsmO 


sin(/:czcos0)  cos(^<3cos0) 
(ytacos^)^  ka  cos  6 


n-l2 


(10) 


de 


which  also  is  independent  of  the  width  of  the  strip  interface  for  small 
enough  kA. 

As  for  the  uniform  stress,  the  integrand  can  be  expanded  to  get  an 
analytical  overview  which  for  ka  <1  and  kb  <1  asymptotically  leads 
to, 

k? 


-11 - , 

2  180(a/3  +  i)- 


5-[3a^  (8  +  a  /  i>)  +  (4  +  3b  /  a)  +  50ba]| . 

(11) 


As  expected,  the  real  part  of  the  first  order  interface  mobility  converges 
towards  that  of  the  ordinary  point  moment  mobility  as  the 
wavenumber  and  the  dimensions  decrease.  It  is  clear  from  Eq.  (11) 
however,  that  the  dependence  on  the  aspect  ratio  is  more  involved  than 
in  the  case  of  a  uniform  stress.  Indeed,  the  asymptote  demonstrates  an 
area  dependence.  The  real  part  of  the  first-order  interface  mobility  for 
the  rectangular  case  can  be  compared  with  that  of  the  armular  case  [2], 
i.e.. 


Re[Ti]=  2T' 


and  so  by  rewriting  Eq.  (11)  as. 


n 

8 . 

[  i^pf] 

1  'b  J  2 

4 

2  j 

158 

(12) 


Re[r, ]  ^  y“  —  J 1 - {ka)bla  p  ^ 

’  2]  180(1/3 +  b/a)^'- 


(11a) 


+5(b  /  (4  +  3b  /  a)  +  50b  /  a]  j 

it  is  seen  that  for  a=h  and  letting  a  correspond  to  the  radius  r^,  the 
square  interface  implies  a  smaller  mobility; 
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This  is  illustrated  in  Figure  6  where  also  two  rectangular  cases  are 
included.  As  in  the  case  of  a  uniform  stress  excitation,  it  is  seen  that 
compared  with  the  annular  case,  a  decrease  or  increase  of  the  present 
interface  mobility,  normalised  with  respect  to  the  ordinary  point 
moment  mobility,  is  dependent  on  the  aspect  ratio  although  the 
perimeter  is  the  same. 

In  Figure  7  is  displayed  the  interface  mobility  versus  Flelmholtz 
number,  based  on  the  short  side  length,  for  various  aspect  ratios  hja.  It 
is  seen  that  the  onset  of  the  reduction  is  controlled  by  the  aspect  ratio 
and  that  an  order  of  magnitude  increase  of  the  aspect  ratio  means  a 
shift  of  a  decade  downwards  in  Helmholtz  number  of  the  onset.  One 
can  note,  however,  that  the  signature  in  the  upper  range  is  more 
regular  than  that  of  the  zero  order  stress  distribution. 


Figure  6.  Schematic  comparison  of  asymptotic  behaviour  of  annular 

( - )  and  square-shaped  ( - ),  i7/a=2  ( - )  and  bla=lf2 

( . )  first  order  interface  mobility  for  the  same  perimeter  p. 

The  adapted  presentation  of  the  first  order  interface  mobility  as  a 
function  of  Helmholtz  number  based  on  the  perimeter,  is  given  in 
Figure  8.  It  is  again  observed  that  the  onset  of  the  reduction  in  real  part 
occurs  when  the  perimeter  equals  the  wavelength  of  the  governing 
wave. 
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Helmholtz  number,  ka 


Figure  7.  Interface  mobility  versus  Helmholtz  number  based  on  the 

side  length  for  some  aspects  ratios:  b/a~\  ( - ), 

bla  =  2  (• . ),  bla  =  3  { - ),  =  5  ( - )  and 

^/a  =  10  (-—•). 

Owing  to  the  fact  that  the  first  order  excitation  distribution  is  only 
single  symmetric,  it  is  necessary  to  numerically  analyse  also  the 
influence  of  the  shape  of  the  interface  for  aspect  ratios  smaller  than 
unity.  In  Figure  9  are  shown  the  real  parts  of  the  moment  interface 
mobilities  for  some  aspect  ratios  smaller  than  unity. 


1 


Figure  8.  Interface  mobility  versus  Helmholtz  number  based  on 

perimeter  for  some  aspects  ratios:  bla-  \  ( - ), 

bla-2  ( . ),  bla-'h  (-  -  -  -  bla  =  S  ( - )  and 

=  10  ( — ). 
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Helmholtz  number,  kb 


Figure  9.  Interface  mobility  versus  Helmholtz  number  based  on 

perimeter  for  some  aspects  ratios:  bla  =  \{ - ), 

bla-=ll2  { . ),  b/a=l/3  ( - ),  b/a=l/5  { - )  and 

b/a=l/lO 

It  is  seen  that  when  the  aspect  ratio  becomes  smaller  than  unity,  i.e.  the 
interface  becomes  long  in  the  direction  perpendicular  to  the  moment, 
the  pattern  of  constructive  and  destructive  interference  is  irregular,  cf. 
Figure  7.  Although  such  a  trend  is  indicated  also  for  the  zero  order 
distribution  it  is  more  pronounced  for  the  first  order  distribution 
owing  to  the  basically  elliptical  field  in  the  plate.  The  irregularity  thus 
stems  from  the  fact  that  here,  sections  of  the  interface  stress  can 
interfere  when  the  long  direction  of  the  interface  is  perpendicular  to 
the  major  axis  of  the  elliptical  field. 

For  the  sake  of  completeness,  the  interface  mobility  is  displayed  also  as 
a  function  of  Helmholtz  number  based  on  the  perimeter,  see  Figure  10. 
Accordingly,  when  the  aspect  ratio  falls  below  unity,  the  normalised 
interface  mobilities  versus  Helmholtz  number  based  on  the  perimeter 
cluster  and  the  aspect  ratio  i.e.  the  shape  becomes  more  or  less 
irrelevant  provided  the  interface  is  long  in  the  direction  perpendicular 
to  the  moment  vector. 
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Figure  10.  Interface  mobility  versus  Helmholtz  number  based  on 

perimeter  for  some  aspects  ratios:  b! a -  \  ( - ), 

1/2  ( . ),  bta^  1/3  ( - ),  b!a=  1/5  ( - )  and 

bla=\llO 

As  for  the  zero  order  interface  mobility,  one  may  rather  easily  identify 
the  overall  trends  of  the  first  order  interface  mobility.  If  one  lets  the 
length  of  the  rectangular  interface  become  very  large  in  the  direction  of 
the  moment,  then  the  problem  approaches  a  two-dimensional 
counterpart  i.e.,  a  line  moment  on  a  plate.  In  such  a  case  the  slope  is 
proportional  to  the  square  root  of  frequency. 

As  the  wavelength  approaches  the  length  of  the  short  side  of  the 
rectangular  interface,  the  spatial  mismatch  between  the  excitation  and 
the  wave  field  increases  markedly  and  a  reduction  in  the  power 
transmission  is  obtained.  In  this  region  therefore  the  slope  becomes 
inversely  proportional  to  the  square  root  of  frequency,  as  demonstrated 
in  [2].  The  complication  with  an  estimation  procedure  for  the  first  order 
interface  mobility  hence,  is  the  transition  point  between  the  two  upper 
regions.  As  discussed  in  conjunction  with  Eq.  (11),  a  direct  relationship 
does  not  exist  between  the  mobility  and  the  aspect  ratio  nor  the 
perimeter  but  a  combined  dependence  on  aspect  ratio  and  the  area 
enclosed  is  found.  By  focusing  on  the  range  of  the  aspect  ratio  b!  a  <5, 
however,  a  reasonably  straight-forward  procedure  can  be  established 
from  the  critical  point  where  the  length  of  the  short  side  of  the 
rectangular  interface  equals  a  wavelength.  This  means  that  the 
estimation  procedure  can  be  summarised  as. 
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(13) 


kpjlK  <  1 ;  bla<5 


1  <  kpjln  <  Kb! a\  1  <  ^/a  <  5 


1 


Kbla<kpllli\  bla<5 


In  Figure  11,  the  results  using  the  estimation  procedure  are  compared 
with  the  calculated  results  for  the  limiting  case  ^  /  a  =  5 .  It  is  seen  that 
the  overall  signature  of  the  first  order  interface  mobility  is  captured  by 
the  simple  procedure  although  minor  under-  and  over-estimations  are 
obtained  in  limited  regions. 

This  means  that  when  the  aspect  ratio  is  in  the  range  of  I  <b/ a  <5,  the 
first  order  interface  mobility  has  three  distinct  regions,  a  first  in  which 
the  ordinary  point  moment  mobility  gives  an  adequate  description,  an 
intermediate  in  which  the  principal  behaviour  is  that  of  a  moment 
excited  beam  and  finally,  an  upper  region  in  which  the  interface 
mobility  is  markedly  reduced  compared  with  plate  moment  mobility 
owing  to  the  distribution  of  the  moment.  As  the  aspect  ratio  falls  below 
unity,  the  intermediate  region  vanishes  and  the  first,  constant  region 
joins  the  third,  steep  region.  For  aspect  ratios  larger  than  five  the 
uppermost,  steep  region  can  be  omitted  if  the  range  of  interest  is  below 

the  upper  transition  point,  approximately  given  by  kp  ~  l^n^b/  a  . 


o 

<D 


> 

CD 

oc 


Helmholtz  number,  kp/27i 


Figure  11.  Estimation  procedure  for  the  real  part  of  first  order 
interface  mobility  of  closed  contour  strip  interfaces, 

displayed  for  b/a  =  5  ( - )  Re[Yi(&/cz=5)],  ( . ) 

generating  curves. 


3.  DISCUSSION  AND  CONCLUDING  REMARKS 

The  limited  effect  of  interface  geometry  on  the  transmission  of 
vibrational  power  from  a  superstructure  to  a  recipient,  previously 
heuristically  inferred,  is  theoretically  confirmed.  It  can  thus  be 
concluded  that  as  long  as  the  perimeter  is  less  than  the  wavelength  of 
the  governing  wave  in  the  recipient,  the  ordinary  point  quantities  are 
valid.  For  larger  Helmholtz  numbers  where  the  perimeter  is  larger  than 
the  wavelength,  the  real  part  of  the  interface  mobility  exhibits  more  or 
less  pronounced,  rounded  maxima  and  sharp  minima  set  by  the 
constructive  and  destructive  interferences  at  the  enclosed  area  of  the 
plate.  In  the  case  of  a  hollow  rectangular  interface,  the  envelopes  of  the 
zero  and  first  order  interface  mobilities,  are  those  obtained  for  an 
annular  one  [2]. 

In  this  study,  focusing  on  the  vibration  transmission,  the  imaginary 
part  of  the  interface  mobility  is  not  treated  explicitly,  so.  Foremost,  this 
is  because  at  large  Helmholtz  numbers,  it  is  sensitive  to  the  details  of 
the  interface  geometry  as  well  as  the  stress  distribution  cf.  [5]  and  thus 
any  result  is  valid  merely  for  a  specific  configuration.  Qualitatively, 
however,  the  behaviour  for  large  Helmholtz  numbers  is  that  of  the 
annular  case  when  the  aspect  ratio  of  the  rectangular  interface  is  not 
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extreme,  typically  less  than  3.  For  large  aspect  ratios  the  behaviour 
tends  to  that  of  the  strip  mobility  [6]. 

The  zero  order  interface  mobility  is,  qualitatively  as  well  as 
quantitatively,  practically  independent  of  shape  provided  the 
perimeter  is  retained.  As  the  aspect  ratio  grows  large,  the  interface 
mobility  approaches  that  of  a  point  excited  beam,  again  largely 
irrespective  of  shape.  Accordingly,  these  two  tendencies  constitute  a 
conservative  basis  for  an  estimation  procedure. 

In  contrast,  the  first  order  mobility  for  a  rectangular  interface  must  be 
treated  differently  for  aspect  ratios  larger  and  smaller  than  unity 
respectively.  In  the  former  case,  the  interface  mobility,  at  large 
Helmholtz  numbers,  tends  to  the  corresponding  beam  mobility 
(moment  excitation)  whereas  in  the  latter,  the  'moment'  interface 
mobility  decreases  like  the  force  interface  mobility,  cf.  [2].  This  means 
that  two  different  bases  are  required  for  an  estimation  procedure  with 
respect  to  the  first  order  interface  mobility. 

For  a  first  order  excitation  it  is  not  necessarily  beneficial  to  design  the 
interface  long  in  the  direction  of  the  moment  vector  whereas  it  is 
always  advantageous  to  increase  the  length  in  the  direction  across  the 
moment  vector. 
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ABSTRACT 

The  vibration  energy  transmission  between  two  semi-infinite  pipes  connected 
by  a  flange  is  investigated  using  a  frequency  dependant  Finite  Element 
formulation.  In  this  formulation,  the  shape  functions  are  the  solutions  to  the 
equations  of  harmonic  motion  in  straight  fluid-filled  pipes.  The  flange  is 
described  as  a  thin-walled  plate  using  a  standard  FE  formulation.  The  object  is 
to  provide  input  data  to  SEA  calculations.  The  scheme  presented  for  doing  this 
is  highly  efficient  and  should  apply  to  many  other  prismatic  structures. 


1.  INTRODUCTION 

Predictions  of  vibration  in  pipe-systems  are  essential  for  the  assessment  of  noise 
radiation  and  of  vibration  fatigue.  For  economic  reasons,  the  latter  is  of  great 
interest  today  as  there  is  a  general  demand  for  ‘life-extension’.  However, 
analysis  of  high  frequency  vibration  in  complete  pipe-systems  is  not  possible. 
Even  though  FE  -  models  possibly  may  be  used  the  cost,  in  man-time  and  in 
computer  capacity,  renders  such  models  impractical.  Hence,  simpler  methods 
are  needed  for  screening  pipe-works  so  that  accurate  calculations  and/or 
measurements  could  be  directed  towards  critical  systems  and  components. 

One  such,  convenient  and  efficient,  method  is  Statistical  Energy  Analysis 
[1].  Using  this  method  models  are  readily  made,  a  minimum  of  calculations  are 
needed  and  only  general  information  of  the  investigated  structure  is  required. 
The  purpose  of  the  present  project  is  to  develop  SEA  so  that  its  application  to 
pipe  structures  eventually  will  become  possible. 

When  applying  SEA,  the  required  data  are  the  input  powers  from  the 
sources  of  vibration,  the  loss  factors,  describing  dissipation  of  vibration  energy 
and  the  modal  densities,  specifying  the  expected  numbers  of  resonances  per  unit 
frequency  in  the  elements.  Also  needed  are  the  coupling  factors  relating 
averaged  vibration  energy  in  connected  elements  to  the  energy  flow  between 
them.  Expressions  for  the  modal  density  in  fluid-filled  pipes  and  for  the  input 
power  from  fluid  and  mechanical  point  sources  are  derived  in  [2].  Here,  the 
energy  flow  between  straight  pipe  sections  joined  with  flanges  are  considered. 
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Today  there  is  a  general  trend  to  save  cost  and  weight.  Thus,  higher  quality 
steels  are  used  making  a  reduction  of  pipe-wall  thickness  possible.  This,  in  turn, 
makes  the  vibration  problem  more  ‘interesting’.  With  thinner  walls,  in.  general 
the  vibration  amplitudes  increase.  Perhaps  more  important,  the  vibration  field 
becomes  more  complex  as  the  cut-on  frequencies  of  higher  order  radial-axial 
modes  largely  decrease.  In  addition,  the  coupling  between  contained  fluid  and 
pipe  become  more  important.  Considering  this  general  trend,  the  explicit 
calculations  are  made  for  a  thin- walled  pipe  [3,  Schedule  10s]. 

The  dynamic  behaviour  of  pipes  is  quite  different  for  frequencies  above  and 
below  the  ring-frequency  (the  frequency  for  which  the  dilatational  wavelength  is 
equal  to  the  pipe  circumferential).  While  the  methods  used  also  applies  for 
frequencies  above  the  ring-frequency,  the  more  important  low  frequency  region  is 
focused.  Thus  for  the  considered  10  inch-pipe  the  results  apply  up  to  6  kHz. 

The  calculations  are  made  with  an  efficient  finite  element  method  [4].  The 
application  of  this  method  is  outlined  in  Section  2.  In  Section  3,  first  the  application 
of  standard  Timoshenko  beam  theory  at  low  frequencies  is  discussed.  Then,  for 
frequencies  up  to  the  ring-frequency,  calculation  results  for  water-filled  pipes  joined 
with  flanges,  according  to  standard  [5],  are  presented 


Figure  1.  Pipe-fiange  structure  and  coordinate  directions. 


2.  METHODOLOGY 

The  transmission  factors  are  calculated  considering  a  structure  comprising  of 
two  semi-infinite  pipes  and  a  flange,  see  Figure  1.  The  motion  of  the  structure 
is  investigated  assuming  a  time  dependence  of  the  form  e"'“'.  Dissipative  losses 
in  the  cylinder  and  flange  are  described  with  a  complex  Young’s  modulus, 
E  =  ,  and  with  a  viscous  loss  factor  .  The  equations  of  motion 

are  solved  by  the  spectral  (frequency  dependent)  finite  element  formulation 
presented  in  [4].  The  used  FE-mesh  is  shown  in  Figure  2.  Below,  the 
assumptions  made  are  accounted  for  and  the  mode  of  calculation  is  outlined. 
While  the  details  are  found  in  [4],  it  is  beneficial  with  a  general  description  as 
the  technique  is  thought  to  apply  to  many  other  prismatic  structures. 


614 


°-25  -20  -15  -10  -5  0 


10  15  20 


Figure  2.  FE  mesh  used  in  the  calculations;  o,  node.  Nodes  joined  by  dotted  lines 
belong  to  the  same  pipe-elements.  The  nodes  at  ±]00km  are  not  shown. 


GOVERNING  EQUATIONS  FOR  FLUID-FILLED  PIPES 

In  thin-walled  cylinder  theory  the  equations  of  motion  are  formulated  using  a 
Fourier  decomposition  of  the  circumferential  dependence  of  the  displacements 
and  assuming  plane  stress  in  the  cross-section  according  to  the  Kirchhoff 
hypothesis.  The  displacements  are 

-  (ii-zd  w/dx)cosn(^  ,  =  (v  +  z(v  +  «  w)/i?)sinM(j) 

ii^  ~  wcosn({) 

where  z-r-R,  where  R  is  the  cylinder  radius  and  where  u,  v  and  w  are  the 
displacements  on  the  cross  sectional  mid-plane  in  the  ;r,  (j)  and  r  directions,  see 
Figure  1 .  The  Arnold  and  Warburton  cylinder  theory  is  used  and  the  equations 
of  motion  are  found,  e.g.,  in  [6,  equations  (I)-(IO)]. 

The  fluid  motion  is  described  by  the  Helmholtz  equation 

V=V|/  +  q)Hi  +  !T1/)/C/ V  =  0.  p  =  p^cocos(«(t>)  V  .  (2) 

while  the  coupling  condition  between  fluid  and  cylinder  is 

1  3  \\f 

vv  = - - —  .  (2' 

CO  (1-hfT] ,)  3  /'  ^  ' 
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Above,  p  is  the  sound  pressure,  y  is  an  analogue  to  the  fluid  velocity  potential, 
is  fluid  density,  is  fluid  sound  velocity  and  is  the  viscous  loss  factor. 

A  functional  L,  being  similar  to  the  Lagrangian,  and  which  is  stationary 
for  the  solutions  to  the  non-conservative  equations  of  motion  for  the  cylinder 
and  fluid  is  presented  in  [4].  This  functional  is  the  basis  for  the  FE  calculation 
as  discussed  below. 


Flanges 

The  flange's  motion  is  described  with  thin-walled  plate  theory.  The  assumed 
displacements  are 


r 


ii.  = 


d  a 


cos(n(j)),  sin(A2({)),  lij.  =  «cos(n<|)),  (4) 


where  u,  v  and  vv^  are  the  displacements  on  the  flanges  mid-plane  in  the  x,  (|) 
and  r  directions  as  in  Figure  1 . 

A  finite  element  formulation  for  the  flange  is  made  [4].  In  this 
formulation  the  radial  dependence  of  the  motion  is  described  within  cylindrical 
segments  with  standard  FE-polynomial  shapefunctions  -  cubic  polynomials  for 
the  out-of-plane  motion  and  linear  polynomials  for  the  in-plane  motion.  Upon 
this  the  local  dynamic  stiffness  matrices  are  calculated  and  are  assembled  using 
standard  methods.  But  for  the  Fourier  decomposition  of  the  circumferential 
dependence,  the  flange's  motion  is  thus  described  with  a  standard  FE- 
formulation. 


Finite  element  formulation  for  fluid-filled  pipes 

The  FE  formulation  for  pipes  is  made  in  three  steps.  In  the  first  step  the 
dispersion  relations  are  formulated  and  solved  using  a  method  originally 
proposed  by  Gavric  [7].  Using  this  method  the  cross-sectional  motion  of  a 
prismatic  structure  is  approximated  by  FE  shape  functions.  In  [4],  the  method  is 
developed  by  the  inclusion  of  dissipative  losses  and  by  the  use  of  the  p-version 
of  the  FE  method  [8].  Thus,  the  radial  dependence  of  the  fluid  motion  is 
approximated  with  a  polynomial 

V(^;c)  =  g(r)*B,*fP),  g(/-)  =  [(r/i?r  {rlRf  -  (r/i?^],  (5) 

where  is  a  set  of  N  non-negative  integers  and  where  the  iV  by  iV  matrix  is 

chosen  so  that  the  polynomials  in  r  form  a  convenient  set.  Equation  (5)  is 
inserted  into  the  functional  L  and  the  integral  over  r  is  performed.  The  resulting 
functional  depends  on  the  cylinder  displacements  u,  v,  and  w  and  the  elements 
of  the  vector  f,  all  these  being  functions  of  only  x.  The  corresponding  Euler- 
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Lagrange  equations  are  therefor  a  set  of  ordinary  differential  equations  with 
constant  coefficients  and  their  solutions  may  be  expressed  with  exponential 
functions,  exp(ax).  Assuming  this,  the  equations  of  motion  are  transformed  to 

a  linear  eigenvalue  problem  which  is  solve  by  standard  methods. 

In  the  second  step  of  the  FE-formulation,  the  set  of  solutions  found 
above  are  used  to  express  the  solution  to  the  equations  of  motion  with 
arbitrarily  prescribed  values  of  the  cylinder  displacements  and  the  fluid  velocity 
potential  at  the  ends  of  the  pipe.  Thus,  considering  a  pipe  of  length  2L,  its 
motion  is  given  by 


u 

X' 

V 

= 

w 

*  diag(exp(oa:-apL))*  A  *  [V,”^ 


(6a) 


\]i{x,r)  =  g(r)*B,  *BF*diag(exp(c«-apL))*A*[V,'^  V/f,  (6b) 


where  the  columns  of  the  matrix  B^.  and  the  elements  of  the  row-vectors  B„, 
B^  and  B^,  are  given  by  the  eigenvectors  found  in  step  one  whereas  the  vector 
a  contains  the  corresponding  eigenvalues.  The  vectors  V.  contains  the  nodal 
displacements  at  the  pipe  ends,  a.t  x--L  and  x  =  L, 


V,  =  [«(-L)  v(-L)  w{-L)  dw{-L)/dx  , 

V2  =  [w(L)  v(L)  w(L)  dw{L)/dx  ^2^]  , 


(7) 


where  the  2*N  fluid  nodal  d.o.f.  'Tj  and  ^^2  t>y 


V(-L,r)  =  g(r)*'Fj;  \l/(L,r)  =  g(r)*'T2* 


The  matrix  A  in  equations  (6)  is  calculated  by  the  linear  equation  system 
resulting  when  these  two  equations  are  inserted  into  the  boundary  conditions 
(7)  and  (8). 

In  equations  (6),  the  vector  is  given  by 


J  a[m],  Re(a[m])  > 
|-a[m],  Re(a[m])  <  0 
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Thus,  in  equations  (6),  the  m’th  base  function  is  multiplied  by  exp^-ttp  Hl). 

This  scales  the  exponential  base  functions  so  that  they  have  magnitudes  that  are 
unity  at  one  end  of  the  pipe  and  that  decrease  exponentially  towards  the  other 
end.  It  is  introduced  to  ensure  numerical  stability  when  the  matrix  A  and  when 
the  local  dynamic  stiffness  matrix  are  calculated.  With  this  scaling  the  spectral 
finite  element  formulation  is  applicable  to  arbitrary  long  elements.  Without  it, 
sever  numerical  problems  may  result,  as  found  by  de  Jong  [9]  and  recently  by 
Gry  [10]. 

In  the  final,  third,  step  of  the  FE  formulation,  the  trial  function  (6)  is 
inserted  into  the  functional  L  and  the  local  dynamic  stiffness  matrix  is 
calculated.  This  calculation  requires  the  ^-derivatives  of  the  trial  functions  and 
the  calculation  of  an  integral  over  jc.  These  calculations  are  greatly  facilitated  by 
algorithms  presented  in  [4]. 

Solving  the  equation  of  motion 

The  finite  elements  described  above  are  assembled  using  standard  methods.  The 
structure  is  excited  by  a  point  force,  or  a  fluid  monopole  source,  at  a  distance 
100  away  from  the  flange.  Because  of  the  geometry,  the  equations  of 
motion  for  the  different  trigonometric  orders  are  uncoupled  and  may  be  solved 
separately.  The  total  computational  time  for  this  -  including  solving  the 
dispersion  relations,  calculating  the  local  dynamic  stiffness  matrices,  assembling 
these  and  solving  the  equations  for  the  nodal  displacements  -  on  a  PC  is 
approximately  0.6  ^  per  trigonometric  order  and  frequency. 


3.  ANALYSIS 


Transmission  factor 

The  transmission  factor,  t  ,  of  a  joint  is  defined  by  the  relation 

(10) 

is  the  power  coming  in  to  the  joint  and  is  the  power  transmitted. 

The  axial  energy  flow  in  a  cylinder,  described  by  the  Arnold  and 
Warburton  cylinder  theory,  is  derived  by  Langley  [6,  equations  (21)-(29)]. 
These  expressions  and  the  standard  expression  for  the  acoustic  energy  flow  in  a 
fluid  are  easily  evaluated  when  the  motion  is  as  in  equations  (6),  once  the  nodal 
displacements  are  known.  However,  such  a  calculation  yields  the  total  energy 
flow,  comprising  of  the  difference  between  the  incoming  and  the  reflected 
powers.  In  this  context,  one  of  the  major  advantages  with  the  spectral  FE 
formulation  is  that  one  may  distinguish  between  these  two  energy-flows. 

The  dispersion  relations  are  such  that  if  a  propagation  constant  a  is  a 
solution  so  is  also  -a  and  one  of  them  corresponds  to  an  incoming  ‘wave’. 
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Without  losses,  the  ‘waves’  fall  into  one  of  three  categories.  Either  a  is  purely 
imaginary  or  purely  real  or  complex  in  which  cases  it  corresponds  to  a 
propagating  wave  or  a  decaying  nearfield  or  a  “standing  decaying  wave”. 
Traditionally,  the  incoming  power  is  calculated  as  the  power  in  only  the 
incoming  propagating  waves  [11].  However,  if  losses  are  present,  all 
wavenumbers  are  complex  and  the  distinction  between  categories  becomes 
(especially  around  the  cut-on  frequencies)  a  matter  of  consideration.  To  avoid 
this,  in  the  present  work  all  incoming  ‘waves’  are  included  in  the  incoming 
power,  these  ‘waves’  being  selected  by  energy  considerations.  If  there  are 
losses,  the  amplitude  of  a  wave  must  decrease  as  it  propagates.  Thus  a 
propagating  constant  a  corresponds  to  a  ‘wave’  propagating  in  the  positive  x- 
direction  if  its  real  part  is  negative. 

When  there  are  only  sinusoidal  waves  the  concept  of  energy  flow  in 
individual  waves  is  justified  as  they  are  energetically  independent,  when 
averaged  over  x.  However,  this  is  not  the  case  when  also  exponentially 
decaying  terms  are  present.  In  such  a  case  the  definitions  of  incoming  and 
reflected  power  must  be  made  in  and  ad  hoc  manner.  In  the  present  analysis  the 
excitation  is  at  a  distance  of  100  radius  from  the  junction.  For  this  structure 
spurious  results  have  resulted  (mainly  at  lower  frequencies  and  around  cut-on) 
when  energy  flows  in  nearfield  and  in  standing  decaying  terms  are  neglected. 

To  sum  up,  the  incoming  and  the  transmitted  powers  are  calculated  including 
only  positive  waves.  These  waves  are  those  solutions  to  the  dispersion  relations  that 
has  a  negative  real  part.  Thus,  the  displacements  inserted  into  the  expressions  for 
energy  flow  are  as  in  equations  (6),  but,  those  elements  of  a  that  have  a  positive 
real  part  and  the  corresponding  elements  of  B„,  and  B^  and  the 

corresponding  columns  of  Bp  have  all  been  removed. 


TABLE  1 


Geometrical  and  material  parameters 


Material 

Poisons  ratio 

Density 

Free  wave  speed 

Loss  factors 

V 

p  {kglm^) 

^E!  p  ,  (m/s) 

Steel 

0.3 

7800 

4961 

0.001 

Water 

- 

1000 

1500 

0.01 

Air 

- 

1.3 

340 

0.01 

Outer  diameter 

Wall  thickness 

(mm) 

(mm) 

Pipe 

273 

4.19 

Flange 

406 

2*38 
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Transmission  factors  for  the  n  =  1  beam-mode  in  empty  pipes 
At  lower  non-dimensional  frequencies  the  only  propagating  radial-axial  mode  in 
a  cylinder  is  the  -  1  mode.  For  obvious  reasons  this  mode  may  be  described 
by  beam  theory.  The  resonance  frequencies  for  the  bending  vibrations  of 
annular  plates  are  found  in  [13,  Table  11-2].  The  lowest  n  -  1  resonance  is  for 
simply  supported  boundary  conditions  towards  the  pipe,  which  is  found  to  be  a 
reasonable  approximation  for  thin  walled  pipes.  For  frequencies  below  this 
resonance  the  flange  may  be  considered  as  a  rigid  mass. 

For  the  «  =  1  mode,  using  the  data  in  Table  1,  the  transmission  factor  is 
calculated  with  the  Arnold  and  Warburton  theory  for  the  cylinder  and  the  PTE 
model  for  the  flange.  It  is  also  calculated  using  Timoshenko  beam  theory  while 
considering  the  flange  rigid.  The  results  are  shown  in  Figure  3  as  functions  of 
non-dimensional  frequency, 

n  =  00  /e/^s'/p,  £' =  £/(i-v-)  (11) 


where  p  is  the  cylinder  density,  E  is  Young’s  modulus  and  v  is  Poisson’s  ratio. 

At  lower  frequencies  the  transmission  factor  is  close  to  unity,  then,  at 
n~0.2,  there  is  a  complete  breakthrough  after  which  energy  transmission 
drops.  Then  near  the  ring  frequency  transmission  increases.  The  result  from  the 
cylinder  theory  becomes  somewhat  ‘shaky’  at  frequencies  above  H  =  0.6  .  This 
corresponds  to  the  cut-on  frequency  for  the  «  =  1  torsional  mode.  Above  this 
frequency  there  are  two  waves  that  can  carry  energy  and  since  they  originate 


Figure  3.  Transmission  factor  for  cylinders  joined  by  flange; - ,  Cylinder  theory; 

- ,  Timoshenko  beam  theory. 
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Figure  4.  Velocity  at  attachment  of  flange;  — ,  w  ;  — ,  v ;  ~',u;  ^ . 

from  the  same  source  they  are  correlated.  These  waves  are  coupled  at  the 
flange  and  when  their  relative  phase  varies  with  frequency  so  does  the 
transmission  coefficient.  The  relative  amplitudes  of  incoming  waves  depend  on 
the  excitation  and  therefore  forced  response  calculations,  or  measurements,  of 
transmission  coefficients  become  non-unique  if  there  are  several  waves  that  can 
carry  energy. 

The  results  in  Figure  3  are  in  qualitative  agreement  with  those  for  an  Euler 
beam  and  a  rigid  mass  [11,  Section  5.4b].  Measurements  presented  in  [11] 
indicates  that  such  models  often  over  estimates  the  total-transmission  frequency 
since  there  may  be  a  local  rotational  flexibility  of  the  attachment  between  mass 
and  beam.  As  in  Figure  3,  this  also  applies  for  pipes  connected  with  a  flange. 

The  beam  theory  accounts  for  cross  sectional  motion  in  the  vertical  and 
rotational  directions.  The  cylinder  theory,  besides  this,  also  accounts  for 
flexural  motion  of  the  pipe- wall  and  for  that  the  amplitudes  of  tangential  and 
radial  displacements  may  be  different,  which  implies  non-vanishing  cross- 
sectional  in-plane  strain  [12]. 

Figure  4  shows  the  displacements,  predicted  by  the  cylinder  theory,  at  the 
attachment  line  of  the  flange.  The  beam  theory  is  based  on  the  assumption  of 
in-extensional  in-plane  motion,  that  is  v  =  -w.  It  is  seen  this  criterion  is 
fulfilled  up  until  approximately  =  0.2 .  It  is  also  noted,  the  total-transmission 
frequency  is  associated  with  large  flexural  motion  of  the  pipe-wall.  Above  this 
frequency  the  rotation  of  the  pipe-wall  is  no  longer  governed  by  the  cross 
sectional  rotation. 

Figures  5a  and  5b  show  the  displacement  of  the  cylinder  at  the  total- 
transmission  frequency.  It  is  seen  that  this  frequency  is  associated  with  a 
resonance  phenomena.  For  the  propagating  waves,  the  flexural  displacements 
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X  (m) 


Figure  5a.  Displacements  of  pipe-flange  structure  at  ^2  =  0.2  .  Lower  graph  shows  the 
displacements  along  the  upper  of  the  lines  >?  =  0 . 

of  the  cylinder  wall  are  quite  small  at  low  frequencies.  The  purely  flexural 
modes  are  not  cut-on  until  above  the  ring-frequency.  Thus  the  large  flexural 
motion  seen  in  Figures  5b  is  predominantly  restricted  by  evanescent  modes. 
This  means  the  flexibility  of  the  attachment  of  the  flange  is  of  stiffness 
character,  this  confirming  the  explanation  for  the  decrease  of  total-transmission 
frequency  when  compared  to  the  beam  model. 
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BEAM-THEORY  FOR  MODELLING  FLUID-FILLED  PIPES 

In  reference  [12]  the  application  of  equivalent  Timoshenko  beam  theory  for 
describing  the  propagating  radial-axial  waves  in  fluid-filled  pipes  is 
investigated.  If  the  fluid  inertia  is  added  to  that  of  the  cylinder,  such  a  simplified 
description,  for  each  « >  1 ,  is  valid  up  to  approximately  half  the  cut-on 
frequency  for  higher  order  internal  fluid  modes. 

Numerical  experiments  have  been  made  using  the  beam  theory  for 
describing  the  fluid-filled  pipe  while  considering  the  flange  a  rigid  mass.  The 
transmission  factors  are  calculated  and  compared  to  those  found  using  the 
accurate  approach  outlined  in  Section  2.  For  the  higher  order  radial-axial 
modes,  n  >  2  ,  it  is  found:  the  simplified  beam  theory  gives  inaccurate  results. 
Most  probably  so  as  the  description  of  the  flange  as  a  rigid  mass  is  not  correct. 

For  the  «  =  1  mode,  the  pipe  is  excited  either  by  a  mechanical  point  force  or  a 
fluid  monopole  source.  Using  beam  theory,  the  fluid  source  may  be  treated  as  an 
equivalent  mechanical  force  [2].  The  results,  in  Figures  6  and  7  shows  that  the 
transmission  factors  are  independent  of  excitation  as  long  as  there  is  only  one 
propagating  wave-type.  For  the  water-filled  pipe,  the  coupling  between  fluid  and 
structure  is  strong,  this  amplifying  the  ‘shakiness’  of  the  calculation  results  above 
cut-on  of  the  fluid  mode.  For  the  air-filled  pipe  coupling  is  not  so  strong.  Thus,  with 
mechanical  excitation  the  transmission  factor  is  not  much  different  from  the  one  for 
an  empty  pipe  whereas  with  fluid  excitation  the  flange  does  not  influence 
transmission  very  much.  In  summary,  for  the  n  =  \  mode,  the  equivalent 
Timoshenko  beam  theory  applies  for  calculations  of  transmission  factors  for 


Figure  6.  Transmission  factor  for  water-filled  pipe.  — ,  cylinder  theory  mechanical 
excitation;  — ,  Timoshenko  beam  theory;  ••*,  cylinder  theory  fluid  excitation. 
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frequencies  below  the  first  resonance  in  the  flange  and  below  the  cut-on  frequencies 
of  the  higher  order  fluid  modes  in  the  pipe. 

Transmission  factors  for  axi-symmetrjc  motion 
Transmission  factors  for  the  n  =  0  axi-symmetric  motion  are  shown  in 
Figures  8.  For  this  mode,  the  rotational  motion  is  uncoupled  from  the  radial- 
axial  motion  and  is  not  excited  by  the  point  force  or  the  monopole  source.  The 
other  two  types  of  wave  motion,  almost  plane  acoustic  motion  and  longitudinal 
cylinder  motion,  are  strongly  coupled  for  the  water-filled  pipe.  This  results  in 
very  shaky  curves  for  the  transmission  factors  that  are  close  to  unity  as  the  fluid 
motion  is  not  restricted  by  the  flange.  For  the  air-filled  pipe  the  fluid  and 
structure  motion  are  more  independent.  With  fluid  excitation  the  transmission 
factor  is  close  to  unity  for  all  frequencies  but  close  to  the  ring  frequency.  With 
mechanical  excitation  there  is  a  minimum  in  the  transmission  . at  Q.  ~  0.04  .  This 
minimum  corresponds  to  a  resonance,  similar  to  the  one  for  the  «  =  1  mode,  in 
which  the  flanges  and  the  cylinders  axial  motions  become  180°  out  of  phase.  It 
is  anticipated  that  large  stresses  may  occur  at  this  relatively  low  frequency. 

Higher  order  radial- axial  modes 

Transmission  factors  for  the  n  -  2  and  the  n  -  4  modes  are  shown  in  Figures  9 
and  10.  For  the  n  =  2mode,  in  a  water-filled  steel  pipe,  only  the  radial-axial 
mode  is  propagating  below  the  ring-frequency,  hence  the  transmission  factors 
are  equal  for  fluid  and  mechanical  excitations.  For  the  air-filled  pipe  the  first 
acoustic  mode  is  cut-  at  =  0.2  .  Because  of  the  higher  fluid  inertia,  the  radial- 
axial  mode  is  cut-on  at  a  somewhat  lower  frequency  for  the  water-filled  pipe. 
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For  both  fluids,  just  above  cut-on  transmission  is  good,  t  ~  0.5 .  Then  there  is  a 
decrease,  a  region  with  almost  perfect  transmission  and  yet  another  decrease. 

For  the  n-A  mode,  the  first  acoustic  mode  in  the  air-filled  pipe  is  not  cut- 
on  until  0.-036.  For  all  frequencies,  the  difference  between  fluid  and 
mechanical  excitation  is  only  minor,  hence  results  only  for  the  latter  are  shown. 
The  transmission  factors  for  the  n  =  A  mode  are  similar  to  those  for  the  n~2 
mode.  Above  cut-on  transmission  is  fairly  good,  x  ~  0.25 ;  then,  for  the  water- 
filled  pipe,  it  decreases;  there  is  a  region  with  good  transmission  and  finally, 
near  the  ring-frequency  transmission  is  poor. 


Figure  10.  Transmission  factor  for  fluid-filled  pipe,  n  =  4;  — ,  water-filled  pipe; 
— ,  air-filled  pipe. 


CONCLUSIONS 

A  finite  element  method  for  the  calculation  of  the  transmission  factors  for 
flange-coupled  fluid-filled  pipes  is  presented.  Applying  this  method,  first  the 
dispersion  relations  for  fluid-filled  pipes  are  solved  using  a  FE-discretization  of 
the  cross-sectional  motion.  Then,  the  solutions  are  used  to  express  the 
displacements  within  an  element  as  functions  of  arbitrarily  prescribed 
displacements  at  the  ends.  Finally,  these  displacements  are  used  as  shape 
functions  in  a  frequency  dependent  finite  element  formulation.  The  presented 
scheme  is  possibly  applicable  to  any  prismatic  structure  and  is  therefore  thought 
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to  provide  a  versatile  tool  for  a  large  class  of  problems  in  structure-borne- 
sound  analysis. 

Calculation  results  for  one,  water-  or  air-filled,  pipe-flange  structure  are 
presented.  The  calculation  times  are  moderate;  the  results  for  5  trigonometric 
orders  and  200  frequency  points  require  approximately  10  minutes  cpu-time  on 
a  PC.  If  compiled  code  is  used  and  if  the  future  increase  in  computer  efficiency 
is  accounted  for,  these  routines  could  be  incorporated  into  SEA-programs  and 
be  used  on-line  without  too  much  waiting  time.  Alternatively,  since  the  piping 
standards  only  include  a  limited  number  of  pipes  and  pipe  fittings,  it  should  be 
possible  to  tabulate  transmission  factors,  e.g.,  in  third-octave  bands. 
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1.  INTRODUCTION 

Many  types  of  engineering  structures  are  subjected  to  high  frequency 
excitation,  in  the  sense  that  the  induced  response  has  a  vibrational 
wavelength  which  is  small  in  comparison  to  the  overall  system 
dimensions.  The  short  wavelength  of  the  structural  response  leads  to 
severe  analytical  difficulties  in  attempting  to  predict  the  system 
vibration  levels  at  the  design  stage. 

Much  research  effort  has  been  devoted  to  the  development  of 
analysis  techniques  which  are  capable  of  predicting  high  frequency 
vibration  levels,  and  the  most  well  known  approach  is  perhaps 
Statistical  Energy  Analysis  (SEA)  [1].  In  SEA  no  attempt  is  made  to 
recover  the  detailed  displacement  pattern  of  the  structure,  but  rather 
the  structure  is  modelled  as  an  assembly  of  "subsystems"  and  the  aim 
is  to  predict  the  vibrational  energy  level  of  each  subsystem.  This  is 
done  by  establishing  a  set  of  power  balance  equations  which  are  based 
on  the  key  assumption  that  the  energy  flow  between  two  connected 
subsystems  is  proportional  to  the  difference  in  the  subsystem  modal 
energies.  Whilst  SEA  has  been  applied  with  considerable  success  to  a 
wide  range  of  structures,  there  is  a  continuing  debate  over  the 
theoretical  validity  of  the  method  (for  example  [2-4]),  and  it  is  true  to 
say  that  the  method  yields  very  poor  results  for  certain  types  of 
structure.  One  practical  difficulty  associated  with  the  application  of 
the  method  to  aerospace  and  marine  vehicles  arises  from  the 
widespread  use  of  stiffened  plating  in  these  structures;  as  yet  there  is 
no  clear  guideline  as  to  how  such  plating  is  best  incorporated  within 
an  SEA  model,  and  this  issue  is  discussed  in  what  follows. 

The  present  study  is  concerned  with  vibration  transmission 
through  a  plate  which  is  stiffened  by  a  series  of  parallel  stiffeners 
which  are  (nominally)  evenly  spaced.  This  situation  can  be  likened  to 
vibration  transmission  along  an  aircraft  fuselage  or  a  section  of  a  ship 
hull,  with  the  present  stiffeners  taking  on  the  role  of  the  structural 
frames.  It  is  often  argued  that  a  stiffened  plate  can  be  modelled  to  a 
.reasonable  degree  of  accuracy  by  "smearing"  the  stiffener  properties  to 
produce  an  equivalent  orthotropic  plate.  However,  such  an  approach 
can  only  be  expected  to  be  successful  if  (i)  the  half  wavelength  of  the 
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panel  vibration  exceeds  the  stiffener  spacing,  and  (ii)  the  stiffeners  are 
sufficiently  weak  in  bending  relative  to  the  plate  bending  stiffness. 
Condition  (ii)  depends  to  some  extent  on  the  boundary  conditions 
which  are  imposed  on  the  panel  edges  -  a  stiffened  panel  which  is 
simply  supported  on  the  edges  parallel  to  the  stiffeners  and  free  on  the 
other  two  edges  will  tend  to  have  lower  modes  of  vibration  which  are 
reasonably  well  predicted  by  a  smeared  model  If  however  the  panel 
is  simply  supported  on  all  four  sides  then  "rigid  body"  motion  of  the 
stiffeners  will  be  restrained,  and  the  stiffener  bending  stiffness  will 
have  a  crucial  influence  on  the  nature  of  the  lower  modes  of  vibration. 
For  aerospace  and  marine  vehicles  the  frames  are  relatively  stiff,  and 
certainly  at  higher  frequencies  the  conditions  required  for  the 
successful  application  of  the  smearing  approach  will  not  be  met. 

In  SEA  terms,  the  other  extreme  to  a  "smeared"  model  of  a 
stiffened  plate  would  be  to  model  each  inter-stiffener  plate  element  as 
a  subsystem  (or  more  generally  as  three  subsystems  to  allow  for  the 
three  types  of  wave  motion  which  can  occur  in  a  flat  plate).  With  this 
approach  the  stiffeners  act  as  coupling  elements  between  the  SEA 
subsystems,  and  the  associated  coupling  loss  factors  can  be  found  by 
considering  wave  transmission  across  a  stiffener  [5].  This  general 
modelling  approach  has  been  applied  with  great  success  to  box-type 
structures  by  Heron  [6],  although  in  that  case  the  structure  did  not 
contain  stiffened  plates  -  rather  the  stiffeners  were  used  to  assemble  a 
set  of  relatively  large  panels.  When  applied  to  a  stiffened  plate  this 
type  of  approach  could  face  three  potential  difficulties:  (i)  the  mode 
count  in  each  plate  element  may  be  insufficient  to  justify  inclusion  as  a 
separate  SEA  subsystem,  (ii)  the  method  could  lead  to  a  very  large 
SEA  model  for  a  complete  vehicle,  and  (hi)  the  method  cannot  capture 
any  "periodic  structure"  type  behaviour  of  the  stiffened  panel.  Point 
(iii)  is  related  to  the  fact  that  a  periodically  stiffened  structure  has  very 
distinctive  vibration  characteristics,  as  outlined  in  what  follows. 

A  periodic  structure  is  defined  as  a  structure  which  is  composed 
of  a  number  of  identical  units  which  are  comaected  in  a  regular  pattern. 
The  stiffened  plate  structure  considered  in  the  present  work  forms  a 
one-dimensional  periodic  structure,  in  which  the  basic  unit  consists  of 
an  inter-stiffener  plate  element  with  an  attached  stiffener.  It  is  well 
known  that  wave  motion  through  a  structure  of  this  type  can  only 
occur  within  certain  frequency  intervals  known  as  pass  bands;  the  pass 
bands  are  separated  by  stop  bands  in  which  propagating  wave  motion 
cannot  occur.  The  incorporation  of  this  type  of  behaviour  within  an 
SEA  model  has  received  little  attention  other  than  in  the  work  of  Keane 
and  Price  [7]  who  considered  two  coupled  periodic  rod  structures. 
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Each  rod  structure  was  modelled  as  an  SEA  subsystem  in  which  the 
modal  density  was  calculated  on  the  basis  of  periodic  structure  theory, 
it  being  noted  that  the  natural  frequencies  of  a  periodic  structure  tend 
to  lie  within  the  pass  bands.  Whilst  this  approach  led  to  excellent 
results  for  the  structure  considered,  it  would  appear  to  be  difficult  to 
extend  the  methodology  to  more  general  situations  -  not  in  terms  of  the 
validity  of  the  method,  but  rather  in  terms  of  the  practical  calculation 
of  the  coefficients  which  appear  in  the  SEA  equations.  For  this  reason 
a  quite  different  approach  is  used  here  to  model  the  stiffened  plate:  the 
plate  is  modelled  as  a  non-conservative  coupling  element  between 
different  parts  of  the  structure.  Specifically,  a  three  plate  structure  is 
considered  in  which  the  middle  plate  is  stiffened.  The  two  outer  plates 
are  modelled  as  conventional  SEA  subsystems,  while  the  middle  plate 
is  considered  to  act  as  a  coupling  element.  The  properties  of  this 
coupling  element  are  calculated  on  the  basis  of  periodic  structure 
theory,  and  in  this  regard  use  is  made  of  recent  results  concerning  the 
band-averaged  transmission  coefficient  of  a  periodic  structure  [8]. 
There  has  been  much  debate  as  to  how  the  energy  loss  associated  with 
a  non-conservative  coupling  should  be  modelled  within  the  context  of 
SEA  [9-12],  and  this  issue  is  dealt  with  in  the  present  work  simply  by 
using  the  absorption  coefficient  of  the  coupling  element  to  make  an 
appropriate  addition  to  the  loss  factors  of  the  adjoining  elements. 

2.  SEA  MODELLING  OF  NON-CONSERVATIVELY  COUPLED 

SUBSYSTEMS 

A  schematic  of  two  two-dimensional  subsystems  which  are  coupled 
along  an  edge  is  shown  in  Figure  1.  In  the  present  context,  the  two 
subsystems  represent  unstiffened  plates  while  the  coupling  represents 
a  stiffened  plate  which  both  transmits  and  dissipates  energy.  For  the 
purposes  of  the  present  argument,  the  stiffened  plate  is  assumed  to 
have  symmetric  stiffeners  so  that  only  the  bending  motion  of  each 
plate  need  be  considered. 

An  SEA  model  of  the  system  shown  in  Figure  1  can  be  derived 
by  considering  energy  flow  across  the  coupling,  and  this  is  most  easily 
done  by  considering  the  transmission  of  elastic  wave  motion.  If  the 
time  averaged  vibrational  energy  in  subsystem  1  is  represented  by  E^, 
then  the  energy  density  can  be  written  as  Ei/A,,  where  is  the  area  of 
the  subsystem. 
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If  it  is  assumed  that  the  wave  motion  in  the  subsystem  is 
"diffuse"  so  that  the  energy  flow  is  evenly  spread  among  all  directions, 
then  the  energy  flow  associated  with  the  angular  range  9  to  0+d9  can 
be  written  as  A, ){dB /2k),  where  c,,  is  the  wave  group  velocity. 

This  is  strictly  the  energy  flow  per  unit  length  measured  along  the 
wave  crest,  so  that  the  power  incident  on  the  coupling  is  Cgi{E-^/Ai){dQ 
/27i)Lcose,  where  L  is  the  length  of  the  coupled  edge.  Now  part  of  this 
power  is  transmitted  to  subsystem  2  and  part  is  dissipated  within  the 
coupling,  with  the  remainder  being  reflected  back  into  subsystem  1. 
The  fraction  of  power  which  is  transmitted  is  given  by  the  transmission 
coefficient  while  the  fraction  absorbed  is  given  by  the  absorption 

coefficient  The  total  power  lost  through  the  coupling  can  thus  be 

written  as 


kH 

Pi»=  I  [T,,(9)+a,,(e)](E,c^,L/2;!A,)cosffl9=(<T, ,>+<«, 2  >](E,c„L/7!A,),  (1) 

-kH 

where  the  diffuse  field  transmission  and  absorption  coefficients  <Ti2> 
and  <ai2>  are  defined  as 

<Tj2>  =-"|Ti2(^)cosede,  <«,2>  =Y\affiB)cos6d6.  (2,3) 

2.^/2  Z-ff/2 


Now  subsystem  1  will  also  gain  power  through  the  junction 
from  subsystem  2.  By  analogy  with  the  above  equation,  this  power  can 
be  written  in  the  form 

Ps,-,m=<''^2:>(E2Cg2L/?iA2).  (4) 

The  total  power  balance  equation  for  subsystem  1  then  takes  the  form 

+  Floss =  Pi  - 

where  the  first  term  on  the  left  is  the  power  dissipated  internally  (rii 
being  the  loss  factor),  and  the  term  on  the  right  is  the  power  input 
from  external  sources.  Equations  (l)-(5)  can  be  combined  to  yield  the 
power  balance  equation  in  the  standard  SEA  format  [1]. 

a)f7„f(Ei  +ffl;7,,Vj(E]  /  V,  -E2  /  Vj)  =  P,, 


where 


Vi  =  (uAj  /  (27rCiCj,i ), 

~  ^8iE  ^12  ^  /  (TrtyA  ^ 
riiett  =  Hi  +  'In  <  an  >  /  <  T,,  >. 


(7) 

(8) 
(9) 
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Here  v,  is  the  modal  density  of  subsystem  i  {q  is  the  phase 
speed),  and  rii2  is  the  coupling  loss  factor.  It  should  be  noted  that  in 
deriving  equation  (6)  the  reciprocity  relation  <Xi2> / 
been  employed.  The  power  balance  equation  for  subsystem  2  has 
precisely  the  form  of  equation  (6)  with  the  subscripts  1  and  2 
interchanged. 

It  has  been  shown  in  this  section  that  under  the  normal  "diffuse 
wave"  set  of  assumptions,  the  basic  form  of  the  SEA  equation  is 
unchanged  by  the  presence  of  dissipation  in  a  coupling  element.  The 
only  detailed  changes  are  that:  (i)  the  transmission  coefficient  used  in 
the  coupling  loss  factor  is  that  which  arises  in  the  presence  of 
dissipation,  and  (ii)  an  appropriate  addition  must  be  made  to  the 
subsystem  loss  factors  to  account  for  absorption  by  the  junction. 

3.  TRANSMISSION  AND  ABSORPTION  COEFFICIENTS 
As  mentioned  in  the  introduction,  the  present  concern  is  with  vibration 
transmission  through  a  stiffened  panel,  and  a  schematic  of  the  system 
under  investigation  is  shown  in  Figure  1.  In  order  to  apply  the  analysis 
of  Section  2  to  this  structure  it  is  necessary  to  compute  the  transmission 
and  absorption  coefficients  the  stiffened  panel,  and 

two  methods  of  doing  this  are  outlined  in  the  present  section.  The  first 
approach  is  an  exact  calculation  in  which  the  transmission  through  an 
M-bay  stiffened  panel  is  analysed  by  using  a  variant  of  the  dynamic 
stiffness  method  [13].  In  order  to  facilitate  this  calculation  it  is  assumed 
that  the  stiffened  panel  is  simply  supported  along  the  two  longitudinal 
edges,  and  the  stiffeners  are  taken  to  be  symmetric,  so  that  there  is  no 
coupling  between  the  in-plane  and  out-of-plane  motion  of  the  plate. 
The  second  method  of  calculating  <Tp_>  and  <a^^>  is  an  approximate 
and  computationally  efficient  technique  which  is  based  on  the  one- 
dimensional  waveguide  theory  developed  in  reference  [8];  with  this 
approach  it  is  only  necessary  to  calculate  the  wave  transmission 
coefficient  of  a  single  plate/ stiffener  junction. 

3.1  EXACT  CALCULATION 

The  structure  is  assumed  to  be  simply  supported  along  each  of  the 
longitudinal  edges.  This  implies  that  the  out-of-plane  displacement 
may  be  expressed  as  a  Fourier  series  involving  terms  proportional  to 
sin(n7i:x/b)  where  n  is  an  integer  and  b  is  the  panel  width.  For  each 
value  of  n,  bending  wave  transmission  through  the  system  can  be 
analysed  by  using  a  variant  of  the  dynamic  stiffness  method  (DSM) 
presented  in  reference  [13]  :  essentially  the  DSM  is  used  to  derive  the 
dynamic  stiffness  matrix  of  the  stiffened  panel,  and  this  is  then 
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coupled  to  two  semi-infinite  plate  elements  which  carry  the  incident, 
reflected  and  transmitted  waves.  Applying  the  dynamic  stiffness 
approach  to  a  semi-infinite  plate,  the  edge  displacement  w’^^  and 
rotation  0^  may  be  expressed  as 


‘vi',' 

■  1 

1  ■ 

.  ( nitx^ 

=: 

sin  -  < 

^B2_ 

J^B2_ 

1  b  J 

(10) 


and  the  edge  tractions  (shear  and  moment  MJ  as 


D 

.H. 

A. 

(11) 


where  D  is  the  plate  flexural  rigidity,  and  are  the  valid 
wavenumbers  and  and  a,  are  the  corresponding  complex  wave 
amplitudes. 

The  matrix  which  appears  in  equation  (11)  is  the  dynamic 
stiffness  matrix  of  the  semi-infinite  plate.  The  dynamic  stiffness  matrix 
of  the  stiffened  panel  may  be  found  by  employing  the  analysis 
presented  in  reference  [13].  With  this  approach  the  panel  is  modelled 
as  an  assembly  of  plate  elements,  and  to  this  end  a  node  is  introduced 
at  each  plate /stiffener  junction.  The  stiffeners  may  either  be  modelled 
by  using  beam  theory,  or  a  fully  dynamic  model  may  be  developed  by 
using  plate  elements  to  model  the  behaviour  of  the  flanges  and  webs. 
Following  assembly,  the  dynamic  stiffness  equations  for  the  complete 
structure  (for  a  specified  number  of  lateral  half-wavelengths  n)  then 
have  the  form 
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where  the  'V  and  'R'  subscripts  represent  the  left  and  right  semi¬ 
infinite  plates  and  the  'E'  subscript  represents  the  embedded  stiffened 
panel,  which  is  taken  to  have  Q  degrees  of  freedom. 

By  introducing  an  incident  wave  of  amplitude  a.,^.  into  one  of 
the  semi-infinite  plates  (say  the  left),  equation  (12)  can  be  solved  to 
yield  the  degrees  of  freedom  Wg  and  6e  for  each  semi-infinite  plate. 
These  can  then  be  substituted  into  equation  (10)  to  provide  the 
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complex  amplitudes  of  the  transmitted  and  reflected  waves  (a,  and  a, 
say)  for  the  specified  number  of  transverse  half-waves,  n  The 
transmission  and  reflection  coefficients  are  defined  as  x=  !  1  and 


3.2  APPROXIMATE  CALCULATION 

The  calculation  procedure  described  in  the  previous  section  leads  to 
exact  results  for  the  transmission  and  absorption  coefficients  of  the  M- 
bay  stiffened  panel  which  is  shown  in  Figure  1.  A  more  approximate 
approach  which  requires  significantly  less  computational  effort  is 
described  in  the  present  section;  this  approach  is  based  on  the  general 
analysis  of  a  one-dimensional  waveguide  which  is  presented  in 
reference  [8],  and  it  leads  to  closed  form  approximate  results  for  the 
transmission  and  absorption  coefficients  associated  with  a  particular 
Fourier  component  n. 

For  each  Fourier  component  n  the  system  shown  in  Figure  1 
forms  a  one-dimensional  waveguide.  As  described  in  reference  [8],  the 
transmission  coefficient  for  the  one-dimensional  waveguide  may  be 
written  in  the  form 


|2 


ao 


(  1.  ]2 
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(13) 


The  reflection  coefficient  may 


Pm  “ 


^0 


similarly  be  expressed  as 
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1- 

O', a, A 

1^ 

1  ) 

(14) 


Here,  X  is  the  propagation  factor  of  the  periodic  system,  defined 
such  that  A,=exp(-ie-5)  where  e  is  the  phase  constant  and  5  is  the 
attenuation  constant.  Furthermore,  (X,  and  are  related  to  the 

waveforms  of  right  and  left  travelling  periodic  waves  :  b„/a„=a,  for 
right  travelling  waves  and  a„/b„=a,  for  a  left  travelling  wave. 

As  discussed  in  reference  [8],  Xu  and  pM  can  be  locally 
'smoothed'  by  averaging  over  a  cycle  of  on  the  assumption  that 
tti  and  aia2  remain  approximately  constant.  This  approach  yields 
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where  Z=aia2e'^^^.  Equation  (15)  was  first  derived  in  reference  [8]. 

To  facilitate  the  evaluation  of  equations  (15)  and  (16)  it  can  be 
shown  that 

a, a,  =  1  +  (2  /  r")|t-sin-(£  -  id)  -  tsm(£  -  id)^  1  -  t“cos“  (£  -  id)  j,  (17) 

and 

|ail^= -^(l  + t^e'^^  -  2te'^cos(kL  -  bt  ■^))/ 

where  r  and  t  are  the  reflection  and  transmission  coefficients  of  a  single 
stiffener  and  (j),  is  the  phase  of  the  transmission  coefficient. 

In  principle  the  band-averaged  transmission  and  reflection 
coefficients  can  be  obtained  by  integrating  and  over  the 
appropriate  wave  number  range.  A  more  approximate  approach  is  to 
assume  that  within  a  stop-band  i:,=0  and  pM=l,  while  within  a  pass- 
band  r,,  and  p„  are  constant  and  equal  to  the  mid-band  value  (i.e.  the 
value  at  £=ti/2).  It  can  be  noted  that  the  value  of  the  mid-band 
attenuation  constant,  6mid/  is  given  by  [8] 

=  sinh-'[(l  /  t)sinh(mi,  /  2)]  (19) 

where  mpcoriv,  the  modal  overlap  factor  for  a  single  bay  of  the  system 
with  loss  factor  t|  cit  angular  frequency  co.  The  modal  density,  v,  for  a 
one-dimensional  waveguide  is  given  by  (L/TiCg),  where  L  is  the  length 
of  each  bay  and  Cg=8cD/3k  the  group  velocity. 

3.3  DIFFUSE  COEFFICIENTS 

In  both  the  exact  and  approximate  cases,  the  diffuse 
transmission  and  reflection  coefficients,  at  frequency  co,  may  be 
evaluated  by  integrating  the  contributions  of  all  propagating  values  of 
n.  The  diffuse  absorption  coefficient  can  then  be  calculated  using 
equation  (20). 

a  =  1.0-T-p 
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4.  EXAMPLE  APPLICATION 


The  foregoing  theory  has  been  applied  to  an  example  aluminium 
structure  consisting  of  an  eight  bay  stiffened  panel  which  forms  a 
coupling  between  two  rectangular  unstiffened  plates.  The  geometry  of 
the  stiffened  panel  is  shown  in  Figure  5;  the  whole  structure  is  of  width 
Im,  and  the  two  unstiffened  plates  are  of  length  2.4m  and  3.6m,  and  each 
has  thickness  2mm. 

Example  propagation  constants  e  and  5  for  the  periodically 
stiffened  panel  are  shown  in  Figure  3(a)  for  the  case  of  zero  damping 
(ri=0);  these  results  concern  only  the  first  Fourier  component  of  the  motion 
(n=l)  and  the  upper  frequency  is  limited  to  190  Hz.  Three  pass  bands  (in 
which  6=0)  are  discernible  in  Figure  3(a),  and  it  can  be  expected  that 
vibration  transmission  through  a  finite  stiffened  panel  -  will  be 
concentrated  within  these  bands.  This  is  confirmed  by  Figure  3(b)  which 
shows  the  transmission  coefficient  of  the  8-bay  panel  for  the  case  ti=0.01. 
The  "exact"  results  yielded  by  the  analysis  presented  in  section  3.2  display 
8  peaks  per  pass  band;  were  the  panel  undamped  then  the  transmission 
coefficient  would  achieve  a  value  of  unity  at  each  of  these  peaks  [8].  The 
approximate  results  yielded  by  the  analysis  presented  in  section  3.3 
provide  a  good  estimate  of  the  average  transmission  coefficient  in  each 
pass  band,  and  a  similar  level  of  agreement  is  shown  in  Figure  3(c)  for  the 
absorption  coefficient. 

The  results  shown  in  Figure  3  relate  only  to  the  ?i=l  Fourier 
component.  Results  for  all  relevant  values  of  n  over  an  extended 
frequency  range  are  shown  in  Figure  4,  where  it  can  be  seen  that  a 
complex  system  of  overlapping  pass  bands  occurs.  The  agreement 
between  tlie  exact  and  approximate  values  of  the  transmission  and 
absorption  coefficients  is  generally  good  for  the  transmission  coefficient 
and  reasonably  good  for  the  absorption  coefficient.  It  has  been  found  that 
response  predictions  are  not  sensitive  to  the  value  of  the  absorption 
coefficient  for  the  present  structure,  since  the  absorption  tends  to  make  a 
less  than  20%  difference  to  the  internal  loss  factors  via  equation  (9). 

Results  for  the  response  of  the  structure  to  rain-on-the-roof  forcing 
of  the  left  hand  plate  are  shown  in  Figure  6.  The  results  are  presented  in 
terms  of  a  dB  energy  level  difference  between  the  tw^o  plates  i.e. 
10Log(E,/£;),  and  five  sets  of  results  are  shown  as  follows;  (i)  benchmark 
exact  results  computed  by  applying  the  dynamic  stiffness  method  [13]  to 
the  complete  system;  (ii)  standard  SEA  results  obtained  by  treating  each 
bay  of  the  stiffened  panel  as  a  separate  subsystem;  (iii)  wave  intensity 
analysis  results  (WlA)  [14]  in  which  the  SEA  diffuse  wave  assumption  is 
relaxed;  (iv)  results  yielded  by  the  present  two  subsystem  model  with 
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exact  transmission  and  absorption  coefficients;  (v)  results  yielded  by  the 
present  two  subsystem  model  with  approximate  transmission  and 
absorption  coefficients. 

In  considering  the  standard  SEA  results  which  are  shown  in  Figure 
6,  it  can  be  recalled  that  the  method  assumes  that:  (a)  the  wavefield  in 
each  subsystem  is  diffuse,  and  (b)  all  wave  components  are  uncorrelated. 
Assumption  (a)  is  in  error  for  the  present  structure,  since  the  stiffeners  act 
as  spatial  filters  which  favour  waves  near  to  normal  incidence.  This 
assumption  is  relaxed  in  WIA,  where  the  angular  distribution  of  the 
wavefield  in  each  subsystem  is  expanded  in  terms  of  a  Fourier  series  -  this 
leads  to  much  improved  results,  as  shown  in  Figure  6,  although  for  the 
present  example  50  Fourier  components  were  required  to  ensure 
converged  results  at  the  higher  frequencies.  Assumption  (b)  regarding  the 
phase  of  the  various  wave  components  is  also  adopted  in  WIA,  and  this 
means  that  neither  SEA  nor  WIA  are  able  to  model  pass  band /stop  band 
behaviour.  For  the  present  structure  this  leads  to  significant  differences 
between  WIA  and  the  exact  results  at  frequencies  above  750Hz. 

The  present  approach  to  modelling  the  system  as  two  SEA 
subsystems  incorporates  a  detailed  model  of  the  stiffened  panel 
behaviour,  and  thus  wave  filtering  and  phase  effects  are  captured,  as 
evidenced  by  the  good  agreement  with  the  exact  results  shown  in  Figure 
6.  For  the  present  example,  the  use  of  the  approximate  formulae  for  the 
transmission  and  absorption  coefficients  does  not  lead  to  a  significant  loss 
in  accuracy. 


5.  CONCLUSIONS 

The  present  work  has  considered  how  a  stiffened  panel  might  be 
modelled  within  the  context  of  SEA.  It  has  been  suggested  that  such  a 
panel  might  be  represented  as  a  damped  coupling  element  whose 
transmission  and  absorption  coefficients  are  calculated  on  the  basis  of 
periodic  struchire  theory.  This  approach  has  lead  to  good  results  for  the 
example  structure  considered  here,  and  further  studies  will  consider  the 
effects  of  disorder  and  fluid  loading. 
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Figure  3  :  Propagation  Constants,  Transmission  Coefficients  and 
Absorption  Coefficients  for  n=l 
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Figure  4  :  Propagation  Constants,  Transmission  Coefficients  and 
Absorption  Coefficients  for  valid  n. 
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Figure  6  :  Example  Application  -  Comparison  of  Methods 
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EXPERIMENTAL  METHODS  I 
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ABSTRACT 

The  role  of  boimdaries  in  testing  and  some  of  the  appropriate  literature- 
is  briefly  discussed,  A  very  large  NASA  modal  test  fixture  located  on  the 
Marshall  Space  Flight  Center  in  Huntsville,  Alabama  is  described.  Its 
purpose,  to  conduct  modal  tests  of  large  Space  Station  elements  and 
other  Shuttle  payloads,  has  led  to  a  number  of  tests,  calibrations,  refine¬ 
ments,  and  better  delineation  of  boundary  influences,  some  of  which  are 
described  herein. 


INTRODUCTION 

The  contrast  in  realistic  structural  supports  is  no  more  apparent  than  in 
the  ease  of  making  textbook/ chalkboard  sketches  of  fixed  ends,  and  the 
much  more  difficult  reality  of  attempting  to  duplicate  such  idealistic 
boundary  conditions  in  the  laboratory  or  in  the  real  world.  Only  with 
great  attention  to  detail  can  such  idealistic  supports  be  built. 

Qu  and  Cutchins  [1]  were  successful  in  a  hammer  test  by  mounting 
a  small,  light  aluminum  scaled  model  of  a  joined-wing  in  a  special  ta¬ 
pered,  clamped  base  support  which  was  mounted  on  a  massive  steel 
beam  loading  frame.  In  this  manner,  a  wing  root  fixed  end  finite  ele¬ 
ment  model  worked  well  with  only  tip-beam  modeling  iterations 
needed  to  successfully  correlate  experiment  and  theory  with  no  signifi¬ 
cant  boundary  modeling  problems. 
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Despite  careful  attention  to  detail,  even  attempts  such  as  this  one 
with  a  small  scale  model  often  yield  contrasting  experiment/ theoretical 
results  which  require  many  man-hours  of  analysis  or  re-testing  in  order 
to  reconcile  the  almost  inevitable  discrepancies. 

Most  realistic  boundary  influence  problems  are  virtually  ignored  in 
the  textbook  literature  with  a  few  notable  exceptions  such  as  Ewins' 
classic  [14].  One  of  the  best  to  address  this  problem  in  relation  to  this 
paper  is  Rao  [2],  in  which  the  author  briefly  but  carefully  describes  test¬ 
ing  and  analysis  techniques,  suspension  with  elastic  cords,  various  ways 
of  exciting  the  system,  and  other  related  material.  Junkins  and  Kim  [3] 
and  Donaldson  [4]  address  boundary  influences  in  very  significant  and 
unique  ways,  the  former  developing  equations  (related  to  Hamilton's 
Principle  and  the  Lagrange  Equation  technique)  from  which  boundary 
conditions  can  be  derived.  The  latter  centers  on  beam  boundary  condi¬ 
tions,  but  includes  Winkler's  elastic  foundation  approach  and  some 
other  oft-neglected  boundary  considerations. 

In  contrast  with  the  dirth  of  material  in  textbooks,  there  are  numer¬ 
ous  archival  papers  and  conference  proceedings  which  address  various 
aspects  of  the  problems,  and  the  solutions,  associated  with  boundary 
influences.  Representative  of  these  are  conference  papers  such  as  [5], 
[6],  and  [7],  internal  reports  [8],  [9]  and  [10],  and  trade  journal  papers 
such  as  Stroud  [11]. 

In  [10],  a  number  of  NASTRAN  runs  were  made  with  variations  in 
the  3-dimensional  spring  stiffnesses  which  modeled  the  supports  at 
eight  different  locations  for  a  multiple-litter,  3-D  frame  stanchion  pro¬ 
posed  to  collectively  transport  a  high  density  of  litter  patients  in 
numerous  civil  aircraft.  (In  this  manner,  seat  support  tracks  could  be 
used  for  structural  restraint  of  the  litter  stanchions  for  emergency  use  of 
the  civilian  fleet  of  airliners  in  large  scale  disaster  evacuations.)  Using  a 
9-g  longitudinal  load  case,  a  comparison  of  rigidly  supported  stanchions 
vs  elastically  supported  stanchions  (with  3-D  linear  springs  only  at  each 
support;  no  torsional  springs)  revealed  several  constraint  forces  that 
varied  within  a  range  of  several  thousand  pounds,  with  no  changes  oth¬ 
er  than  the  support-spring  stiffnesses.  Some  constraint  forces  even 
changed  their  sense  for  this  statically  indeterminant  structure  with  eight 
support  points.  No  dynamic  influences  (other  than  the  FAA  specifica¬ 
tion  9-g  loading  level)  were  measured  in  this  static  loads  study. 

Tinker  [12]  shows  the  interdependance  of  static  tests  and  dynamic 
tests  for  the  large  test  facility  described  later. 

A  number  of  generic  and  fundamental  dynamic  cases  appear  in  the 
literature,  illustrated  well  by  the  12  foot  flexibly-supported  beam  in  [5]. 
In  this  elastic  cord  supported  dynamic  case,  good  agreement  between 
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theory  and  experiment  was  obtained.  Elastic  cord  suspension  is  not  al¬ 
ways  feasible,  however. 

Most  published  results  are  of  necessity  structure-specific.  But  it  is 
readily  apparent  that  boundary  influences  are  quite  significant,  their 
idealization  often  oversimplified,  and  their  better  definition  highly 
sought.  One  answer  may  be  a  better  use  for  flexures,  like  the  typical 
wind  tunnel  balance  systems  have  used  for  years,  in  dynamic  testing.  A 
NASA  test  facility  to  be  described  below  provides  for  making  inroads 
into  improved  understanding  of  boundary  effects  for  complicated  dy¬ 
namic  tests. 

INITIAL  DESIGN  AND  TESTING 

Built  in  1990,  the  NASA  Universal  Test  Fixture  (UTF)  still  is  probably  the 
largest  of  its  kind.  The  concrete  and  steel,  bedrock-anchored  facility  is 
quite  impressive.  It  has  a  floor  stiffness  of  60  million  pounds /inch.  Fig¬ 
ure  1  is  an  isometric  view;  note  that  the  two  massive  sides  are  about  15 
feet  (almost  4.6  meters)  apart.  Figure  2  shows  a  Space  Station  Common 
Module  Prototype  mounted  in  the  UTF,  viewed  from  one  end  of  the 
fixture. 

In  the  initial  design,  a  combination  of  bearings  and  flexures  was 
used  to  simulate  typical  Shuttle  payload  bay  constraints.  Several 
test/ analysis  sequences  have  occurred  since  then  in  moving  toward 
more  accurate  testing  of  Space  Station  elements.  It  has  been  the  focus  of 
several  tests  to  uncover  and  identify  significant  nonlinearities,  assess 
desired  interface  conditions,  evaluate  different  techniques,  and  com¬ 
plete  a  fixed  base  modal  survey.  Fixture  design  requirements  included: 

♦  No  natural  frequencies  below  40  Hz,  60  Hz  if  possible. 

♦  Horizontal  mounting  of  all  Space  Station  module  elements. 

♦  Trunnion  and  keel  pins  (the  Orbiter  interfaces)  restrained  in  all 
seven  Orbiter-cons trained  degrees  of  freedom 

♦  Fixture  10  times  as  stiff  as  test  article. 

Design  of  the  fixture-to-test-article  interfaces  to  achieve  these  re¬ 
quirements  has  pushed  the  ingenuity  of  the  engineers  involved.  Use  has 
been  made  of  spherical  bearings  to  allow  rotational  motion,  a  pendulum 
system  to  allow  swinging  motion  in  the  X  direction,  and  bearings  to  al¬ 
low  for  sliding  in  the  lateral  or  Y  coordinate  and  rotational  motion. 
Figure  3  illustrates  the  most  novel  of  these  interfaces.  The  airbag  system 
shown  at  the  top  of  each  figure  (one  atop  each  of  the  four  interface  mech¬ 
anisms)  has  the  capability  to  offload  the  trunnions  and  free  the  interfac- 
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es  and  test  article  to  slide  and  rotate  in  appropriate  directions. 

A  cross  sectional  view  of  the  UTF  (Figure  4)  shows  the  relationship 
of  the  two  other  types  of  interface  elements  tested  and  a  typical  Space 
Station  module.  One  of  the  concepts  explored  is  a  flexure  interface 
concept  as  shown  in  Figure  5.  These  have  been  tested  in  the  four  trun¬ 
nion  positions  at  the  fore  and  aft  ends  of  the  test  module.  Geometry 
details  of  the  flexures  are  given  in  [13].  Basically,  they  have  been  sized 
to  get  axial  stiffnesses  greater  than  4  X  10^  Ib/inch  in  order  to  prevent 
coupling  of  flexure  modes  with  test  article  modes.  Table  1  shows  a  com¬ 
parison  of  the  rectangular  and  round  flexure  geometries;  rectangular 
blade  flexures  were  chosen  because  they  gave  a  softer  lateral  stiffness 
while  maintaining  more  adequate  axial  stiffness. 

Table  1.  Comparison  of  Stiffnesses  for  Blade  and  Rod  Flexure  Geometries 

Stiffness  (Lb /in.  In-lb /rad) 

Direction  0.6  Inch  Width*  1.5  Inch  Round* 


Axial 

4,500,000 

3,900,000 

Lateral 

1,330 

2,300 

Torsional 

474,000 

745,000 

Bending 

704,000 

994,000 

Axial/Lateral  Ratio 

3,400 

1,708 

*  2  flexures,  2.75  inches  in  length 

Also  shown  in  Figure  4  is  a  keel  interface  located  at  the  bottom  of  the 
module.  This  interface,  of  much  different  geometry  and  principle,  is 
shown  in  more  detail  in  Figure  6.  Much  higher  y-stiffness  and  low  x- 
and  z-  stiffnesses  are  required  for  it. 

A  frequency  comparison  is  shown,  see  Table  2,  in  which  analytical¬ 
ly  determined  frequencies  are  compared  with  ideal  7-DOF  orbiter- 
constrained  modes  of  the  model  with  the  flexures  removed.  Based  on 
these  data,  it  is  obvious  that  this  concept  works  well. 

Table  2.  Comparison  of  Analytical  Constrained  Frequencies  in  Hz  for 


Space  Station  Resource  Node  with  and  without  Flexures 

Mode  Nr. 

w/o  Flexures 

w/Flexures 

Percent  Difference 

1 

8.21 

8.53 

3.9 

4 

10.71 

11.76 

9.8 

5 

13.37 

14.11 

5.5 

Others  of  these  modes  (26  through  31)  at  frequencies  without  flex- 
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ures  of  18.94,  21.35, 22.52, 22.92, 23.68,  and  23.79  all  varied  only  slightly, 
between  0.2  and  1.0  percent,  in  comparison  to  the  with-flexure 
frequencies. 

Two  views  of  the  keel  rectangular  flexure  design  of  the  type  con¬ 
ceptualized  in  Figure  5  are  shown  in  Figure  7. 


INTERNATIONAL  SPACE  STATION  ALPHA  (ISSA) 
CALIBRATION  BEAM 

The  modal  survey  [9]  and  other  studies  have  used  the  International 
Space  Station  Alpha  (ISSA)  Calibration  Beam  (often  referred  to  as  "the 
Boeing  Beam"  since  Boeing  is  the  prime  support  contractor  for  NASA  in 
Huntsville).  See  Figure  8.  A  near-planar  structure,  the  beam-like  truss- 
trunnion  arrangement  has  been  useful  for  "proof  of  concept"  tests,  es¬ 
pecially  as  they  relate  to  the  flexure  designs  and  verification  of  finite 
element  models.  The  boundary  conditions  for  the  beam  have  been 
primarily 

A.  Free-Free 

B.  Fixed  Base  with  various  flexure  combinations 

Test  frequencies  have  usually  been  0-64  Hz,  but  have  also  ranged  up¬ 
ward  to  200  Hz,  a  range  which  includes  14  modes. 

Other  tests  involving  the  UTF  relate  especially  to  particular 
techniques.  As  a  couple  of  examples,  with  the  advent  of  more  sophisti¬ 
cated  test  equipment,  the  residual  flexibility  method  has  become 
increasingly  attractive  [5, 7].  The  concept  of  flexures  used  solely  to  sim¬ 
ulate  the  desired  interface  conditions  has  been  the  emphasis  of  several 
calibration  test  efforts  at  NASA. 

Accounting  for  undesired  test  stand  flexibility  and  the  analytical  re¬ 
moval  of  such  test  stand  influences  from  measured  modes  is  the  subject 
of  Lin  &  Cole  [6].  A  similar  approach,  now  dealing  with  the  Figure  8 
structure  and  flexures  intentionally  incorporated  in  the  test  stand,  is  be¬ 
ing  utilized  by  the  authors  of  this  paper  to  attempt  to  remove  the 
influence  of  flexures  from  measured  modal  data  [7].  Further  evaluation 
of  the  residual  flexibility  method  is  also  made  in  the  latter  reference. 

A  new,  much  more  three-dimensional  test  structure.  Pathfinder,  has 
recently  begun  to  be  used  in  further  NASA  tests. 
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CONSTRAINED-BOUNDARY  OR  FIXED-BASED  TESTING 


Constrained-boundary  or  fixed-base  testing  has  historically  been  the 
most  common  approach  for  verifying  finite  element  mathematical  mod¬ 
els  for  structures  contstrained  in  service.  At  best,  the  boundary  condi¬ 
tions  of  the  test  article  are  designed  to  match  the  actual  in-use 
constraints.  However,  there  are  difficulties  involved  with  fixed-base 
testing,  in  some  cases  making  the  approach  impractical.  As  stated  in  a 
number  of  references,  it  is  not  possible  to  conduct  a  truly  fixed-base  test 
due  to  coupling  between  the  test  article  and  the  fixture.  In  addition,  it 
is  often  difficult  to  accurately  simulate  the  actual  boundary  constraints, 
and  the  cost  of  designing  and  constructing  even  the  fixture  itself  may  be 
prohibitive. 

Examples  of  these  difficulties  as  they  relate  to  the  NASA  modal  test 
fixture  include  the  following: 

♦  Shuttle  Payload  Models  and  Orbiter  Interface  Constraints 

•  Contamination  of  test  data  due  to  coupling  between 
the  test  article  and  the  fixture, 

•  Difficulties  in  actual  simulation  of  the  boundary  conditions 
existing  in  flight, 

•  Cost  of  design,  construction  and  checkout  of  the  fixture. 


♦  International  Space  Station  Flight  Hardware  - 
Common  Module  Prototype 

•  Nonlinear  effects  of  varying  shaker  force  amplitude  and 
airbag  pressure  level, 

•  Softening  spring  effects, 

•  Disappearance  of  modes  due  to  changing  boundary 
conditions  with  higher  force  levels. 

Solutions  to  these  difficulties  involve  redesigned  fixture  interfaces 
as  shown  in  this  paper,  and  continuing  evaluation  of  various  methods  as 
described  in  [5,  7, 12, 13, 15]. 

Figures  9-12  illustrate  several  of  the  test  observations  as  described 
in  the  brief  summary  above.  For  example.  Figures  9  and  10  show  the 
nonlinear  effects  observed  during  sine  sweep  testing.  Observe  in  Figure 
9  that  the  fundamental  yaw  mode  about  the  Z  axis  near  7.5  Hz  experi¬ 
ences  a  "bending  over"  of  the  response  peak.  This  appears  to  be  the 
classical  softening  spring  seen  in  many  nonlinear  structures  [14].  A  sec¬ 
ond  phenomenon  seen  in  Figure  9  is  that  for  a  given  airbag  pressure 
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(which  controls  the  trunnion  preload),  the  resonance  peak  (near  23  Hz) 
corresponding  to  the  first  ovalling  mode  collapsed  for  increased  shaker 
excitation  force  (i.e.  the  mode  disappears). 

Figure  10  shows  the  gradual  changes  in  the  phenomenon  previously 
described  as  a  function  of  varying  shaker  force  amplitude.  Ref.  [12] 
shows  the  actual  modes  which  were  observed  during  the  tests  described 
above. 

Figure  11  is  indicative  of  the  drastic  shift  of  the  first  X- translational 
resonance  peak.  Driving  with  increasing  force  brought  joint  clearance 
into  play,  leading  to  trunnion  back  and  forth  movement  within  the  fix¬ 
ture  constraints,  thereby  creating  a  softer  boundary  condition  and 
shifting  the  mode  (near  13  Hz)  to  a  much  lower  frequency  (near  5  Hz). 
Figure  12  is  for  a  similar  vertical  response.  The  contrast  in  the  shape  of 
the  response  for  30  pound  (solid)  versus  5  pound  (dashed)  shaker  force 
suggests  a  free-floating  condition  and  excessive  clearance  in  the  aft 
trunnion-bearing  interface. 

ALTERNATIVE  FREE-BOUND  ARY  TEST  METHODS 


For  use  when  fixed-base  testing  proves  impractical  or  undesirable,  al¬ 
ternative  free-boundary  test  methods  have  been  investigated,  including 
the  residual  flexibility  method  (RFM)  and  the  mass-additive  technique. 
The  residual  flexibility  approach  has  been  treated  analytically  in  con¬ 
siderable  detail  by  several  researchers,  but  has  had  limited  application 
as  a  test  method.  Current  efforts  [7]  are  underway  to  further  evaluate 
the  approach's  accuracy  in  test  applications.  By  way  of  illustration.  Fig¬ 
ure  13  shows  a  residual  function  for  a  SSM  Prototype  [15].  In  this  case, 
while  showing  good  agreement  using  the  RFM  between  theory  and  test, 
the  curves  are  averages  obtained  with  modal  testing  software.  They  are 
not  indicative  of  the  typical  very  noisy  residual  functions.  Tinker  [15] 
has  shown  that  the  frequency  response  functions  for  this  approach 
should  have  a  well  defined  stiffness  line  (a  general  upward  sloping 
trend)  if  acceptable  accuracy  is  to  result. 

The  mass-additive  technique  has  been  an  alternative  of  interest  as 
well.  In  the  approach,  masses  are  added  to  the  boundaries  -  experimen¬ 
tally;  analytically,  masses  are  added  as  rigid  bodies  attached  to  the 
interface  degrees  of  freedom.  Figure  14  shows  one  of  the  orbiter  inter¬ 
faces  of  the  SSM  Prototype,  with  an  added  mass. 
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CONCLUSIONS 


Current  interpretations  are  that  the  mass-addititive  approach  is  simpler 
than  the  RFM  and  is  in  general  easier  to  perform  experimentally,  al¬ 
though  more  free-boundary  modes  need  to  be  measured-  The  BIM  is 
more  accurate  and  is,  with  the  advent  of  better  instrumentation,  judged 
to  have  greater  potential  for  testing  space  station  hardware. 

The  attempt  to  adequately  account  for  either  expected-in-use  or  de¬ 
liberately  designed  boundaries  in  dynamic  tests  is  a  continuing 
challenge.  There  are  needs  to  explore  these  phenomena  more  at  the 
fundamental  level,  as  well  as  with  more  advanced  real-world  structures. 
Some  of  the  latter,  their  inherent  problems,  and  current  solution  stech- 
niques  have  been  identified  and  discussed  in  this  paper. 
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Figure  1.  Universal  Test  Fixture  for  Modal  Tests  of 
Space  Station  Modules 


Figure  2.  Space  Station  Module  (SSM)  Prototype  in 
Universal  Test  Fixture 
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(a)  X-  and  Y- Views  of  Forward  Trunnion  Interface 


Figure  4.  X-Direction  View  of  Cross-Section  of  Universal  Test  Fixture 
with  Redesigned  Interfaces 


Section  of 


Reduced  cross  section 
combined  with 
pendulum  effect  gives 
low  lateral  stiffness 
while  maintaining  high 
lateral  stiffness. 

Soft 


(a)  X-Direction  Flexure  (b)  Z-Direction  Flexure 

Figure  6.  Flexures  in  Test  Fixture 
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Figure  7,  Keel  Flexure  Design 


Figure  8.  The  Boeing  Beam 


FREQ  RESP 


Figure  9.  Y-Direction  Acceleration/Force  Frequency  Response  for  5  lb. 
and  30  lb.  Sine  Sweep  Excitation  and  Airbag  System  Offload  100  lb. 
Below  Balanced  Condition 


Figure  10.  Y-Direction  Frequency  Response  for  Various  Excitation 
Amplitudes,  Offload  250  lb.  Below  Balanced 
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Figure  11.  X-Direction  Acceleration/Force  Frequency  Response  with 
Varying  Shaker  Amplitude  and  Offload  100  lb.  Below  Balanced 

Condition 


Figure  12.  Response  in  Z  Direction  for  5  lb.  and  30  lb.  Shaker  Force  and 
Below  Balanced  Condition 
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Figure  13.  An  Interface  Residual  Function  for  the  SSM  Prototype 


Figure  14.  Mass-Additive  Test  Configuration  for  the  SSM  Prototype 


EFFECT  OF  ELASTIC  CONSTRAINTS  INTRODUCED  BY 
MICROCRACKS  ON  MODE  SHAPES  IN  ALUMINUM  6061  SHEET 


D.  Ravi  and  K.M.  Liew 

School  of  Mechanical  and  Production  Engineering 
Nanyang  Technological  University 
Nanyang  Avenue 
Singapore  639798 


Abstract: 

This  paper  presents  the  detection  of  microcrack  initiation,  arrest  and  growth  in  Aluminum 
6061  using  acoustic  emission  (AE)  technique.  Rate  of  AE  energy  released  is  correlated  to  the 
damage  process  and  initiation  of  microcrack  when  aluminum  6061,  is  subjected  to 
compression  loading.  The  presence  of  damage  and  microcracks  were  verified  using  a 
raetalographic  technique  and  electron  microscopy.  The  damage  for  initiation  of  microcrack 
was  introduced  in  a  aluminum  6061  sheet  (500x1000x1  mm).  Modal  analysis  was  conducted 
on  the  sheet  under  ffee-ffee  boundary  condition,  using  a  frequency  response  analyser  1250  and 
ICATS.  The  mode  shapes  were  mapped  using  velocity  pattern  imager  (VPI)  sensor  when  the 
sheet  was  vibrated  at  the  modal  frequency.  The  modal  frequencies  and  the  mode  shape  were 
compared  to  the  results  of  a  finite  element  analysis.  The  overall  mode  shape  did  not  provide 
any  information  regarding  the  elastic  constraints  introduced  due  to  the  presence  of 
microcracks.  Scans  were  made  at  distances  of  5mm  intervals  on  either  side  of  the  plastically 
deformed  region  on  the  plate  in  the  horizontal  and  the  vertical  directions.  It  was  found  that  the 
only  by  making  line  scans  around  the  area  of  deformation  the  effect  of  microcracks  on  modal 
constraint  could  be  detected.  The  elastic  constraints  introduced  on  the  modes  due  to  the 
presence  of  microcracks  were  directional  depending  on  the  mode  position.  Frequency 
response  analysis  was  performed  around  the  deformed  region.  The  second  modal  frequency 
measured  at  the  edge  of  the  sheet  was  very  close  to  that  of  the  first  response  frequency  at  the 
region  near  the  deformed  region.  Micrograph  analysis  and  plastic  material  flow  studies  were 
made  on  the  deformed  region.  The  direction  of  material  flow  was  correlated  to  the  elastic 
constrained  area. 


1  Introduction 

When  a  structure  is  subjected  to  damage,  it  is  obvious  that  the  modal  parameters  will 
change  because  the  damage  reduces  the  structures  stiffness.  Considerable  effort  has  been  taken 
in  the  last  few  years  in  the  investigation  of  damage  location  and  damage  size.  Recently, 
finding  relationship  between  the  extent  and  location  of  damage  in  a  structure  has  received 
considerable  attention.  Many  of  the  proposed  damage  detection  methods  exploiting  changes  in 
the  modal  parameters  adopt  sensitivity  approach  and  utilize  only  natural  frequency  changes.  A 
major  disadvantage  of  sensitivity  based  methods  is  the  significant  amount  of  computations 
required  especially  for  large  and  complex  structures.  In  addition  frequency  changes  alone  may 
not  be  sufficient  to  locate  the  damage  position  since  similar  defects  at  different  positions  may 
cause  the  same  change  in  frequency.  In  contrast  vibration  mode  shapes  can  be  heavily 
influenced  by  local  damage.  The  greatest  change  occurs  around  the  defect,  thus  offering  the 
possibility  of  locating  the  damage.  In  most  cases,  the  damage  of  a  structure  is  due  to  the 
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presence  of  cracks  in  the  structure  or  the  extension  of  the  cracks;  therefore,  monitoring  of 
damage  region  and  identifying  the  size  of  damage  is  very  important.  Vibration  monitoring  has 
proven  to  be  a  very  feasible  way  to  detect  damage  in  structures.  This  kind  of  monitoring  is 
based  on  a  better  understanding  of  relationship  between  the  crack  location,  the  crack  size  the 
corresponding  change  in  modal  parameters,  such  as  natural  frequencies,  displacement,  modes 
and  elastic  constraints  [1-2].  Most  vibration  analysis  experiments,  untill  this  date  has  been 
performed  on  macrocracks  or  damages  which  are  not  quantified  for  microcrack  initiation. 
Hence  it  is  essential  to  evaluate  the  microcrack  damage  using  a  very  sensitive  technique  to 
evaluate  microcrack  initation  during  the  damage  process.  Many  techniques  have  emerged  in 
resent  year  to  detect  the  initiation  of  cracks.  Acoustic  emission  is  a  very  sensitive  technique 
capable  of  detecting  microcrack  initiation  and  propagation  [3].  Acoustic  emission  is  the  term 
used  to  describe  the  spontaneous  release  of  transient  elastic  waves  in  solids  caused  by  sudden 
localized  changes  in  stress.  Major  damage  processes  in  engineering  materials,  such  as  crack 
advance  and  plastic  deformation,  are  accompanied  by  local  changes  in  the  stress  and  strain 
states  of  the  body,  and  thus  radiate  elastic  waves  away  to  external  surfaces  of  the  body. 
Provided  that  the  elastic  waves  are  of  sufficient  amplitude  to  be  detected  by  receivers  attached 
to  the  body,  they  can  be  used  to  give  an  indication  of  defect  growth. 

The  first  clearly  documented  and  serious  investigation  of  acoustic  emission  was  made 
Kaiser  in  1950  [4],  at  the  Technical  University  of  Munich.  Tatro  in  1959  [5],  explored  the 
possibility  of  detecting  slip  in  metals  with  sonic  techniques.  An  extensive  investigation  of 
acoustic  emission  phenomenon  was  initiated  by  Schofield  in  1961  [6].  He  reported  that 
acoustic  emission  did  not  originate  entirely  from  boundaries,  as  single  crystals  also  emitted  the 
stress  waves.  Numerous  mechanisms  have  been  proposed  and  confirmed  as  ffie  sources  of 
acoustic  emission.  A  partial  listing  of  reported  sources  include  movement  of  dislocations  and 
grain  boundaries  (Gills,  1972  [7]),  formation  and  growth  of  twins  (Wadley,  1981  [8]),  Peak 
amplitude  correlation  with  microcrack  initiation  and  propagation  (Pollock,  1981  [9]), 
microcrack  formation  (Teleman  and  Chow,  1972  [10]),  generation  and  propagation  of  cracks 
(Masov  and  Gradov,  1986  [11]).  Fatigue  failures  normally  originate  at  places  where  there  is 
stress  concentration.  Crack  grovrth  begins  under  conditions  of  local  plasticity.  The  dependence 
of  crack  propagation  rate,  cAnr/c/V,  on  stress  intensity  range,  AAT,  does  not  apply  if  the  crack 
is  less  than  a  critical  length.  These  cracks  which  shows  anomalous  behavior  are  called  short 
cracks  (David  Taylor,  1995  [12]).  Study  of  short  crack  is  useful  to  estimate  the  life  of  a 
component. 

Any  damage  in  the  structure  will  be  reflected  in  the  dynamic  response  spectrum  as  a 
shift  in  natural  frequencies.  This  phenomenon  has  been  exploited  by  Yang[13]  and  Zhang  [14] 
to  detect  damage  in  practical  structures.  Yuen  [15]  has  used  a  finite  element  modeling 
technique  to  establish  the  relationship  between  damage  and  the  changes  of  modal  parameters 
when  a  uniform  cross-sectioned  cantilever  was  subjected  to  damage.  The  damage  in  the 
cantilever  beam  was  represented  by  the  reduction  of  the  modulus  of  elasticity.  It  has  been 
proved  that  the  first  mode  eigen  parameters  can  well  reflect  both  the  location  and  the  size  of 
the  crack  in  the  cantilever  beam.  N.Stubb’s  [16,17]  work  on  damage-detecting  theory  was 
evaluated  by  a  formulation  that  expressed  the  change  of  modal  stiffness  in  terms  of  niodal 
masses,  modal  damping,  eigen  frequencies,  eigen  vector  and  their  respective  changes.  Adams 
and  Cawley  [18]  have  developed  a  method  of  sensitivity  analysis  to  deduce  the  location  ot 
damage  based  on  the  application  of  a  finite  element  method  with  assumption  that  the  modulus 
of  elasticity  in  the  damage  area  was  equal  to  zero.  In  the  case  on  system^  identification  and 
modal  updating  schemes  are  limited  by  the  accuracy  of  the  system  identification  algorithm 
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used  [19],  In  addition,  modal  updating  tends  to  spread  the  effect  of  change  around  the 
structure  [20],  making  damage  location  difficult. 

Since  strain  modal  analysis  is  now  a  particular  interest  Song  [21]  and  Feng  [22]  have 
used  the  strain  modal  parameters  to  detect  a  slot  in  the  cantilever  beam.  In  their  papers,  the 
strain  modal  analysis  in  the  time  domain  was  applied.  The  stain  modal  testing  which  a  strain 
gage  was  used  as  a  transducer  proves  to  be  more  convenient  method  that  displacement  modal 
tests. 


Non-contacting  vibration  measurement  is  a  convenient  tool  to  employ  during  the 
evolution  of  mechanical  designs.  A  variety  of  optical  techniques  have  been  developed  in 
resent  years  to  study  the  vibrational  displacement  of  a  surface  or  structure  with  high  spatial 
resolution  while  avoiding  the  loading  effects  of  attached  transducers.  The  Vibration  Pattern 
Imager  (VPI)  offers  a  particularly  versatile  solution  to  many  industrial  vibration  measurement 
requirements.  The  system  offers  a  alternative  to  using  contacting  accelerometers  for  moblity 
measurements,  not  only  during  sinewave  testing  but  also  under  broadband  or  service  loading 
conditions. 

In  the  present  work  microcracks  initiation  arrest  and  propagation  was  evaluated  using 
the  acoustic  emission  technique.  The  VPI  was  used  to  extract  the  frequency  response  and 
modal  shapes  a  rectangular  sheet  of  aluminum  after  it  was  deformed  at  its  center  at 
microcrack  initiation  load.  Analysis  was  made  to  understand  the  plastic  flow  influencing  the 
directional  elastic  constraint  during  vibration. 


2  Experimental  Procedures 

Aluminum  6061  was  selected  for  microcrack  initiation  and  growth  study  for  modal 
analysis.  Micrograph  and  ED  AX  composition  analysis  was  made  on  the  specimens  to  study  the 
presence  of  defects  and  the  composition  of  the  material.  Samples  were  compressed  using  a 
24mm  diameter,  mild  steel  rod  in  a  Instron  machine  (4206).  The  cross  head  speed  was  fixed  at 
0. 1  mm/min.  The  load  applied  for  a  range  of  0  to  80  KN.  A  Spatran  8000  (Physical  Acoustics 
Corp.)  acoustic  emission  measurement  equipment,  was  used  to  detect  acoustic  emission  by 
placing  a  piezoelectric  transducer  (DUNEGAN  CORP.,  S9204-AB71)  10  cm  away  from  the 
point  of  loading.  The  load  data  were  fed  into  the  acoustic  emission  system  as  a  analog  signal. 
Experiment  was  repeated  for  duration’s  of  120  seconds  keeping  the  load  rate  constant.  After 
each  test  the  samples  were  electropolished  and  prepared  for  microscopic  analysis.  The 
electrolyte  used  for  electropolishing  had  a  chemical  composition  of  14  %  Distilled  water,  80  % 
Ethanol  and  6  %  Perchloric  acid.  The  initiation  of  microcracks  were  identified  after  240 
seconds  by  noting  the  sudden  change  in  acoustic  emission  energy  rate  emitted.  Their  presence 
was  verified  by  using  electron  microscope.  The  experiments  were  repeated  by  loading  for  a 
duration  of  240  seconds,  and  the  results  were  consistent. 

A  rectangular  sheet  of  dimension  500x1000x1  mm  of  aluminum  6061  was  loaded  for  a 
duration  of  240  seconds  at  its  center  over  a  diameter  of  24mm.  The  sheet  was  supported 
for  free  boundary  condition  type  of  vibration  analysis,  by  suspending  the  sheet  using  thread. 
The  frequency  response  for  the  structure  was  measured  by  vibrating  it  for  a  white  noise 
range  of  0  to  25  Hz.  The  frequency  response  was  obtained  by  comparing  the  force  sensor 
output  and  that  of  the  VPI  output.  The  response  frequencies  at  the  4  corners  of  the  sheet  was 
plotted.  By  vibrating  the  aluminum  sheet  at  its  modal  frequencies  the  mode  shape 
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corresponding  to  each  mode  was  mapped  using  the  VPI.  Thereafter  the  experiment  was 
repeated  by  vibrating  the  sheet  at  the  modal  frequency  and  data  was  extracted  by  line  scans. 
Scans  were  performed  at  5mm  intervals  starting  from  the  center  to  either  side  of  the  deformed 
region.  Using  the  data  from  the  line  scans  extracted  for  mode  two  of  6.9Hz,  an  elastic 
constraint  curve  was  plotted.  The  experiment  was  repeated  twice  and  similar  trends  of  elastic 
constraint  was  seen.  The  frequency  response  data  was  extracted  at  a  distance  of  12mm  from 
the  center  and  at  point  of  angle  45  degrees  intervals  around  the  deformed  region. 

A  finite  element  analysis  was  performed  using  Ansys5.2.  The  finite  element  analysis 
results  did  not  indicate  any  effect  of  damage  on  mode  shapes,  in  contrast  to  the  experimental 
results.  The  aluminum  sheet  was  analysed  for  plastic  flow  direction  at  its  center,  by 
metallurgical  analysis. 


3  Results  and  Discussion 

Data  analysis  for  AE  was  made  on  the  basis  of  information  obtained  with  regard  to 
energy  release  rate  in  each  120  seconds  interval  to  480  seconds.  Figure  1  shows  the  complete 
acoustic  emission,  energy  release  rate  history  for  the  compression  test  for  a  loading  duration 
of  0  to  480  seconds.  Figure  2  shows  that  after  240  second  of  loading  the  microcracks  had 
initiated. 

The  plot  for  events  by  energy  release  rate  for  a  loading  duration  of  120  seconds 
shows  that  the  elastoplastic  process  is  initiated,  hence  the  surface  deformation  is  expected  to 
start.  The  AE  energy  release  rate  was  very  high,  confirming  the  onset  of  surface 
deformation.  There  after  had  decreased,  indicating  the  arrest  mechanisms  were  predominant. 

In  the  240  seconds  duration  of  loading  range,  the  AE  energy  release  rate  had 
decreased.  At  very  close  to  240  second  duration  of  loading,  there  was  a  sudden  increase  in 
emission  rate,  indicating  the  initiation  of  microcrack  growth. 

The  AE  energy  release  rate  for  the  loading  duration  from  240  upto  360  seconds  was 
high  AE  energy  release  rate  remained  significant  for  a  duration  from  240  to  300  seconds. 
After  300  seconds  of  loading  ,  AE  energy  release  rate  decreased.  The  decrease  in  AE  energy 
release  rate  is  probably  because  material  is  utilizing  the  strain  energy  for  crack  growth  in 
random  directions.  The  situation  of  low  AE  release  rate,  continued  for  the  load  duration 
from  360  upto  480  seconds.  The  micrograph  analysis  of  the  initiation  arrest  and  growth  of 
microcracks  revealed  the  validity  of  the  prediction  based  on  AE. 

The  experiments  were  repeated  10  times  for  loading  duration’s  of  120  seconds 
interval  upto  480  seconds.  The  AE  energy  release  rate  followed  the  same  trend  in  each  set  of 
10  experiments.  The  aluminum  sheet  which  was  deformed  at  its  center  at  the  microcrack 
initiation  load  was  used  to  do  modal  analysis.  Frequency  response  data  acquired  at  the  edge  of 
the  sheet  is  shown  in  figure  3.  Mode  shape  analysis  was  done  using  the  frequency  response 
data  extracted  at  the  edges  of  the  sheet.  The  overall  mode  shape  does  not  provide  any 
information  regarding  the  elastic  constraints  introduced  due  to  the  presence  of  microcracks. 
The  experiment  repeated  by  using  line  scans  had  significant  results  for  the  second  modal 
frequency.  The  amplitude  response  data  in  the  direction  along  the  length  is  shown  in  figure  4. 
The  boundary  of  constrained  area  is  identified  by  noting  the  sudden  change  in  data  along  the 
scanning  line.  The  results  of  the  response  from  the  data  collected  at  the  edge  of  the  deformed 
region  had  its  first  response  very  close  to  17.9  Hz  (the  second  modal  frequency  at  the  edge). 
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Figure  5  shows  the  frequency  response  evaluated  at  point  at  the  edge  of  the  plastic  zone, 
The  elastic  constraint  map  showed,  directional  influence  on  the  mode  two.  The  micrograph 
analysis  performed  to  verify  the  presence  of  microcracks  at  the  center  of  the  sheet  provided 
positive  results. 


4  Concluding  Remarks 

Acoustic  emission  is  a  very  sensitive  technique  for  in  microcrack  evaluation.  The 
FEM  anaysis  depends  on  overall  modal  response  frequencies  and  was  insensitive  to  local 
responses  at  damage  sites.  The  VPI  is  found  to  be  a  effective  tool  to  study  the  elastic 
constraints  introduced  by  a  deformed  region  on  the  elastic  surrounding.  The  VPI  is  very 
sensitive  to  deformation  provided  the  response  frequency  at  the  deformed  region  is  very  close 
to  the  any  one  of  the  overall  modal  frequency.  The  elastic  constrain  direction  depended 
directly  on  the  direction  of  flow  of  the  material.  VPI  has  proved  to  be  a  effect  tool  to  study 
plastic  flow,  at  microcrack  initiation  loads. 
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Figure  5  Amplitude  and  phase  response  at  the  edge 
of  the  deformed  area. 
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ABSTRACT 

This  paper  deals  with  the  crack  identification  procedure  for  free-free  uniform 
beams  in  flexural  vibrations.  The  model  of  a  transverse  crack  includes  an 
equivalent  linear  spring,  connecting  two  segments  of  a  beam.  By  measuring  the 
changes  of  natural  frequencies  in  flexural  vibrations  it  is  possible  to  study  the 
inverse  problem  -  the  crack  site  identification.  The  method  is  based  on  the 
assumption  that  the  crack  stiffness  does  not  depend  on  the  frequency  of  vibration. 
It  requires  at  least  two  natural  frequencies  to  be  measured  which  are  changed  due 
to  the  crack  existence.  The  comparison  to  the  crack  sites,  identified  by  measuring 
the  axial  vibrations,  showed  even  some  better  results  for  flexural  vibrations. 


L  INTRODUCTION 

In  recent  years,  the  dynamics  of  cracked  structural  members,  especially  beams,  has 
been  the  subject  of  much  research.  A  crack  in  a  structural  member  can  be  thought 
of  as  a  local  flexibility,  and  as  such,  depends  on  crack  depth.  The  existence  of  a 
crack  further  reduces  the  natural  frequencies  of  the  structure,  so  consequently,  by 
measuring  changes  in  natural  frequencies  the  location  of  crack  can  be  identified. 

The  problem  of  dynamic  behavior  of  cracked  beams  has  been  studied  by  many 
authors.  Adams  et  al  [1]  were  among  the  first  to  use  the  equivalent  spring  to 
model  a  damaged  section.  They  used  axial  vibrations  of  one-dimensional  beams  to 
locate  the  damaged  region  in  inverse  problem.  Rizos  ei  al.  [2]  proposed 
measurements  of  amplitudes  at  two  distinct  points  for  a  cantilever  beam  at  flexural 
vibrations  in  order  to  locate  the  depth  and  magnitude  of  a  crack.  Pandey  el  al.  [3] 
found  that  absolute  changes  in  curvature  mode  shapes  are  localized  in  the  region  of 
damage  and  they  increase  with  increased  size  of  damage.  Chondros  and 
Dimarogonas  [4]  studied  the  relation  between  the  change  in  the  natural  frequency 
of  vibration  of  a  cantilever  beam  and  the  crack  depth  that  appears  at  the  built-in 
edge  which  is  clamped  by  way  of  a  weld. 

Christides  and  Barr  [5]  investigated  the  natural  modes  of  simply  supported  beams 
with  symmetric  cracks  using  two-term  Rayleigh-Ritz  solution  to  obtain  the 
variation  in  the  fundamental  frequency  of  beams  with  a  mid-span  crack.  Shen  and 
Pierre  [6]  suggested  another  series  solution,  using  an  approximate  Galerkin 
procedure.  Narkis  [7]  studied  the  dynamics  of  a  cracked,  simply  supported  beam 
for  either  bending  or  axial  vibrations.  He  showed  that  the  only  information 
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required  for  accurate  crack  identification  is  the  variation  of  the  first  two  natural 
frequencies  due  to  a  crack. 

For  rotating  shafts,  Papadopulos  and  Dimarogonas  [8,9]  found  coupling  of 
vibration  modes  of  bending  and  longitudinal  vibration  of  a  cracked  shaft.  They 
modeled  the  crack  with  a  2x2  local  flexibility  matrix  with  coupling  terms, 
Gudmundson  [10]  generalized  this  idea  to  a  6x6  Oexibility  matrix  relating  all  six 
generalized  forces  and  corresponding  displacements. 

The  approach  in  this  paper,  developed  by  Adams  et  al  [1]  is  extended  from  axial 
to  flexural  vibrations.  The  crack  is  modeled  as  a  torsional  spring,  following  Rizos 
et  al.  [2].  The  solution  is  then  applied  to  the  inverse  problem  in  order  to  locate  the 
damage  site  from  measuring  natural  frequencies  of  flexural  vibrations  of  a  cracked 
beam. 


2.  THEORY 

The  method  of  damage  location,  developed  by  Adams  et  al  [1]  for  axial  vibrations 
of  one-dimensional  bars  is  based  on  the  calculation  of  direct  receptance.  A  linear 
spring  of  stiffness  was  used  to  model  damage.  Based  on  the  assumption  that 
does  not  vary  with  frequency,  authors  have  shown  that  the  value  of  damage 
location  required  is  that  which  will  yield  the  same  value  of  Kx  from  the  measured 
change  in  natural  frequency  of  each  vibrating  mode.  So  a  graph  superimposing 
values  of  1/  Kx  for  different  vibrating  modes  plotted  against  the  length  of  the  bar 
will  give  the  possible  damage  site  at  the  intersection  of  the  curves.  This  theory  was 
developed  neglected  damping  since  just  the  changes  in  natural  frequencies  were 
considered. 


2.1.  EXTENSION  OF  THE  THEORY  TO  IDENTIFY  DAMAGE 
LOCATION  FROM  AXIAL  TO  FLEXURAL  VIBRATIONS 


The  physical  model  being  investigated  in  this  work  is  uniform  Euler-Bernoulli 
beam,  supported  free-free  as  shown  in  Figure  1.  The  length  of  a  beam  is  L,  and  Ro 
denotes  the  true  position  of  a  transverse  surface  crack  extending  uniformly  along 
the  width  of  the  beam,  starting  at  the  left  end.  The  beam  has  constant  cross  section 
A  and  area  moment  of  inertia  I.  Young's  modulus  E  and  mass  density  p  are  also 
constant.  The  effect  of  material  damping  on  natural  frequencies  is  assumed  to  be 
negligible.  We  started  with  Euler-Bernoulli  equation  of  motion  governing  the 
flexural  free  vibration  of  a  uniform  beam 


El 


(1) 


672 


Figure  1.  Schematic  model  of  the  cracked  free-free  beam 


In  the  vicinity  of  the  crack,  this  equation  does  not  hold  due  to  the  abrupt  change  of 
the  cross  section.  Since  only  flexural  vibrations  are  considered,  the  rotational  crack 
compliance  is  assumed  to  be  dominant  in  the  local  flexibility  matrix..  This  is  the 
base  of  the  decision  to  model  a  crack  with  torsional  spring. 

In  order  to  avoid  some  unreliability  of  the  material  data  from  the  literature  such  as 
Young’s  modulus,  what  is  found  not  accurate  enough  for  our  purpose,  the  idea  of 
determination  of  the  effective  Young's  modulus  has  been  adopted,  following 
Adams  et  al{\].  To  solve  eq.  1  for  the  undamaged  beam,  standard  method  of 
separation  of  variables  can  be  applied 

=  Y(x)-sin(£y^  +  a).  (2) 

Mode  of  harmonic  vibration  can  be  written  as 

F(x)  =  -sin  Ax  + /I,  •  cos;b£:  + ^3  •sinh;ix  + ^4 -cosh  Tx,  (3) 


where  are  constants  to  be  determined  from  the  boundary  conditions  and 

^4  ^  pA(o~ 

El 


(4) 


By  substituting  solution  after  eq.  3  into  the  boundary  conditions  for  free-free  beam, 
the  following  determinant  must  be  zero  in  order  to  find  natural  frequencies 


0 

-1 

0 

1 

-1 

0 

1 

0 

-sin  EL 

-  cos  XL 

sinh  XL 

cosh  XL 

-  cos  XL 

sin  XL 

cosh  XL 

sinh  ALi 

=  0 


(5) 


The  problem  of  overcoming  the  published  values  of  the  material  properties  is 
solved  by  calculating  the  effective  value  of  Young's  modulus.  It  can  be  found  using 
eq.  4  as 
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,  __  pAco~ 


(6) 


where  dimensions  of  the  beam  are  measured,  the  value  of  mass  density  is  taken 
from  the  literature,  value  for  1,  are  computed  after  eq.  5  and  (o  are  measured 
natural  frequencies.  Effective  values  for  Young's  modulus  must  be  found  for  each 
natural  vibrating  mode  of  the  uncracked  beam  separately. 

Now  consider  the  cracked  beam  from  Figure  1.  It  is  modeled  by  two  uniform 
segments  of  beams  on  both  sides  of  the  crack  and  the  torsional  spring  between 
which  model  the  crack  itself  and  is  shown  in  Figure  2.  [2,10]. 


X 

> 


Figure  2.  Model  of  the  cracked  beam  with  linear  spring 

The  left  segment  is  denoted  by  subscript  1  and  the  right  segment  by  subscript  2.  A 
and  C  denote  the  left  and  right  end  of  the  beam  and  B  denotes  an  arbitrary  position 
of  the  crack.  Mode  shapes  can  be  written  for  both  segments  after  eq.  3 

1 .  segment  (O  <  x  <  7?): 

F,  =  5,  •  sin  Ax  +  ^2  •  cos  Ax  +  ^3  •  sinh  Ax  +  5.  •  cosh  Ax  (7a) 

2.  segment  {R<x<  A): 


F2(x)  =  C,  •  sin  Ax  +  C,  •  cos  Ax  +  C3  •  sinh  Ax  +  C4  ■  cosh  Ax 


(7b) 


Boundary  conditions  include  zero  moments  and  shear  forces  at  both  ends  A  and  C 

A,/  =Tc'’=0,  0  (8) 


The  continuity  condition  at  the  crack  position  B  requires 

y^B'^y^B\ 


(9) 
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lengths  and  the  relative  crack  positions  for  both  beams,  denoted  by  I  and  II 
respectively,  are  shown  in  Table  1. 


Table  1.  Details  of  lengths  and  relative  crack  positions  for  both  beams  of 


experimentation 

Beam 

Length  [mml 

Ro/L 

I 

498.5  i 

0.38 

II 

498 

0.5 

The  damage  was  being  artificially  introduced  by  a  saw,  so  consequently  the  width 
of  a  cut  was  1  mm  and  remained  open  during  the  testing.  The  depth  of  the  crack 
has  been  varied.  The  boundary  conditions  were  free-free;  the  beam  was  supported 
by  a  thin  nylon  rope  the  length  of  which  was  1.5m.  Simple  scheme  of  the  test  rig  is 
shown  in  Figure  3.  The  excitation  was  impulsive  using  both  the  impact  hammer 
and  impacts  of  a  steel  ball,  attached  to  a  cord. 


Figure  3.  Scheme  of  experimental  set-up 
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4.  RESULTS 


The  positions  of  resonance  peaks  were  estimated  for  first  6  natural  frequencies  of 
flexural  vibrations  for  both  undamaged  beams  and  are  shown  in  Table  2.  Relative 
frequency  resolution  was  about  0.01%  according  to  the  used  zoom  technique. 

Table  2.  First  6  natural  frequencies,  measured  on  undamaged  beams 


Beam 

/o.[Hz] 

/o=[Hz] 

/.JHz] 

/JHz] 

/JHz] 

I 

306.781 

841.187 

1635.25 

2627.0 

3933.0 

5397.5 

II 

307.062 

842.062 

1637,00 

2676.0 

3938,0 

5405.0 

The  changes  in  first  6  natural  frequencies  were  then  successively  measured  for  each 
increasing  depth  of  a  saw  cut.  The  relative  changes  of  natural  frequencies  as  a 
function  of  a  relative  crack  depth  is  shown  in  Figure  4.  The  changes  of  the  first, 
third  and  fifth  natural  frequency  are  much  bigger  than  those  of  the  second,  fourth 
and  sixth.  This  phenomenon  is  in  accordance  with  theoretical  expectations,  while 
the  stresses  at  the  mid  point  of  the  beam  II,  where  the  crack  lies,  are  zero  for  the 
even  modes  of  the  natural  flexural  vibrations. 


a/h  (%| 


Figure  4.  Changes  of  first  6  natural  frequencies  of  flexural  vibrations  as  a  function 
of  the  crack  depth  for  beam  II  in  log-log  plot 

From  the  measured  changes  of  natural  frequencies  first  the  effective  values  of  the 
Young's  modulus  were  calculated  after  eq.  6,  see  Table  3.  The  relative  crack 
stiffness  was  computed  next  using  eq.  11  for  10  different  values  of  relative  crack 
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for  beam  I  are  plotted  against  the  relative  crack  position  Rq/L  and  are  shown  in 


Figure  5.  Relative  crack  stiffness  versus  crack  position  for  first  6  natural 
frequencies  and  for  8  different  relative  crack  depths,  beam  I 


Table  3.  Estimated  values  of  effective  values  of  the  Young's  modulus  for  the  first 
natural  frequencies  after  eq.6 


Effective  values  of  the  Young's  modulus  Ejj-  10"Pa 

Beam 

AXIAL  VIBRATIONS 

FLEXURAL  VIBRATIONS 

I 

2.03 

1.92 

II 

2.04 

1.93 

For  the  relative  crack  depth  of  4%  one  could  hardly  speak  of  a  perfect  intersection 
of  all  curves  that  represents  the  relative  crack  stiffness.  Upward  from  8%  of  the 
relative  crack  depth  the  intersection  of  curves  is  clearly  seen.  The  true  crack 
position  was  at  R/L=03%.  In  order  to  compare  the  adopted  approach  the  natural 
frequencies  of  axial  vibrations  were  also  measured  and  the  crack  location 
identified,  directly  following  the  procedure  of  Adams  et  al.  [1],  In  Table  4  the 
differences  of  the  identified  crack  location  versus  true  values  are  shown  both  for 
axial  and  for  flexural  vibrations  for  beam  I. 


Table  4.  Identification  of  the  crack  location  for  axial  and  flexural  vibrations, 
difference  to  true  crack  site,  for  beam  I 


AXIAL  VIBRATIONS 

FLEXURAL 

VIBRATIONS 

Relative  crack 
depth  f%l 

■HHi 

R/L 

difference 

[%1 

4 

0.37 

-i.i 

0.38  j 

-0.1 

8 

0.29 

-9,1 

0.379 

-0.2 

11.3 

0.34 

-4.1 

0.38  1 

-O.I 

15 

0.33 

-5.1 

0.38 

-0.1 

21.3  1 

0.35 

-3.1 

0.376 

-0,5 

27.7 

0.36 

-2.1 

0.377 

-0.4 

36.6  1 

0.368 

-1.3 

0376 

-0.5 

51 

0.37 

-1.1 

0.374 

-0.7 

As  it  can  be  seen  from  Table  4,  the  error  of  the  damage  site  location  at  flexural 
vibrations  is  less  than  1%  in  the  range  from  4  -  51%  of  the  relative  crack  depth  for 
the  beam  I.  For  the  beam  II  in  Table  5,  the  results  are  somewhat  worse  and  the 
error  lies  in  the  range  of  about  1-3%.  For  both  beams  under  consideration,  we 
found  in  our  case  of  free-free  support  the  use  of  flexural  vibrations  superior  over 
axial,  which  is  also  good  enough  for  engineering  purpose. 
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USE  OF  PVDF  FOR  DISTRIBUTED  SENSING  OF 
VIBRATIONS  OF  A  BEAM 
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ABSTRACT 

The  analytical  and  experimental  response  characteristics  of  a 
distributed  piezoelectric  sensor  film  bonded  to  a  vibrating  beam  are 
presented.  Distributed  sensors  are  designed  on  the  basis  of  the 
principle  of  orthogonality  of  the  mode  shapes  of  vibrating  structures 
and  are  used  to  monitor  specific  modes  of  vibration  of  the  structure.  In 
this  paper  a  shaped  distributed  sensor  is  designed  to  monitor  the  first 
mode  of  a  simply-supported  beam.  It  is  shown  that  by  subdividing 
this  mode  one  sensor  into  two  halves,  the  sensor  can  be  developed  to 
monitor  the  second  mode  as  well.  A  mathematical  model  is  developed 
to  predict  the  response  of  the  sensor.  It  is  shown  that  the  theoretical 
response  match  well  the  experimental  response  for  the  first  mode  and 
that  the  theoretical  response  of  the  second  mode  almost  match  as  well 
the  experimental  response.  Furthermore,  it  is  shown  that  the  output 
charge  generated  by  the  distributed  piezoelectric  sensor  is  maximum 
for  the  desired  mode  whereas  it  is  about  zero  for  all  other  modes. 


INTRODUCTION 

Much  research  effort  is  being  currently  directed  to  active  vibration 
control  using  piezoelectric  sensors  and  actuators.  Passive  tecimiques 
are  sometimes  insufficient  to  control  the  vibrations  of  some  structures. 
Also,  passive  techniques  may  not  work  very  well  for  the  fundamental 
modes  of  vibrations  of  structures  especially  at  low  frequencies. 
Furthermore,  for  structures  for  which  weight  minimisation  is  an 
important  consideration,  passive  vibration  technique  may  not  be 
acceptable  because  it  involves  fixing  additional  damping  materials  to 
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the  structure  which  leads  to  an  increase  in  weight.  In  all  these  cases, 
active  vibration  control  techniques  need  to  be  applied. 

Active  vibration  control  using  discrete  point  sensors  such  as 
accelerometers  often  has  spill  over  and  instability  problems  since  these 
types  of  vibration  sensors  detect  the  vibrations  due  to  all  of  the  modes 
of  vibration  of  a  structure  at  the  same  time.  Applying  the  output  signal 
from  such  discrete  sensor  to  actuators  located  at  specific  points  on  the 
structure  in  order  to  actively  damp  some  modes  might  also  excite  other 
modes  and/or  cause  the  response  of  these  other  modes  to  become 
worse. 

In  this  paper,  a  new  category  of  sensors  known  as  distributed  sensors 
is  presented.  These  sensors  are  able  to  identify  a  specific  mode  of 
vibration  of  a  structure  clearly  without  the  need  for  extensive  signal 
processing.  Distributed  sensors  are  bonded  to  the  surface  of  the 
structure  and  collect  data  from  all  points  of  the  surface  to  generate  a 
total  output  signal.  By  changing  the  local  effective  area  of  the  sensor 
and  by  using  the  directional  properties  of  the  sensor  film,  maximum 
total  output  charge  is  obtained  for  a  desired  mode  of  vibration  whereas 
a  zero  or  a  minimum  output  charge  is  obtained  for  all  other  modes.  A 
distributed  sensor  can  be  designed  when  the  vibration  characteristics, 
especially  mode  shapes  of  a  structure  are  fully  known.  However,  the 
identification  of  the  mode  shapes  of  the  structure  usually  requires  the 
use  of  discrete  sensors.  Distributed  sensors  are  made  from 
piezoelectric  films,  such  as  polyvinylidene  fluoride  (PVDF)  films,  that 
are  very  thin  and  light. 

Bailey  and  Hubbard  [1]  used  PVDF  films  as  a  spatially  distributed 
actuator  to  control  the  vibration  modes  of  a  cantilevered  beam.  Lee 
and  Moon  [2]  designed  a  distributed  sensor  for  a  cantilevered  beam  to 
detect  the  modes  of  vibration.  Clark,  Burdisso  and  Fuller  [3]  designed 
two  distributed  sensors  for  detecting  the  modes  of  vibration  of  a 
simply-supported  beam  and  a  simply-supported  plate.  Claus  and 
Nohr  Larsen  [4]  made  a  modal  sensor  for  a  simply-supported  plate  in 
which  some  parts  of  the  sensor  film  were  removed  so  that  the 
sensitivity  of  the  film  varied  along  the  X  and  Y  directions.  Gu,  Clark 
and  Fuller  [5]  designed  and  then  proved  experimentally  a  two 
dimensional  sensor  for  a  simply-supported  plate.  They  used  two 
separate  one  dimensional  sensors  in  X  and  Y  directions  to  monitor  a 
two  dimensional  mode.  Baz,  Poh  and  Gilheany  [6]  designed  a 
distributed  sensor  consisting  of  a  set  of  shape  memory  alloy  (SMA) 
wires  which  were  embedded  off  the  neutral  axes  of  vibrating 


682 


composites  beam  to  monitor  continuously  not  only  the  modal 
displacements  but  also  the  physical  displacement  at  a  point. 

Although  most  of  these  distributed  sensors  are  different  in  their 
shapes,  their  designs  are  based  on  the  same  theory  of  the  orthogonality 
of  mode  shapes.  Since  each  distributed  sensor  is  usually  designed  for 
only  a  specific  mode  of  vibration  and,  on  the  other  hand,  it  may  not  be 
possible  to  bond  more  than  one  or  two  of  these  sensors  on  one  side  of  a 
beam  or  plate,  only  few  modes  of  vibration  can  be  measured  selectively 
using  the  classical  design  of  distributed  sensors.  Solook  and  Oyadiji 
[7]  have  shown  experimentally  that  a  distributed  sensor  which  is 
designed  for  monitoring  the  first  mode  of  vibration  of  a  simply- 
supported  beam  can  be  used  to  detect  the  second  mode  as  well.  This 
involves  subdividing  the  sensor  into  two  halves. 

To  some  extent,  distributed  sensors  are  almost  more  reliable  and 
sometimes  easier  to  use  than  a  series  of  point  sensors  to  identify  a 
vibration  mode.  Since  point  sensors  detect  vibrations  due  to  all  of  the 
modes,  they  are  sometimes  ineffective  in  identifying  very  close  natural 
modes,  such  as  bending  and  torsional  modes  which,  have  very  close 
natural  frequencies  and  their  frequency  response  characteristics  merge 
with  each  other.  However,  most  of  the  distributed  sensors  which  have 
been  reported  in  the  literature  can  only  be  used  for  monitoring  one 
mode  of  vibration. 

In  this  paper,  a  distributed  sensor  which  has  the  capability  of 
monitoring  more  than  one  mode  of  vibration  of  a  simply-supported 
beam  is  presented  analytically  and  experimentally.  The  shaped  sensor 
considered  here  is  the  classical  semi-sinusoidal  shape  which  is 
designed  for  sensing  the  first  mode  of  vibration  of  a  simply-supported 
beam.  It  is  shown  that  by  dividing  this  shaped  sensor  into  two  halves, 
the  first  mode  of  vibration  of  the  beam  can  be  monitored  simply  by 
adding  the  output  charge  from  each  half  while  the  second  mode  of 
vibration  of  the  beam  is  monitored  by  subtracting  the  output  charge  of 
one  half  from  that  of  the  other  half. 


THEORY 

The  design  of  distributed  sensors  is  based  on  the  orthogonality 
principle.  Application  of  this  principle  results  in  an  output  response 
for  only  a  desired  mode  and  no  response  for  the  other  modes  of 
vibration  of  a  structure.  The  charge  generated  in  a  piezoelectric  film 
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can  be  determined  by  integrating  the  induced  strain  over  the  surface 
on  which  the  film  is  bonded  as  [8]: 

r  d'w  d'w  ^  d~w 

^  1  V)  ^  +  2.,,  — )  ck  cly  (1) 

where  z  is  the  distance  of  the  piezo  electric  film  from  the  neutral  axis,  e. 
are  piezoelectric  constants  in  different  directions,  w  is  displacement,  s 
refers  to  the  surface,  is  polarity  which  can  be  positive  or  negative 
depending  on  the  direction  of  polarisation,  and  F(x,y)  has  a  value  of 
one  on  the  sensor  electrode  and  zero  for  points  on  the  structure  which 
are  outside  the  boundaries  of  the  sensor. 

For  a  one  dimensional  structure  such  as  a  beam,  in  which  the 
longitudinal  axis  of  the  piezo  film  coincides  with  the  beam  axis,  Eq.  (1) 
is  simplified  to, 

q  =  -z\‘'F(x).  ^)-dx  (2) 

•'0  ax' 

The  transverse  displacement  of  a  beam  can  be  written  as  the  sum  of  its 
modes  as. 


I 


(3) 


where  A;(t)  is  generalised  co-ordinate,  (pj  (x)  is  mode  shape  of  the  i-th 
mode.  The  transverse  displacement  of  a  simply-supported  beam  is  [7], 

w{xj)  =  ^  A.(r)sin(^^)  (4) 

I  E 

Strain  distribution  over  the  beam  surface  is  proportional  to  the  second 

d ' 

derivative  of  the  mode  shapes  (soc-—  ).  If  the  shape  of  a 

dx' 

distributed  piezoelectric  film  is  defined  by  a  function  that  is 
proportional  to  the  second  derivative  of  a  specific  mode  (e.g. 

f(x)oc — for  n-th  mode),  then  the  total  output  charge  from  the 

0A-" 
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another  shaped  sensor  which  is  designed  specifically  to  detect  mode  2 
and  is  bonded  to  the  beam.  A  different  approach  is  proposed  in  this 
paper  and  has  been  illustrated  experimentally  in  a  previous  paper  [6]. 
This  approach  involves  the  use  of  the  mode  1  sensor  which  is  divided 
into  two  halves  as  shown  in  Figure  1.  In  order  to  monitor  mode  1  of 
the  vibration  of  the  simply-supported  beam,  the  charge  output  from 
each  half  are  summed  to  give 

9,„„„  =  ‘ii.di  + 

while  mode  2  of  vibration  of  the  beam  is  given  by  the  difference  of  the 
charge  outputs  as 


^luiwl  Lcj!  Riiiht  ^  ' 

The  results  show  that  this  single  sensor  is  very  effective  in  detecting 
mode  1  and  quite  effective  in  detecting  mode  2  of  a  simply-supported 
beam  as  well. 


MATHEMATICAL  MODELLING 


An  analytical  model  is  derived  to  predict  the  response  of  the 
distributed  sensor  bonded  to  the  surface  of  a  simply-supported  beam. 
The  model  is  derived  using  the  Rayleigh-Ritz  method  where  the  kinetic 
and  potential  energies  are,  respectively,  given  by 


Kinetic  Energy: 


(9) 


Potential  Energy: 


U  =-t  E!w"-dx 

9  Jo 


(10) 


p,  A  andvin-efer  to  density,  cross-sectional  area  of  the  beam  and 
transverse  velocity, respectively,  and  E,  I  and  vu"  refer  to  Young's 
modulus,  moment  of  inertia  and  second  derivative  of  displacement  in  x 
direction  (longitudinal  beam  direction)  respectively. 

If  the  first  two  modes  of  vibration  are  considered,  then  the 
displacement  can  be  written  as, 
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=  A,  (Ocp  1 W  +  A,  (t)(p,(x) 


(11) 


where  A(t)  and  (p(x)  are  generalised  co-ordinates  and  shape  functions, 
respectively,  and  subscript  1  and  2  refer  to  the  first  and  second  modes. 

Applying  Lagrange's  method  gives  the  the  equation  of  motion,  in 
matrix  form ,  as 

[w].{Ti}+[4{r|}={2}  ;  Ti,(0  =  A(0  (12) 

where  ri.(0  denotes  generalised  displacement  and  Q(t)  refers  to 
generalised  force.  By  using  the  solutions  of  Eq.  (12)  in  conjunction  with 
Eq.  (11),  the  output  charge  of  the  shaped  sensor  can  be  determined  for 
modes  1  and  2  using  Eqs  (2),  (7)  and  (8). 


EXPERIMENTAL  SET-UP 

Two  pieces  of  PVDF  film  of  dimensions  260x50  mm  each  were  bonded 
to  an  aluminium  beam  of  dimensions  540x51x3.2  mm  thick  using  a 
double-sided  tape.  By  means  of  a  sharp  blade,  the  PVDF  films  were 
cut  into  the  mode  1  sensor  shape  shown  in  Figure  1.  The  beam,  which 
was  simply-supported  on  a  kiiife-edge  support,  was  subjected  to  a 
random  excitation  using  a  Gearing  and  Watson  electronic  shaker  type 
GWV4/n.  The  shaker  was  attached  to  the  beam  via  a  stinger  and  a 
force  transducer  of  type  PCB  208B.  In  order  to  compare  the  response 
of  the  beam  monitored  by  the  distributed  PVDF  film  with  that  of  a 
discrete  sensor,  an  accelerometer  was  fixed  to  the  beam  at  point 
x=0.28L  where  L  is  the  length  of  the  beam.  By  means  of  an  Onosokki 
CF-350  spectrum  analyser,  frequency  response  functions  between  the 
PVDF  sensor  output  and  the  amplified  input  force  excitation,  and 
between  the  accelerometer  output  response  and  the  input  force  were 
obtained 


DISCUSSION  OF  THE  RESULTS 

In  Figure  2  is  shown  the  comparison  between  the  theoretical  and 
experimental  frequency  response  functions  (FRF)  obtained  using  the 
discrete  (accelerometer)  sensor.  The  figure  shows  that  the  beam  has 
four  natural  frequencies  and  mode  shapes  within  the  frequency  band 
of  0— >500  FIz  of  the  external  excitation.  The  differences  between  the 
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theoretical  and  experimental  FRF  in  terms  of  natural  frequencies  and 
peak  amplitudes  are  caused  by  three  main  reasons.  These  are  ,firstly, 
effect  of  boundary  conditions,  secondly,  effect  of  damping 
characteristic  of  the  double-sided  tape  and  PVDF  and  thirdly,  effect  of 
additional  masses. 


Figure  2  :  Theoretical  and  Experimental  Frequency  Response  Ratio  of 
Accelerometer  Response  to  Input  Force  for  a  Simply-Supported  Beam. 


The  two  pairs  of  knife  edges  used  to  support  the  ends  of  the  beam  are 
expected  to  make  line  contacts  with  the  surfaces  of  the  beam. 
However  if  the  knife  edges  are  not  pressed  sufficiently  to  make 
complete  line  contacts  with  the  beam  surfaces,  or  if  the  beam  ends  are 
twisted,  then  there  will  be  gaps  between  the  beam  surfaces  and  the 
knife  edges.  This  will  result  in  point  or  partial  contacts  between  the 
beam  and  knife  edges  instead  of  line  contacts.  On  the  other  hand,  if  the 
kiaife  edges  are  pressed  too  much  into  the  beam  surfaces  at  the  two 
ends  of  the  beam,  then  they  dig  into  the  beam  surfaces  and  create 
resistant  moments  at  the  boundary.  Thus  there  is  a  change  in  the 
boundary  conditions  from  simply-supported  conditions  to  a  partially- 
clamped  condition  with  depends  on  the  level  of  the  clamping  force. 

The  double-sided  tape  and  the  PVDF  film  have  passive  damping 
effects.  The  damping  characteristics  of  the  tape  and  PVDF  film  were 
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not  determined,  but  a  total  composite  damping  was  considered  in 
predicting  the  frequency  response  functions  of  the  beam.  A  value  of 
12%  was  used  for  the  composite  loss  factor  of  the  beam,  double-sided 
tape  and  PVDF  assembly  in  the  predictions.  This  value  of  composite 
loss  factor  was  found  to  give  the  best  overall  correlation  between  the 
predicted  and  measured  frequency  response  characteristics  of  the 
beam.  The  effects  of  the  additional  masses  of  the  force  transducer  and 
its  connector,  accelerometer,  double-sided  tape  and  PVDF  filrh  should 
also  be  considered  for  a  more  accurate  model.  In  spite  of  these  factors, 
it  is  seen  that  the  predicted  FRF  for  the  discrete  (accelerometer)  sensor 
correlates  quite  reasonably  with  the  measured  FRF. 


Figure  3:  Theoretical  and  Experimental  Frequency  Response  Functions 
of  PVDF  Response  for  Mode  1  with  reference  to  Input  Force. 


Figure  3  shows  the  theoretical  and  experimental  frequency  response 
functions  obtained  from  the  shaped  PVDF  sensor  film  when  the  output 
charge  from  the  two  halves  of  the  modified  PVDF  sensor,  shown  in 
Figure  1,  are  summed  to  produce  the  charge  output  for  mode  1  of  a 
simply-supported  beam.  In  the  theoretical  predictions,  the  composite 
damping  ratio  of  the  beam,  double-sided  tape  and  PVDF  assembly  was 
also  assumed  as  12%.  It  is  seen  from  Figure  3  that  there  is  a 
discrepancy  between  the  theoretical  and  experimental  modal 
frequencies  and  modal  amplitudes.  This  discrepancy  is  due  to  the  three 
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factors  enumerated  earlier.  However,  beyond  the  modal  frequency, 
there  is  close  agreement  between  theoretical  and  experimental 
characteristics. 

Comparing  Figures  2  and  3,  and  overlapping  the  theoretical  FRFs  from 
both  figures  as  shown  in  Figure  4,  it  is  obvious  that  the  PVDF  sensor 
detects  only  the  first  mode  of  vibration  of  the  simply-supported  beam 
when  its  two  output  charges  are  added.  Thus  the  addition  of  the 
output  charges  from  the  two  halves  of  the  PVDF  sensor  produces  an 
identical  response  to  that  of  a  classical  mode  1  sensor  design  for  a 
simply-supported  beam  which  does  not  involve  the  division  of  the 
semi-sinusoidal  shape  into  two  halves. 


Figure  4:  Theoretical  Frequency  Response  Functions  of  PVDF  Mode  1 
and  Accelerometer  Response  Signals  with  reference  to  Input  Force. 


The  theoretical  and  experimental  frequency  response  functions 
obtained  from  the  difference  of  the  output  charges  from  the  two  halves 
of  the  shaped  PVDF  sensor  are  shown  in  Figure  5.  In  calculating  the 
theoretical  FRF,  the  same  value  of  12%  was  assumed  for  the  composite 
damping  ratio  of  the  beam,  double-sided  tape  and  PVDF  assembly. 
Figure  5  shows  that  the  correlation  between  the  theoretical  and 
experimental  FRFs  is  quite  close.  Comparing  Figure  5  with  Figure  2, 
and  comparing  the  theoretical  FRFs  of  the  PVDF  sensor  output  with 
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Figure  5:  Theoretical  and  Experimental  Frequency  Response  Functions 
of  PVDF  Response  for  Mode  2  with  reference  to  Input  Force 


Figure  6:  Theoretical  Frequency  Response  Functions  of  PVDF  Mode  2 
and  Accelerometer  Responses  with  reference  to  Input  Force. 
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the  discrete  sensor  output  as  shown  in  Figure  6,  it  is  obvious  that  the 
PVDF  sensor  now  only  indicates  the  second  mode  of  vibration  of  the 
simply-supported  beam. 

Figures  5  and  6  further  show  that  the  PVDF  sensor,  in  this  case,  also 
generates  a  small  but  significant  response  for  the  fourth  mode  of 
vibration  of  the  beam  as  well.  Although  the  level  of  the  PVDF 
response  for  this  fourth  mode  is  considerably  less  than  the  level  of  the 
mode  4  response  indicated  by  the  accelerometer,  this  mode  4  response 
of  the  PVDF  sensor  indicates  that  it  is  not  acting  as  a  pure  mode  2 
sensor.  This  slight  discrepancy  is  the  main  disadvantage  of  the  use  of  a 
mode  1  shaped  sensor  as  a  mode  2  sensor.  Nevertheless,  the  main  and 
overriding  advantage  is  that  by  dividing  the  classical  semi-sinusoidal 
shape  of  the  mode  1  shape  sensor  for  a  simply-supported  beam  into 
two  halves,  the  sensor  can  be  used  to  sense  both  modes  1  and  2  of 
vibration  of  the  simply-supported  beam  with  a  reasonable  degree  of 
accuracy. 


CONCLUSIONS 

The  theoretical  basis  for  the  design  of  shaped  sensors  for  selective 
sensing  of  the  modes  of  vibration  of  a  structure,  and  of  a  simply- 
supported  beam  in  particular,  has  been  outlined.  It  has  been  shown 
that  by  dividing  the  classical  semi-sinusoidal  shape  of  the  mode  1 
distributed  sensor  of  a  simply-supported  beam  into  two  halves,  the 
sensor  can  be  used  for  selective  sensing  of  the  first  and  the  second 
modes  of  vibration  of  the  beam.  The  theoretical  model  and  the 
experimental  results  show  that  when  the  sum  of  the  output  charges  are 
used,  the  PVDF  sensor  only  detects  the  first  mode  of  vibration  of  the 
beam,  whereas  when  the  difference  of  the  output  charges  are  used,  the 
PVDF  sensor  mainly  detects  the  second  mode  of  vibration. 
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The  torsional  vibration  problem  in  reciprocating  engines  is 
described  by  representing  the  reciprocating  mechanism  by  a  constant 
inertia  and  the  damping  forces  in  the  system  as  proportional  to 
velocity.  However  in  reality,  a  slider  crank  mechanism  is  a  vibrating 
system  with  varying  inertia  because  the  effective  inertia  of  the  total 
oscillating  mass  of  each  crank  assembly  varies  twice  per  revolution  of 
the  crankshaft.  This  variation  in  inertia  of  the  reciprocating  parts 
causes  vibratory  phenomenon  which  caianot  be  explained  by 
conventional  theory  incorporating  only  the  mean  values  of  the  varying 
inertias.  When  inertia  variations  are  small,  this  type  of  approximate 
analysis  usually  leads  to  satisfactory  designs.  But  a  number  of  engines 
are  now  in  service  whose  pistons  are  so  massive  that  large  variations  in 
inertia  torques  can  be  serious  for  torsional  vibration  causing  secondary 
resonance  effects  and  even  instability.  In  the  past  the  effects  of 
ignoring  the  variable  inertia  characteristics  of  reciprocating  engines  on 
the  accuracy  of  torsional  vibration  calculations  were  considered  to  be 
negligible  but  the  situation  changed  in  recent  years  since  there  was 
evidence  of  the  existence  of  the  secondary  resonance  effects  which 
could  have  contributed  to  a  number  of  otherwise  inexplicable 
crankshaft  failures  in  practice.  It  is  obviously  necessary  to  abandon  the 
assumption  of  constant  inertia  and  the  analysis  should  take  some 
account  of  variable  inertia  effects. 

The  cyclic  variation  of  the  polar  moment  of  inertia  of  the 
reciprocating  parts  during  each  revolution  causes  a  periodic  variation 
of  frequency  and  corresponding  amplitude  of  vibration  of 
reciprocating  engine  systems.  It  also  causes  an  mcrease  in  the  speed 
range  over  which  resonance  effects  are  experienced.  In  the  present 
paper  a  study  of  the  effects  of  damping  on  the  motion  of  a  two- 
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cylinder-in-line  reciprocating  engine  treating  it  as  a  system  with 
position  dependent  inertias,  has  been  carried  out.  Taking  into 
consideration  these  facts,  the  equations  of  motion  are  non-linear.  For 
small  displacements  the  equations  can  be  linearized  to  predict 
important  characteristics  of  the  motion. 

Computer  methods  making  use  of  numerical  analysis  process, 
namely  the  Runge-Kutta  equations  have  been  applied  in  the 
investigations.  The  waveform  responses  are  studied  at  different 
speeds  of  engine  rotation.  The  effects  of  damping  and  of  variations  in 
the  ratio  of  the  average  reciprocating  inertia  to  average  total  inertia  on 
the  boundaries  between  resonant  and  non-resonant  frequencies  have 
been  investigated. 


INTRODUCTION 


For  many  years  the  effects  of  the  variable  inertia  characteristics  of 
reciprocating  engines  on  the  accuracy  of  torsional  vibration 
calculations  were  considered  to  be  negligible.  But  in  recent  years 
several  cases  of  crankshaft  failures  in  large  slow  speed  marine  engines 
could  not  be  explained  by  neglecting  the  variation  in  mertia  torques  of 
the  system  arising  from  the  motion  of  the  reciprocating  parts.  After 
repairs,  measurements  taken  in  some  cases  indicated  torsional 
vibration  stresses  at  service  speed  up  to  five  times  greater  than 
expected. 

In  the  afore-mentioned  cases  of  crankshaft  failures  in  practice,  the 
conventional  stress  analysis  carried  out  to  predict  the  vibration 
characteristics  of  the  engine  systems  showed  that  ail  the  stresses  were 
within  the  safe  limits  of  the  material  used.  Therefore,  it  is  of 
considerable  interest  to  examine  in  greater  detail  the  effect  of  the 
reciprocating  parts  in  producing  or  modifying  the  vibrations.  The 
simplified  theory  neglecting  the  effect  of  variable  inertia  is  also  not 
adequate  to  explain  the  existence  of  the  secondary  resonance 
phenomenon  in  torsional  vibrations  of  modern  marine  diesel  engines  - 
that  is  to  say,  the  possibility  of  an  nth  order  critical  of  small 
equilibrium  amplitude  occurring  at  or  near  resonance  with  the  service 
speed  being  excited  by  large  resultant  engine  excitations  of  order 
(n  -  2)  and  (n  +  2). 

Draminsky  [1]  explained  the  phenomenon  of  secondary 
resonance  in  multi-cylinder  engines  by  use  of  a  non-linear  theory  and 
showed  that  this  phenomenon  occurred  due  to  the  variation  in  mertia 
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torques  of  the  system  arising  from  the  motion  of  the  reciprocating 
parts.  Meanwhile  Archer  [2]  added  further  information  by  citing 
examples  of  crankshaft  failures  in  large  ten-cylinder  and  twelve- 
cylinder  marine  engines  and  the  Draminsky  calculation  in  such  cases 
clearly  demonstrated  the  existence  of  a  phenomenon  whereby  an 
otherwise  innocuous  critical  in  the  region  of  the  service  speed  could  be 
considerably  modified  by  interaction  with  a  powerful,  but  non¬ 
resonant  excitation  of  the  (n  -  2)  harmonic  type.  Pasricha  and  Carnegie 
[3,4]  carried  out  further  investigations  to  explain  the  secondary 
resonance  phenomenon  and  an  effort  was  made  to  understand  and 
present  the  effects  of  variable  inertia  on  the  vibratory  motion  of  the 
crank-connecting  rod  system  more  clearly  than  in  the  past. 

Failures  have  not  occurred  in  all  cases  of  engines  in  service  which 
were  considered  to  be  susceptible  to  secondary  resonance  and  it  was 
found  that  Draminsky's  work  based  on  reducing  a  multi-cylinder 
engine  to  an  equivalent  single  cylinder  system  served  only,  to  indicate, 
in  very  broad  terms,  the  circumstances  in  which  adverse  secondary 
effects  could  be  anticipated.  In  view  of  this  Pasricha  [5]  carried  out  a 
case  study  on  two  stroke  cycle  engine  with  suspected  secondary 
resonance  which  turned  out  to  be  a  case  in  which  the  predicted 
Draminsky  resonance  magnification  failed  to  appear  when 
measurements  were  taken. 

It  is  against  this  background  that  the  authors  studied  work  done 
by  the  researchers  [6,  7]  to  construct  a  non-linear  theory  allowing  for 
variable  inertia  effects  and  more  recently  the  work  on  the 
parametrically  excited  systems  [8-10].  These  methods  tend  to  be 
specialized  and  the  amount  of  information  thus  gained  is  inadequate 
for  a  design  situation.  Further  these  methods  do  not  provide 
waveform  solutions  at  different  speeds  of  the  crankshaft.  It  is 
important  for  the  designer  to  obtain  these  solutions  as  the  harmoiaic 
analysis  of  the  waveform  responses  can  predict  the  order  number  of 
external  excitations  that  have  significant  effect  on  the  vibratory  motion 
[11].  Most  mathematical  formulations  of  the  problem  to  date  have 
omitted  some  important  aspects  while  trying  to  resolve  this  situation 
and  thus  the  aim  of  obtaining  a  full  understanding  of  the  phenomenon 
of  secondary  resonance  in  multi-cylinder  engines,  without  simplifying 
the  system  into  an  equivalent  single-cylinder  system  as  suggested  by 
Draminsky  is  yet  to  be  realized.  Also  the  stability  of  such  systems  is 
the  subject  of  a  great  deal  of  current  interest  to  the  design  engineers. 

The  results  of  the  present  paper  predict  the  characteristics  of 
motion,  regions  of  instability  and  the  shapes  of  the  complex 
waveforms  at  different  speeds  of  the  two  cylinder  engine  system,  the 
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engine  being  considered  as  a  variable  inertia  system  including  the 
effect  of  damping. 


EQUATIONS  OF  MOTION 


Figure  1  shows  diagrammatically  a  two-cylinder-in-line 
reciprocating  engine  driving  a  heavy  flywheel  A  of  moment  of  inertia 
(a  list  of  symbols  is  given  in  the  Appendix).  The  radius  of  each 
crank  is  'a'  and  the  connectiag-rod  to  crank  ratio  is  assumed  to  be  large 
such  that  the  reciprocating  masses  move  with  simple  harmonic  motion. 
With  the  mass  of  the  connecting-rod  divided  into  two  lumped  masses, 
one  at  the  crank  pin  and  the  other  at  the  piston  cross-head  assembly, 
the  total  mass  of  the  reciprocating  parts  per  cylinder  is  denoted  by  M 
and  the  total  moment  of  inertia  of  the  rotating  parts  by  I.  Since  the 
inertia  of  the  flywheel  A  is  very  large,  its  angular  velocity,  co,  can  be 
assumed  to  be  constant. 

It  is  convenient  to  measure  the  rotations  of  the  cranks  relative  to 
the  unstrained  equilibrium  configuration  of  the  system  which  exists 
when  the  crank  in  the  cylinder  line  nearest  to  the  flywheel  is  in  its  top 
dead  centre  position.  At  any  time  t  when  the  system  is  rotatiiig  and 
vibrating,  the  rotations  of  the  cranks  from  their  datum  positions  will  be 
denoted  by  and  0^  and  torsional  stiffnesses  are  represented  by 
and  Cj. 

The  equations  of  Lagrange  for  the  coordinates  9;  are 

d(3T/9e.)/dt-9T/aej  =Qgj ;  i  =  l,2  (1) 

where  T  is  the  kinetic  energy  of  the  system  and  Qe.  includes  both 
conservative  and  non-conservative  forces.  The  conservative  force 
(Qei)c  can  be  derived  from  the  potential  energy  expression  U  and  the 

non-conservative  force  (Qei)^^^  is  the  dissipative  function.  Hence 

Qei=(Qei)etiQeiL 

where 


696 


The  kinetic  energy,  T,  and  potential  energy,  U,  for  the  system  are  given 
by 

T  =  1  co2+l[l+iMa2(l-cos2ej)]eJ 

+-|[l  +  iMa2|l-cos2(7:  +  e2)}]e^  (4) 

u=iCi(ej-o)tf+ic2(e,-e,f  (5) 

If  piston  gas  forces  are  neglected  and  torsional  stiffness  =  C, 

substitution  of  the  relations  (3),  (4)  and  (5)  in  equation  (1)  shows  that 
the  equations  of  motion  of  the  system  are 

(l  +  ^Ma^-iMa^  cos29j)ej  +  iMa^  ej^sin2ej 

+  C(2  0j-e-92)  =  -pej  (6a) 

^I+^Ma^  --i-Ma^  cos  202  ^02  +^Ma^  ©2  sin  2  ©2 

+  c(02-9i)  =  -p62  (6b) 

Since 

6  =  cot,  0^  =  cot  +  Yp  02=cot  +  72 

and  when  the  second  and  higher  order  terms  are  neglected  equations 
(6)  can  be  linearized  into  the  form 

cos  2 cot^y^  +^Ma^CL)  sin  2(jotjy^ 

+p(ca  +  yj)+^Ma^  co^  cos  2  cot  +  2cjy^  -Cy^ 

=  -jMa^co^  sin  2  cot  (7a) 


697 


^I  +  -|Ma^  cos  2  0)1^72*^  sin  2cotjy2 
+p(co+'y2)+^Ma^  co^  cos  2  cot +0^72 

=  -■ jMa^co^  sin  2cot  (7b) 

If  one  makes  use  of  the  equations 

e  =  iMa^/(l+|Ma^|  l/u^  =  C/ co^(l4-lMa^) 

and  changing  the  independent  variable  to  r  =  cot  and  letting  dashes 
represent  differentiation  with  respect  to  x,  equations  (7)  become 

(l  - e  cos  2x) 7''  +  2  e  sin  2x  +  |p  /  co^I +^Ma^^|j  7' 

+j2  e  cos  2x  +  ^2/u^j|7i  -(72  /'O^  j 
=  -|p/co^I+^Ma^j|-e  sin  2x  (8a) 

(i-ecos  2x)72+|^2£sin  2x  +  |p/co^I  +  YMa^j|  7^ 

+|2ecos  2x  +  ^l/'0^jj72  -(7;i/'0^]  = 

-|p  /  co^I  +  ^  Ma^ ^ 

Upon  making  use  of  an  additional  parameter  defined  by 


where  ^  is  the  damping  ratio  associated  with  each  cylinder,  equations 
(8)  reduce  to 
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(l  -  £  COS  2x)  yf  +  {2  e  sin  2t  +  (2^  /  d)}  y  1 

+|2  £  cos  2t  +  ^2/  D^^lyj  -  (^2  =  -(2^/  'i))-£sm  2x 

(10a) 

(1  -  £  COS  2t)  y2  +  {2  £  sin  2t+  (2^  /  'o)}y2 

+|2£  cos  2t  +  /  0)^  jjy^  -  ^y^  /  =  -(2^  /  d)  -  £  sin  lx 

(lOb) 

With  the  effect  of  damping  neglected,  ^  =  0,  equations  (10)  become 
(1  -  £  cos  2t)  y  j'+  (2  £  sin  2t)  y '  +  |2  £  cos  2t  + 1^2  /  y^ 

-^y^ /'0^j=-esin  2t  (11a) 

(1  -  £  cos  2x)  y2  +  (2  £  sin  2x)  y2  + 12  £  cos  2t  +  j|y2 

-(yi/\)^)  =  -£sin  2t  (11b) 


APPLICATION  TO  A  TYPICAL  MARINE  ENGINE 


The  following  data  for  a  typical  two  cylinder  engine  was  used  to 
determine  the  response  of  the  system  at  different  speeds  of  rotation: 
equivalent  inertia  of  rotating  and  reciprocating  parts 


=  I + i  Ma^  j  per  cylinder,  (kg-m^) .  9,584 

bore  diameter  (mm) . 900 

stroke  (mm) .  1,550 

mip,  (psi) .  169.5 

bhp .  5,800 

e  .  0.3 

one  node  frequency,  (rad/s) .  27.27 

two  node  frequency,  (rad/s) .  71.4 


699 


With  use  being  made  of  100  steps  over  one  cycle  of  the  two  node 
natural  frequency  of  the  system  and  the  fourth  order  form  of  the 
Runge-Kutta  relations  of  reference  [11],  equations  (10)  were 
programmed  in  C  language  for  solution  by  a  digital  computer  with  the 
initial  conditions  Y^=l  and  7^=0  at  t  =  0,  Y2  =  0  and  =  at 

T  =  0. 

In  Figures  2  to  5  are  presented  four  regions  of  instability  in  the 
neighbourhood  of  u  =  0.309  and  u  =  0.618  and  also  corresponding  to 
u  =  0.809  and  v  =  1.618  as  determined  from  equations  (11),  the  effects 
of  damping  being  neglected.  It  was  shown  [12]  that  the  frequency  of 
vibration  in  the  unstable  regions  in  the  vicimty  of  u  =  0.618  and 
u  =  1.618  is  1  cycle/rev  of  the  craiikshaft  and  in  the  regions  of 
instability  for  u  ~  0.309  and  -u  ~  0.809  the  frequency  of  vibration  is 
2  cycles /rev  of  the  crankshaft.  Outside  these  regions  of  instability  the 
responses  showed  a  modulation  of  amplitude  and  instantaneous 
frequency  and  that  responses  t)  are  only  slightly  modified 

compared  to  corresponding  (Yi  ~  t)  solutions. 

The  authors  have  further  determined  the  boundaries  between 
stable  and  unstable  regions  from  equations  (10)  which  include  the 
effect  of  damping.  The  regions  of  instability  are  investigated  for 
different  values  of  the  damping  ratio  ^  and  for  e  ranging  from  0  to  0.8. 
The  results  of  the  investigations  are  iiicorporated  in  Figure  2  to  5  for 
comparison.  The  time  responses  at  two  specific  speeds  of  cranhshaft 
rotation  corresponding  to  u  =  0.3  and  0.4  for  e  =  0.3  when  ^  =  0.02  are 
presented  in  Figures  6  and  7,  respectively. 


DISCUSSION  OF  RESULTS 


In  a  system  with  constant  inertia  there  are  a  series  of  well  defined 
critical  speeds  corresponding  to  each  mode  and  each  order  of 
vibration,  but  a  perusal  of  Figures  2  to  5  shows  tlaat  in  a  system  with 
variable  inertia  these  critical  speeds  are  replaced  by  a  number  of 
regions  of  instability  within  which  the  amplitude  of  vibration  may  be 
limited  by  the  amount  of  positive  damping  in  the  system.  The  two  of 
the  regions  of  instability  occur  when  the  values  of  parameter  v  are 
approximately  u  ~  0.618  and  u  ~  1.618  and  these  values  of  u 
correspond  to  the  undamped  torsional  natural  frequencies  found  from 
an  equivalent  linear  time  invarient  system  model.  The  other  two 
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regions  of  instability  occur  at  t)  ~  0.309  and  x>  ~  0.809  which 
correspond  to  one  half  of  the  undamped  natural  frequencies  found 
above.  Engines  having  substantially  heavy  reciprocating  parts  are 
particularly  unsatisfactory  from  the  point  of  view  of  minimizing  the 
effects  of  the  reciprocating  parts  in  exciting  regions  of  instability. 

In  view  of  the  practical  importance  of  the  subject  and  for  the 
results  obtained  from  numerical  analysis  to  be  more  convincing,  a 
comparison  with  the  investigations  based  on  the  WKBJ  approximation 
and  the  method  of  variation  of  parameters  in  a  limited  range  of  the 
shaft  speeds  for  the  linear  motion  of  a  single  cylinder  engine  was 
discussed  in  another  paper  [13]  and  the  results  showed  close 
agreement. 

On  comparison  of  Figures  2  and  4  with  Figures  3  and  5  it  becomes 
evident  that  the  stabilizing  effect  of  damping  turns  out  to  be  much 
more  pronounced  when  v  ~  0.309  and  u  ~  0.809  than  when  u  ~  0.618 
and  V  ~  1.618.  These  investigations  also  show  that  if  the  value  of  the 
damping  ratio  is  increased  the  ranges  of  instability  become  narrower 
and  for  every  value  of  damping  ratio  ^  there  is  a  certain  threshold 
value  of  e  below  which  the  motion  is  always  stable.  Figures  3  to  5 
show  that  critical  speed  range  at  r)  -  0.618  for  first  mode  would 
coalesce  with  those  at  t)  ~  0.809  for  e  >  0.5  and  at  u  ~  1.618  for  £  >  0.7. 

Although  there  are  no  externally  applied  excitations.  Figures  6 
and  7  show,  after  the  starting  transient,  a  motion  with  sustained 
amplitude  at  two  specific  crankshaft  speeds  corresponding  to  u  =  0.3 
and  u  =  0.4  for  e  =  0.3  and  ^  =  0.02.  Further  analysis  of  such  theoretical 
records  at  different  speeds  of  the  engine  for  e  -  0.3  shows  that  there  are 
two  vibration  cycles  in  one  revolution  of  the  crankshaft  for  all  values 
of  u  below  the  unstable  region  tj  ~  1.618  and  outside  the  instability 
region  associated  with  first  mode  at  r)  -  0.618.  The  time  responses  at 
higher  values  of  v,  namely,  t)  =  2,  4,  6  etc.,  are  repetitive  complex 
waveforms.  One  such  complex  waveform  is  shown  in  Figure  8  for 
u  =  2,  e  =  0.3  and  ^  =  0.02. 

The  complex  waveform  motions  at  higher  values  of  u,  beyond  the 
upper  bound  of  the  region  of  instability  for  v  ~  1.618,  are  not  of  great 
practical  interest.  The  secondary  resonance  evoked  by  variable  inertia 
is  considered  to  be  deterimental  only  in  cases  of  diesel  engines  which 
have  their  service  speeds  in  the  range  of  u  <  0.2.  These  investigations 
are  a  step  towards  having  a  clear  understanding  of  the  behaviour  of  a 
variable  inertia  system. 

Thus  it  can  be  seen  that,  for  u  =  0.618;  ^  =  0.02  and  u  =  1.618; 
^  =  0.05  and  when  £  is  greater  than  0.1,  the  motion  is  uiistable,  which 
means  that  the  vibration  amplitude  can  become  large.  Further 
investigations  are  required  to  study  the  effect  of  forcing  terms  on  the 
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system  within  these  unstable  regions  where  the  order  number  is  uiaity 
and  also  with  u  <  0.2  where  the  higher  order  components  of  the  forcing 
impulse  become  predominant. 


CONCLUSIONS 


The  results  presented  in  this  paper  give  the  analysis  of  the 
response  of  the  variable  inertia  system  representing  a  two-cylinder-in- 
line  reciprocating  engine  with  the  effect  of  damping  included.  Due  to 
the  effect  of  the  cyclic  variation  of  engine  iiaertia  of  the  reciprocating 
parts,  there  are  four  principal  regions  in  which  uiastable  conditions  can 
occur  over  an  appreciable  range  of  engine  r.p.m  without  any  externally 
applied  excitation  such  as  harmonic  torque  components  arising  from 
the  cylinder  gas  pressure.  These  effects  are  particularly  likely  to  occur 
in  cases  where  itie  moment  of  inertia  of  the  reciprocatiiag  parts  is  a 
large  proportion  of  the  total  moment  of  inertia. 

After  the  starting  transient  a  motion  with  sustained  amplitude  is 
obtained  at  specific  speeds  of  the  engine  outside  the  instability  regions. 
At  higher  speeds  beyond  the  upper  bomad  of  the  instability  region  for 
u  ~  1.618  the  time  responses  become  complex  in  form.  For  e  =  0.3,  the 
frequency  of  vibration  is  two  cycles  per  revolution  of  the  craiakshaft  for 
all  speeds  below  the  lower  bound  of  the  unstable  region  of  u  ~  1.618 
and  outside  the  critical  speed  range  at  u  ~  0.618.  In  the  regions  of 
instability  for  u  ~  0.618  and  u  -1*618,  the  frequency  of  vibration  is 
one  cycle  per  revolution  of  the  crankshaft. 

The  effect  of  limiting  the  amplitudes  by  the  positive  damping 
torques  which  might  be  present  in  the  system  is  more  pronounced 
whenu  -  0.309  and  a)  -  0.809  than  when  u  -  0.618  and  v  -  1.618  and 
also  if  the  value  of  the  damping  ratio  ^  is  increased  the  ranges  of 
instability  become  narrower  and  the  range  of  e  iiacreases  for  which  the 
motion  is  always  stable.  Thus  the  results  of  this  paper  are  useful  as  a 
design  guideline  to  select  preferred  operating  speed  ranges. 
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APPENDIX :  NOTATION 


a  crank  radius 

I^  moment  of  inertia  of  flywheel  A 

I  moment  of  inertia  of  rotating  parts  per  cylinder 

M  mass  of  reciprocating  parts  per  cylinder 
V  ratio  of  angular  velocity  co  of  crankshaft  to 
7i  displacement  of  torsional  motion  (i  =  1  or  2)  in  rad 
@2  crank  rotations 

e  iMa^/(l+iMa^j 

t  time  in  seconds 

CO  steady  angular  velocity  of  crankshaft 

1 

2 

“n  [c/(l+^Ma2) 

p  viscous  damping  coefficient 


Figure  1.  Diagram  of  the  crankshaft 
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7 


I  revniucioa 


Figure  6.  Waveform  relationship  of  7i  -  t  for  u  =  0 J,  £  =  0.3  and  ^  =  0.0! 


Figure  7.  Waveform  relationship  of  Y;  -  t  for  -u  =  0.4, 
e=  0.3  and  ^  =  0.02 


Figure  8-  Havefor*  relationship  of  Yi~t  for  v)=2, 
£=0.3  and  C=0.02 
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SIMPLE  NONLINEAR  MODELS  FOR 
AUTOMOTIVE  SHOCK  ABSORBERS^ 
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Department  of  Mechanical  Engineering 
University  of  Sheffield 
Mappin  Street 
Sheffield  SI  3JD 
United  Kingdom 


Abstract 

Two  simple  nonlinear  models  of  an  automotive  shock  absorber 
are  presented.  The  first  type  assumes  a  polynomial  form  for  the 
damping  of  the  absorber,  the  second  is  motivated  by  neural  net¬ 
work  theory.  In  the  latter  case,  the  damping  characteristics  of  the 
absorber  are  modelled  by  a  hyperbolic  tangent  function.  Simple 
parameter  estimation  schemes  are  presented  and  validated  on  data 
from  numerical  simulation.  Models  are  obtained  from  experimental 
data. 


INTRODUCTION 

It  is  well-known  that  the  characteristics  of  a  vehicle  main  suspension 
system  strongly  influence  the  handling  properties  and  ride  comfort  char¬ 
acteristics  of  the  vehicle  [6].  The  shock  absorber  therefore  merits  careful 
study  as  a  fundamental  part  of  the  suspension  system.  Previous  research 
e.g.  [3]  [14],  has  shown  that  shock  absorbers  are  significantly  nonlinear,  and 
this  should  be  reflected  in  any  absorber  model  used  in  simulating  the  be¬ 
haviour  of  the  suspension  system  [9].  Models  based  on  the  detailed  physical 
construction  of  absorbers  have  been  obtained  but  are  prohibitively  complex 
[7];  they  are  also,  by  their  very  nature,  specific  to  each  absorber.  Recent 
research  has  concentrated  on  obtaining  simple,  general  models,  either  as¬ 
suming  polynomial  restoring  forces  [14],  or  motivated  by  basic  physics  [3] 
[11]  [12]. 

A  nonparametric  approach  to  modelling  was  taken  in  [4],  in  which  a 
neural  network  was  used  to  predict  the  value  of  the  force  transmitted  by  the 
absorber  as  a  function  of  lagged  displacement  and  velocity  measurements. 
In  the  course  of  this  work  it  was  observed  that  the  neural  network  transfer 

preliminary  version  of  this  paper  was  presented  at  the  lUTAM  symposium  on 
Identification  of  Mechanical  Systems  in  Wuppertal,  Germany  in  1993. 
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Figure  1.  Force- velocity  curve  of  typical  production 
shock  absorber. 

function  -  the  hyperbolic  tangent  -  bears  more  than  a  passing  resemblance 
to  the  force-velocity  characteristics  of  many  shock  absorbers  (Figure  1, 
-  obtained  from  a  sine  test).  Many  shock  absorber  force- velocity  curves 
show  near-linear  behaviour  at  the  higher  velocities  in  the  operating  range 
(i.e.  the  blow-off  region),  with  a  smooth  transition  to  high  damping  centred 
around  zero  velocity  (i.e.  the  bleed  region).  Such  functions  can  be  obtained 
by  scaling,  translating  and  rotating  a  hyperbolic  tangent  function.  The 
proposed  form  of  the  damping  force  is, 

fd{y)  =  cy  -f  a[tanh(/9y  +  7)  -  tanh(7)]  (1) 

For  the  purposes  of  testing  the  absorber,  an  exerimental  facility 
was  designed  which  allowed  the  possibility  of  adding  mass  and  a  parallel 
stiffness  to  the  shock  absorber  (as  described  in  Section  3).  This  means  that 
(1)  should  be  extended  to, 

my  cy  ky  +  a[tanh(^y  4-  7)  —  tanh(7)]  —  x{t)  (2) 

which  is  a  simple  SDOF  nonlinear  oscillator  (Figure  2).  The  usual  physi¬ 
cal  characteristics  of  the  oscillator  are  represented  by  m,  c,  A:  while  a,/?, 7 
characterise  the  nonlinear  damping  (Figure  2).  Apart  from  the  additional 
nonlinear  damping,  this  equation  agrees  with  the  minimal  model  of  the 
suspension  system  proposed  by  De  Carbon  [2],  in  which  case  m  would  be 
one  quarter  the  car  body  mass.  This  minimal  model  captures  much  of  the 
essential  behaviour  of  more  complex  models  of  the  suspension.  Note  that 
this  model  has  the  structure  of  a  very  simple  neural  network  with  a  linear 
output  neuron  (Figure  3)  [10]. 
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x{t) 


y{t)  y{t)  1  y[t) 

Figure  2.  Nonlinear 
SDOF  oscillator. 

Figure  3.  Neural  network  structure 
of  model. 

There  is  no  physical  basis  for  the  new  model.  The  parameters  are 
not  related  to  the  structure  of  the  absorber  but  rather  to  its  behaviour  as 
quantified  in  the  force- velocity  curve.  This  is  also  the  case  for  polynomial 
models,  where, 

fiiv)  =  (3) 

i=l 

so  it  is  natural  to  make  a  comparison.  The  De  Carbon  model  corresponding 
to  (3)  is  of  course, 

my  -f-  -i-  ky  =  x{t)  (4) 

i=l 

The  advantage  of  such  models  is  that,  with  a  small  number  of  pa¬ 
rameters,  the  representation  of  the  suspension  system  can  be  improved 
considerably. 

The  remainder  of  the  paper  is  structured  as  follows.  Section  Two 
gives  the  parameter  estimation  scheme  for  the  polynomial  models  and 
Three  presents  a  parameter  estimation  algorithm  for  the  hyperbolic  tan¬ 
gent  model.  In  the  latter  case  the  procedure  is  validated  using  data  from 
numerical  simulation.  In  Section  Four,  the  models  are  applied  to  exper¬ 
imental  data.  The  paper  concludes  with  a  discussion  of  the  results  in 
Section  Five. 
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PARAMETER  ESTIMATION  FOR  POLYNOMIAL  MODELS 


The  polynomial  models  (4)  are  linear  in  their  parameters,  so  the 
estimation  problem  is  straightforward  and  can  be  solved  using  linear  least- 
squares  regression.  For  completeness,  the  algorithm  used  in  this  paper  will 
be  described.  For  simplicity,  a  linear  model  will  be  used  for  illustration, 
the  approach  for  a  general  polynomial  model  is  a  straightforward  extension. 
The  relation, 

my  +  cy  ^-ky  -  x{t)  (5) 

is  imposed  on  a  set  of  measured  input  and  output  data  {xi,  yi]i  —  1, ^  N}. 
For  each  sampling  instant, 

myi  +  c2/^  +  ky,  =  Xi  +  (i  ••  (6) 

where  the  carets  denote  parameter  estimates  and  is  the  residual  signal. 
The  residual  signal  is  essentially  composed  of  measurement  noise  and  errors 
resulting  from  imperfect  parameters.  The  least-squares  approach  seeks  to 
remove  the  latter  source  of  error. 

The  object  is  to  minimise  the  sum  of  squared  errors, 

=  (7) 

1=1 

The  problem  can  be  expressed  concisely  in  terms  of  matrices.  As¬ 
sembling  each  equation  of  the  form  (6)  for  z  =  1,...,^  into  a  matrix 
equation  gives, 


or 

[Am  =  {a=}  +  {C}  (9) 

in  matrix  notation,  with  objective  function, 

J(m,c,fc)  =  {Cy{C}  (10) 

The  minimum  of  J  is  most  simply  obtained  by  using  the  normal 
equations, 

{0}  =  ((^]^[Ai)-MAjqx}  (11) 
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It  is  also  possible  to  estimate  the  significance  of  individual  terms  in 
the  model  [14],  The  approach  described  above  is  standard,  the  software 
has  already  been  applied  in  many  situations  e.g.  [14]  and  therefore  requires 
no  verification. 

PARAMETER  ESTIMATION  FOR  HYPERBOLIC 
TANGENT  MODEL 

The  parameter  estimation  problem  for  the  model  structure  (2)  is  a 
little  more  complicated  as  the  expression  is  not  linear  in  the  parameters. 
This  means,  amongst  other  things,  that  it  will  not  always  be  possible  to 
obtain  a  global  optimum.  However,  bearing  this  is  mind,  numerous  meth¬ 
ods  are  available  for  attacking  this  type  of  problem  [5].  Given  that  the 
model  has  the  structure  of  a  neural  network,  it  seemed  appropriate  to  use 
a  gradient  descent  or  back-propagation  scheme  [10]. 

Like  (10),  the  parameter  estimate  obtained  in  this  case  is  also  opti¬ 
mal  in  the  least-squared  error  sense  i.e.  it  minimises  J  =  where, 

G  =  '^Vi  +  ciji  +  ky^  +  Q;[tanh(/32/^  +  7)  -  tanh(7)]  -  Xi  (12) 

where  yi,  yi  and  y^,  are  the  sampled  displacement,  velocity  and  acceleration, 
and  m  etc.  are  estimates  of  the  parameters.  The  procedure  is  iterative; 
given  a  current  estimate  of  the  parameters,  the  next  estimate  is  formed  by 
stepping  down  along  the  gradient  of  the  error  function  J;  i.e.  at  step  fc, 

^k+i  =  —  (^2) 

where  the  parameters  have  been  ordered  in  the  vector  ^  d,  /S,  7)^, 

The  learning  coefficient  7  determines  the  size  of  the  descent  step.  In  or¬ 
der  to  obtain  the  parameter  update  rule,  it  only  remains  to  obtain  the 
components  of  the  gradient  term  in  (12), 

~  [dm’  dc’  dk’  da  8/3’  dj) 

(As  confusion  is  unlikely  to  result,  the  carets  denoting  estimated  quanti¬ 
ties  will  be  supressed  in  the  following  discussion.)  The  update  rules  are 
obtained  using  the  definition  of  T,  (11)  and  (12).  In  forming  the  error-sum 
J  it  is  not  necessary  to  sum  over  the  residuals  for  all  N  points;  J  can  be 
obtained  from  a  subset  of  the  errors  or  even  the  single  error  which  arises 
from  considering  one  set  of  measurements  {xi^yi^yi^yi},  i.e., 

m)  =  c?  (15) 
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The  latter  course  is  adopted  here  and  the  resulting  update  rules  for  the 
parameters  are, 


Am^  = 
Aci  = 

Ak,  = 

Aai  = 

Aft  = 
A7,  = 


-vCiVi 


-77C4tanh(ftft  +  7,)  -  tanh(70] 
-7C^a,ftsech^(ftft  +  7x) 
-7C^a4sech^(ftft  +  7^  -  sech^(7i)] 


(16) 


with  e  the  resulting  error  on  using  the  measurements  labelled  by  i  at  this 
iteration,  this  will  clearly  be  different  at  the  next  presentation  of  the  values 
labelled  by  i.  In  keeping  with  normal  practice  in  back-propagation,  the 
value  of  i  is  chosen  randomly  between  1  and  N  at  each  iteration.  Also, 
a  momentum  term  was  added  to  the  iteration  to  help  damp  out  high- 
frequency  oscillations  over  the  error  surface  [10].  The  final  update  scheme 
was  therefore 


Aii  =  -7,  J,(&)  +  (17) 

where  ja  is  the  momentum  coefficient. 

It  is  well-known  that  nonlinear  estimation  schemes  can  be  sensitive 
to  the  initial  estimates;  in  order  to  obtain  favourable  starting  values  for 
the  iteration,  a  linear  model  of  the  form, 

miy ciy  ^  kiy  =  x{t)  (18) 

was  fitted  first,  the  estimates  mi  and  ki  were  used  as  starting  values  for  the 
coefficients  m  and  k  in  the  nonlinear  model;  the  estimate  ci  was  divided 
evenly  between  c  and  a  in  the  absence  of  any  obvious  prescription.  The 
initial  values  of  /5  and  7  were  set  at  1.0  and  0.0  respectively. 

In  order  to  validate  the  algorithm,  data  were  generated  by  numerical 
integration  for  the  system, 


6.3i/  -f  752/  +  63002/  +  2000[tanh(2/  -  0.25)  -  tanh(-0.25)]  =  x{t)  (19) 

The  coefficient  values  were  motivated  by  a  desire  to  expose  the  parameter 
estimator  to  the  same  conditions  as  might  be  expected  for  a  real  absorber 
sub-assembly.  At  low  levels  of  excitation,  the  effective  damping  coefficient 
is  c-\-ap,  in  this  case  5.2  times  critical;  at  high  levels,  the  effective  coefficient 
is  c,  giving  0.18  times  critical.  Data  was  obtained  by  taking  x{t)  to  be  a 
Gaussian  white  noise  sequence,  initially  of  RMS  6000,  band-limited  into 
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the  interval  0  to  20  Hz.  The  equation  of  motion  (8)  was  stepped  forward 
in  time  using  a  standard  fourth-order  Runge-Kutta  procedure  with  a  time 
step  of  0.01  seconds;  10000  sets  of  data  were  obtained. 

The  algorithm  was  applied  to  the  simulation  data,  using  learning 
and  momentum  coefficients  of  0.2  and  0.3  respectively.  As  the  data  were 
noise-free  the  iteration  was  required  to  terminate  once  the  estimates  had 
stabilised  to  within  a  fractional  tolerance  of  10”®.  This  level  of  convergence 
was  reached  after  15006  iterations  (essentially  covering  the  whole  data  set 
twice);  the  resulting  estimates  were, 


m  =  6.3000001 

c  =  74.999723 

k  =  6300.0005 

q:  =  2000.0012 

(5  =  0.99999935 

7  =  -0.24999984 


This  gives  confidence  in  the  estimator.  In  practice,  the  true  values  will  not 
be  known  and  some  other  objective  measure  of  confidence  will  be  required 
for  the  estimates.  The  measure  used  here  is  the  normalised  mean-square 
error  or  MSE,  defined  by, 


MSE{x) 


100 


(20) 


this  is  normalised  such  that;  if  the  mean  of  the  input  signal  x  is  used  as  the 
model  i.e.  (i  =  x^~x  Vf,  the  MSE  is  100.  Experience  shows  that  an  MSE 
of  5.0  shows  a  good  fit,  while  an  MSE  of  less  than  1.0  indicates  excellence. 
For  the  simulated  data,  the  MSE  value  was  found  to  be  8.4  x  10”^®. 


RESULTS  USING  EXPERIMENTAL  DATA 


The  shock  absorber  test  facility  consists  of  a  substantial  steel  struc¬ 
ture  with  a  hydraulic  actuator  and  controller  secured  to  the  base  plate 
as  in  Figure  4.  The  main  body  of  the  absorber  under  test  is  connected 
to  the  actuator  head,  while  its  piston  is  attached  via  a  piezoelectric  force 
transducer  to  the  main  structure.  This  allows  a  direct  measurement  of 
the  force  transmitted  by  the  absorber.  Facilities  were  provided  to  add  a 
parallel  stiffness  in  the  form  of  a  spring  of  known  characteristics  and  to 
load  the  system  with  an  additional  mass.  This  option  was  not  used  for 
the  particular  test  described  below.  As  the  shock  absorber  is  essentially 
a  SDOF  system  under  vertical  excitation  in  this  configuration,  the  simple 
model  of  Figure  2  applies.  The  excitation  for  the  system  is  provided  by  the 
random  signal  generator  of  a  spectrum  analyser,  amplified  and  filtered  into 
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the  interval  2  to  30  Hz.  The  band-limited  signal  facilitates  post-processing 
of  measured  data,  i.e.  numerical  differentiation  or  integration  [13]. 

For  the  modelling  of  the  aborber,  previous  tests  showed  that  the 
inertia  of  the  absorber  could  be  neglected  [11].  This  means  that  the  reduced 
models, 

Y^af ky  =  x{t)  (21) 

i=l 

and, 


cy  +  ky  Q:[tanh(/3if  +  7)  —  tanh(7)]  =  x{t)  (22) 

applied  to  the  dynamics  so  that  the  piezoelectric  load  cell  actually  pro¬ 
vided  a  measurement  of  x(t).  The  other  signal  measured  was  displacement, 
the  required  velocity  being  arrived  at  by  numerical  differentiation.  This 
decision  was  made  because  the  actuator  actually  incorporates  an  LVDT 
displacement  transducer  which  produces  a  high  quality  signal.  A  detailed 
account  of  the  test  structure  and  instrumentation  can  be  found  in  [1]. 

For  the  particular  test  considered  here,  a  displacement  of  3.0mm 
RMS  was  applied  at  the  base  of  the  absorber  and  7000  samples  of  Xi  and 
yi  were  obtained  at  a  frequency  of  500  Hz.  A  three-point  centred  difference 
was  used  to  obtain  the  y  data.  The  characteristic  force- velocity  curve 
(the  solid  curve  in  Figure  5),  was  obtained  using  the  sectioning  method 
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described  in  [11].  An  explanation  for  the  scatter  in  the  curve  can  be  found 
m  [1], 

Polynomial  models  were  fitted  to  the  data  for  various  model  orders, 
the  masses  (as  expected)  could  be  disregarded  as  insignificant.  In  fact, 
the  stiffnesses  could  also  be  discarded  as  their  contribution  to  the  total 
variance  of  the  RHS  vector  {x}  was  small.  The  resulting  models  for  the 
damping  force  fd  gave  MSE  values. 


Model 

order 

MSE 

1 

15.5 

3 

5.8 

5 

1.9 

7 

1.1 

9 

0.9 

The  curve-fit  for  the  5*^-order  polynomial  model  is  given  in  Figure 
5.  The  corresponding  model-predicted  force  (before  the  mass  of  -0.0007 
was  deleted),  is  given  in  Figure  6. 

The  parameter  estimation  routine  of  the  last  section  (mass  term  m 
suppressed)  was  applied  to  1000  points  of  data,  using  a  learning  coefficient 
of  1.0  and  no  momentum.  Convergence  of  the  parameters  to  within  a  frac¬ 
tional  tolerance  of  0.00005  was  obtained  after  1051  iterations,  the  resulting 
parameters  being, 


c  =  0.63 

k  =  -15.0 

q:  =  856.9 

/5  :=  0.0067 
7  =  0.058 

The  stiffness  can  be  disregarded  as  insignificant  as  before,  the  negative 
sign  can  be  regarded  as  a  statistical  fluctuation.  The  MSE  value,  was  6.9 
which  shows  quite  good  agreement.  Figure  8  shows  a  comparison  between 
the  measured  force  time-series  and  that  predicted  by  the  model  (2).  Figure 
5  shows  a  comparison  between  the  measured  force- velocity  curve  and  that 
of  the  model.  Agreement  is  quite  good. 

DISCUSSION 

The  results  of  the  last  section  show  that  a  better  representation 
of  the  force-velocity  curve  could  be  obtained  using  high-order  polynomials, 
however,  it  could  be  argued  that  the  model  (2)  is  preferable  for  two  reasons: 
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Figure  9.  Behaviour  of  the  hyperbolic  tangent  function 
under  variation  of  the  parameters. 


1.  Polynomial  models  are  restricted  to  the  excitation  levels  at  or  below 
the  level  used  for  parameter  estimation.  The  reason  for  this  is  that 
a  polynomial,  on  leaving  the  interval  on  which  the  model  is  defined, 
will  tend  to  dboo  as  0(x'^)  depending  on  the  sign  and  order  of  the 
leading  term.  In  many  cases  this  leads  to  instability,  as  a  negative 
leading  term  will  tend  to  reinforce  rather  than  oppose  the  motion  at 
high  velocities  (see  Figure  5).  Alternatively,  (2)  leads  asymptotically 
to  linear  damping. 

2.  The  polynomial  coefficients  will  not  usually  admit  a  physical  inter¬ 
pretation.  In  the  case  of  the  model  (1)  or  (2),  the  coefficients  have 
a  direct  interpretation  in  terms  of  the  force- velocity  characteristics; 
c  generates  rotations  (shear  really)  and  fixes  the  asymptotic  value  of 
the  damping;  a  governs  the  overall  scale  of  the  central  high  damping 
region  and  (3  the  gradient;  variations  in  7  translate  the  high  damping 
region  along  the  velocity  scale  while  maintaining  a  zero  force  condi¬ 
tion  at  zero  velocity.  (Figure  7).  These  characteristics  are  the  main 
features  of  interest  to  designers  and  have  a  direct  bearing  on  subjec¬ 
tive  ride  comfort  evaluation.  The  model  developed  in  this  paper  will 
also  facilitate  comparisons  between  real  absorbers. 

CONCLUSIONS 

The  new  model  structure  proposed  here  has  been  shown  to  give 
good  agreement  with  experimental  force- velocity  data.  Despite  the  fact 
that  polynomial  models  give  better  agreement,  there  are  reasons  to  suggest 
that  the  new  model  will  be  more  useful  to  vehicle  engineers. 
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Abstract 

The  transmission  of  a  signal  through  three  simple  nonlinear  sus¬ 
pension  models  is  computed  analytically  (up  to  third  order  in  the 
excitation  amplitude)  using  the  Volterra  series.  The  results  are  used 
to  define  discomfort  factors  for  the  suspensions. 

INTRODUCTION 

The  fundamental  objective  in  designing  a  vehicle  suspension  for  ride 
comfort  is  to  reduce  the  transmission  of  vibrational  energy  to  the  occu¬ 
pants.  Various  standards  have  been  proposed  for  quantifying  the  perceived 
discomfort  caused  by  mechanical  vibration;  those  outlined  in  ISO  2631  [13] 
and  BS  6841  [4]  being  the  most  often  used.  The  standards  define  the  vi¬ 
brational  discomfort  (labelled  here  as  Di)  as, 

Pi  =  y  cUoW{u,y\A{u,)\y  (1) 

where  A(a;)  is  the  acceleration  spectrum  at  the  man/ vehicle  interface  and 
]U(a;)  is  the  weighting  function  which  describes  human  sensitivity  to  whole 
body  vibration. 

As  the  shock  absorber  sub-assembly  is  highly  nonlinear,  the  question 
of  energy  transfer  between  frequency  bands  arises  to  complicate  matters. 
Useful  studies  have  been  carried  out  using  numerical  simulation  [14]  [15]; 
however,  the  discussion  below  is  intended  to  indicate  how  the  analytical 
component  of  such  a  calculation  can  be  increased  using  simple  nonlinear 
models  of  the  type  described  above. 

Essentially,  the  problem  is  to  determine  the  output  spectrum  given 
the  transmission  of  a  random  or  deterministic  vibration  signal  through  a 
nonlinear  suspension.  The  models  may  vary  considerably  in  complexity. 
For  the  sake  of  simplicity  of  exposition  here,  the  simplest  input-output 
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system,  the  De  Carbon  model,  will  be  considered  first.  Having  established 
the  basic  ideas  a  more  complicated  two  degree-of-freedom  model  will  be 
evaluated.  The  approach  outlined  here  is  based  on  the  Volterra  series. 
The  calculations  presented  are  fairly  routine,  this  paper  should  properly 
be  regarded  as  a  case  study. 

THE  DE  CARBON  MODEL 

This,  the  earliest  model  of  a  vehicle  suspension  [5],  considers  the  sys¬ 
tem  as  a  Single  Degree- of- Freedom  (SDOF)  oscillator.  The  classical  model 
represents  the  shock  absorber  component  as  a  simple  linear  spring-damper 
element.  This  is  extended  here  to  a  nonlinear  spring-damper  (Figure  1). 


Figure  1.  De  Carbon  Model. 

The  equation  of  motion  takes  the  form, 

'^y  +  fd{y)  +  Ajt/  =  x{t)  (2) 

where  m  is  a  quarter  of  the  car  body  mass,  and  fd{y)  is  the  force- velocity 
characteristic  of  the  nonlinear  damper.  Linear  stiffness  is  assumed.  It  will 
further  be  assumed  that  a  Taylor  expansion  of  order  3  in  t/  is  sufficient  to 
represent  the  damping  force  i.e. 

fd[y)  =  ciy  +  C2y^  +  c^y^  (3) 

and  that  the  coefficients  Ci,  C2  and  C3  are  available.  This  is  necessary  as 
the  Volterra  series  method  described  later  requires  a  polynomial  form  for 
the  nonlinearity.  If  a  more  complex  form  is  specified  the  coefficients  can 
be  computed.  For  example  consider  the  hyperbolic  tangent  model  of  the 
damper  [7], 
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fd{y)  =  CT/  4-  a[tanh(^y  +  _  tanli(7)]  (4) 


The  problematic  term  is  tanh{/5^  +  7).  The  first  step  is  to  apply  the 
addition  theorem  for  the  tanh  function  [10], 


tanh(/3^  +  7)  = 

followed  by  the  series  expansion, 


tanh(;5^)  +  tanh(7) 
1  +  tanh(/3^)tanh(7) 


tanh(/3y)  =  0y-  I  <  (6) 

A  little  tedious  algebra  results  in  the  coefficients, 

Cl  =  c  +  atanh(7) 

C2  =  —  a/3^tanh(7)[l  —  tanh^(7)]  (7) 

C3  =  —(x/3^[l  -  3tanh^(7)][l  —  tanh^(7)] 

It  is  possible  to  assume  a  polynomial  model,  and  to  obtain  the  coeffi¬ 
cients  directly  from  experiment  [6]. 

The  next  section  is  concerned  with  the  calculation  of  the  discomfort 
factor  for  this  model. 

ENERGY  TRANSMISSION  THROUGH  THE  SDOF  SYSTEM 

It  is  well-known  that  any  linear  system  or  input-output  process  x(t)  — ^ 
y{t)  can  be  realised  as  a  mapping 

/-Fco 

dr  h{T)x{t  -  r)  (8) 

-00 

where  /i(r)  uniquely  characterises  the  system.  Also  well-known,  is  the  dual 
frequency-domain  representation, 

Y{uj)  =  H{w)X{u;)  (9) 

where  Y(u;)  (resp.  Ar(a;))  is  the  Fourier  transform  of  y{t)  (resp.  a;(i)). 
H{lo)  is  the  linear  system  Frequency  Response  Function  (FRF).  These 
equations  are  manifestly  linear  and  therefore  cannot  hold  for  arbitrary 
nonlinear  systems.  However  an  appropriate  generalisation  of  (8)  exists  as 
obtained  in  the  early  part  of  this  century  by  Volterra  [19].  It  takes  the 
form  of  an  infinite  series, 

y{i)  =  yiW  +  y2{t)  +  2/3(0  +  •  •  •  +  yn{t)  -b  . . .  (lO) 

where 
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/+00  r+oo 

...  dr,...dT^hr,{ri,...,Tn)x{t-Ti)...x{t-Tr,)  (11) 

-oo  J  —  oo 

The  functions  are  referred  to  as  the  Volterra  kernels. 

As  in  the  linear  case,  there  exists  a  dual  frequency- domain  represen¬ 
tation  for  nonlinear  systems  based  on  the  higher-order  FRFs  (HFRFs)  or 
Volterra  kernel  transforms,  . .  ■ , ^n),  '^  =  1,  •  •  • ,  oo  which  are  defined 

as  the  multi-dimensional  Fourier  transforms  of  the  kernels. 


/  +  CXD  f  +  CO 

...  dn...dTr.  Kin, ..., 

-oo  J  —  oo 

.  (12) 

In  the  general  nonlinear  case,  it  can  be  shown  [2],  that  the  output 
spectrum  of  the  process  x(t)  - >■  y{t)  is  given  by, 


Y{uj)  =  H^{lu)X{u;)  + 


(jJ  —  LD-i^X{uJi)X{uJ  —  CUi)-|- 


1 


dujid(jJ2H2{^UL)i,  LJ2,co~cai  —  a^2)-^(^i)A'(u’2)A’(a;  — —co2)-i--  •  • 


(13) 


again  an  infinite  series. 

Once  the  displacement  spectrum  Y{u))  has  been  obtained  for  the  system 
(3),  the  acceleration  spectrum  is  specified  by, 


A{lo)  =  -oj^Y{uj)  (14) 

Given  the  equations  above  it  is  possible  to  go  from  a  given  excitation 
x[t),  to  the  corresponding  discomfort  factor.  The  only  thing  which  re¬ 
mains  to  be  specified  are  the  kernel  transforms  There  are  a  number  of 
methods  for  determining  the  kernel  transforms  for  a  given  system;  if  the 
equations  of  motion  are  available,  the  method  of  harmonic  probing  [3]  is 
both  simple  and  effective  and  will  be  the  method  applied  here. 

The  basis  of  the  harmonic  probing  method  is  to  examine  the  response 
of  the  system  to  certain  very  simple  inputs.  In  order  to  identify  for 

example,  the  system  is  ‘probed’  with  the  single  harmonic, 


x\  =  (15) 

Substituting  this  expression  into  the  Volterra  series  (10)  the  correspond¬ 
ing  generic  response  is  found  to  be, 

yl  =  +  i?2(n,  n)e2^^'  +  .  .  .  (16) 
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If  the  expressions  (15)  and  (16)  are  now  substituted  into  the  specific 
equation  of  motion  (3),  equating  the  coefficients  of  on  the  right-hand 
and  left-hand  sides  gives, 


(— -f  icQ  4-  k)H{Q,)  =  1 
and  the  form  of  Hi  follows  trivially, 


(17) 


(18) 


4  iciUJ  4  k 

The  extraction  of  H2  is  a  little  more  complicated,  this  requires  probing 
with  two  independent  harmonics,  so, 


4 


.  (19) 

A  straightforward  computation  using  Equations  (10),  (11)  and  (13) 
shows  that  the  corresponding  response  is, 


yf  =  Hi{ai)e^^^^  4  4  +  ...  (20) 

The  argument  proceeds  as  for  Hi]  if  these  expressions  are  substituted  into 
the  equation  of  motion  (3),  the  only  HFRFs  to  appear  in  the  coefficient  of 
the  sum  harmonic  eh^i+n2)t^  where  Hi  is  already  known 

from  Equation  (16).  So  as  before,  the  coefficient  can  be  rearranged  to  give 
an  expression  for  H2  in  terms  of  the  second  order  coefficient  C2  and  Hi.  In 
fact, 


-^2(^1,  ^2)  —  C2UJiUJ2Hi{Ui)Hi[u)2)Hi{u)i  +  ijJ2)  (21) 

Hz  is  obtained  by  probing  with  a  three-tone  signal,  the  argument  is  a 
trivial  modification  of  the  above  and  the  result  is, 


=  \Hi{u)i  4  0^2  4a;3)x 

[  — 2c2  {(o^i  4  U}2)uJzH2{iJJl^<-^2)Hi{uJz)  4  {0J2  +  ^^3)^l-f^2(^2j  ^3)-f^l{^l) 
4(<^3  4  0Jl)iO2H2{(jJ3:  ^l)-^l((^2)}  4 

—  icziOiLOzUJs Hi  [uji  )Hi  [(jJ2  )  Hi  (c^3  )] 

(22) 

In  the  case  of  the  hyperbolic  tangent  model,  although  the  HFRFs  have 
been  obtained  for  the  approximation  (3),  if  the  expansion  is  valid,  they  are 
not  only  exact  for  (3),  but  also  for  (4).  This  is  because  H^  in  general  only 
depends  on  the  coefficients  of  terms  of  product  order  n  or  less. 
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Now,  the  discomfort  factor  can  be  computed  in  principle,  by  subsituting 
the  expressions  for  the  into  (13),  converting  to  acceleration  response 
via  (14)  and  finally  substituting  into  the  expression  (1). 

Suppose  the  input  x[t)  is  a  cosinusoid,  x[t)  =  X  cos{Q,t).  It  can  be 
shown  that  the  response  (up  to  0{X^))  is  [18], 

y{t)  =  ^H2{a,-a)+ 

O  v3 

x|Hi(n)icos(ni+ziyi(n)+— 1^3(0.  n.-n)|  cos(m+zff3(n,n, -n))+ 

n)  cos(2fiz  +  zfl'2(f5,  n))+ 

Zj 

^|H3(n,n,n)|cos(3nj  +  zH3(n,fi,n))  +  o(x")  '  (23) 

where,  from  (21)  and  (22)  it  follows  that, 

E-iiSl,  Q)  =  (24) 

ffiin,  n,  n)  =  (-2claHi{2Ci)  -  hc3)  (25) 

and 

i?3(n,  n.  -fi)  =  n^fl'i(n)"lii'i(n)|^  (-^c^nHi(2n)  +  ha)  (26) 

on  using  the  reflection  property  of  the  kernel  transforms  ,  — oj^)  = 

Hnioji, .  .  .  jUiu)*  where  *  denotes  the  complex  conjugate  [17]. 

Equation  (23)  can  be  simplified, 

2/(0  =  yo  +  cos{nQ,t  +  (t>^)  (27) 

71=0 

where  yo,  1^2,  ^"3,  (j)2  and  (ps  can  be  read-off  directly  from  (20),  and, 

Fi  =  (iHi(fi)rx^  +  -a)\^x^+ 

1 

bidi(fi)ff3(n,a,-n)|x^cos(ziri(n)  -  zi?3(n,n, -fi)))'  (28) 

nHi{n)\x sin -a)\x^ sin Cl, -a)\ 
<t>^  -  tan  ^  Cl,  -n)!^^  cos  CHsiCl,  Cl,  -Cl)  J 

(29) 
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Now  the  response  in  (27)  can  not  be  directly  used  in  forming  the  dis¬ 
comfort  factor  Di  in  (1)  because  the  displacement  spectrum  and 

hence  the  acceleration  spectrum  A(n)  contains  (^’-functions.  These  are  not 
strictly  functions  but  distributions  [8],  and  multiplication  is  not  defined 
for  distributions.  Specifically,  they  can  not  be  squared.  In  order  to  avoid 
this  problem,  a  new  discomfort  factor  is  proposed  specifically  for  harmonic 
responses.  In  general, 


D,{a)  =  (so) 

For  the  present  study,  the  summation  is  truncated  at  third  order.  Note 
that  this  differs  from  Di  as  it  is  a  function  of  frequency.  The  weighting 
factor  used  (1),  depends  on  the  axis  of  vibration.  The  concern  here  is  with 
the  2-axis  vibration  at  the  seat.  The  appropriate  weighting  is  Wg  [11], 
defined  according  to  BS  6841  by  (Figure  2), 


0.5  </  <  2.0 
2.0  </  <  5.0 
5.0  </  <  16.0 
16.0  <  /  <  80.0 
Elsewhere 


W,{f)  =  0.4 
W,{f)  =  //5 
W,if)  =  1,00 
W,{f)  =  16.0// 
W,{f)  =  0,00 


Filter  Wb 


Figure  2.  Comfort  weighting  factor. 
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TWO  DEGREE-OF-FREEDOM  MODEL 


Having  established  the  techniques  needed,  the  study  can  now  proceed 
to  a  more  realistic  model  of  the  suspension  (Figure  3)  [1]. 


Figure  3.  Two  degree-o£- freedom  model. 

The  equations  of  motion  of  the  system  are, 

mtyt  +  fd{yt  -  yh)  +  (^t  +  ^s)yt  -  Kyh  =  hyo 

rrLbjjh  -  fd{yt  -  yb)  +  K{yb  -yt)  (31) 

where  m^,  kt  and  yt  are  the  mass,  stiffness  and  displacment  of  the  tyre  -  the 
unsprung  mass,  mj,  and  yt  are  the  mass  and  displacement  of  the  body  or 
the  sprung  mass  (This  is  usually  taken  as  one  quarter  of  the  total  car  body 
mass),  fd  is  the  characteristic  of  the  nonlinear  damper  and  ks  is  the  (linear) 
stiffness  of  the  suspension.  A  cubic  characteristic  will  again  be  assumed 
for  the  damper  i.e.  fd{z)  =  ciz  +  C2Z^  +  032^.  t/o  is  the  displacement  at  the 
road  surface  and  acts  here  as  the  excitation. 

The  discomfort  factor  will  be  computed  in  terms  of  the  acceleration  at 
the  car  body.  It  is  therefore  necessary  to  calculate  the  relevant  response 

spectrum.  Each  of  the  processes  2/0  — ^  yt  sind  yo  - >  yi  has  its  own 

Volterra  series  and  it  will  be  shown  below  that  the  responses  will  depend 
on  the  kernel  transforms  from  both  series.  The  notation  is  defined  by, 
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—  HI[uj)Yq[lo)  4-  J- — r  /  duji  —  UJi)Yo[u!i  )Yq{uJ  —  UJi)^ 

(  Ztt  j —oo 


]_  rco  roo 


duidui2Hl{uJi,UJ2,‘^—‘^l -UJ2)Yo{u}i)Yo{u>2)Yo(u1-UJi  —UI2) 


n(a^)  =  Hl{uj)Yoiu^)  -  ‘^i)YoMYo(w  -  0-1)+ 

(^ZTT  j  J-OD 


]_  /“CO  roo 


i/l)  J  —ooJ  ~O0 


C^CJi  ,  UJ2,  UJ~LOi  •~LiJ2)Yo[uJi)YQ(^(jJ2)YQ{LjU—(jJi  —UJ2)-\-.  •  . 


The  harmonic  probing  procedure  for  Multi-Degree-of- Freedom  (MDOF) 
systems  is  a  straightforward  extension  of  that  for  SDOF  systems.  In  order 
to  obtain  the  first-order  (linear)  kernel  transforms,  the  probing  expressions, 


Vo  = 

,,p  _ 


yl  =  +  . . . 


yl  =  +  ...  (36) 

are  used.  These  expressions  are  substituted  into  the  equations  of  motion 
(31),  and  the  coefficients  of  are  extracted.  The  resulting  equations  are, 
in  matrix  form. 


—mtD?  +  iciQ  +  fcf  +  Ajs  — fcin  —  ks  \  f  Hl{Q) 

-iciCl  -  ks  — +  ici9,  ks  J  \ 

This  2x2  system  has  a  straightforward  solution. 


Hliu.)  = 


kt{—mi,uj^  +  iciuj  +  ks) 
-rritio'^  -f  iciUj  +  /ct  +  ks){—mi^uj'^  -f  iciu>  -f  k^ 


{iciu  4-  ks 


Hly)  = _ _ 

+  fcio;  +  kt  ks){—mbUJ^  -f  iciW  4-  ks)  —  {iciUJ  +  ks)^ 

(39) 

It  will  prove  useful  later  to  establish  a  little  notation, 
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$(a;)  = 


-rritUJ^  +  iciLJ  +  kt  —iciUJ  —  ks 

—  icjuj  —  ks  —rribUJ^  +  iciOJ  +  ks 


-1 


1 

-1 


(40) 

The  second-order  kernel  transforms  are  obtained  using  the  probing  ex¬ 
pressions, 


yl  =  -f  (41) 

+  2il‘(ni,  02)6*''^'+"=)'  +  . , .  (42) 

and, 

yl  =  ff‘(ni)e*"‘‘  +  ffj(n2)e'""‘  +  2ff‘(^^i,  +  ■  ■  •  (43) 

These  expressions  are  substituted  into  the  equations  of  motion  (31)  and 
the  coefficients  of  e4^i+^2)t  extracted.  The  resulting  equations  are,  in 
matrix  form, 

f — ?7it(ni  0.2)^  "t  ici(^Q,i  -f  ^^2)  ki  ks  —icil^Q^i  +  ^1^2)  ~  ks  x 

Y  “T  ^2)  “  ks  — +  ^^2)^  4"  fci(ni  -f  ^2)  ks  J 

(  Sa’.S) )  =  (  i  )  -  iyi‘(n2)] 

(44) 

so 


(45) 

The  calculation  of  the  third-order  kernel  transforms  proceeds  as  above, 
except  a  three-tone  probing  expression  is  used, 

yl  =  (46) 

The  result  of  the  computation  is, 


/  -^3(^1: ^2,^3) 


=  ^{lji  a;2  +  i4^3)('^(^i3  ^2,  ^3)  +  <5(^i  j  ^2 >  ^3))  (47) 


where, 


2 

F(tJi,a;2,^3)  =  rC2  X]^i(^2+(4j3)[i^‘J(a;i)  — i7i(u;i)][id2(^2,  ^4;3)“if2(^2j  ^3)] 
c 

(48) 
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where  J2c  denotes  a  sum  over  cyclic  permutations  of  cui,  u>2  and  0^3.  Also, 
G{iUi^  102^^03)  —  — 6fC3  JJu^n  [-^1(^71)  ~  ■^l(^n)]  (4:9) 

71=1 

The  displacement  spectra  can  now  be  calculated  from  equations  (32) 
and  (33).  Note  that  to  obtain  Yt{uj)  (resp.  Ybi^))  requires  a  specification 
of  Hi  (resp.  Hi)  and  fiTj,  Hi,  Hi  and  Hi-  The  quantity  of  interest  is 
actually  Yk{uj)  as  this  is  the  vibration  at  the  car  body. 

In  the  restricted  case  where  tjq  is  a  cosinusoid  yo{t)  =  ^o,  cos{Qt).  The 
displacement  response  at  the  car  body  is  given  by, 

oy-S 

yoli^i  (f!)i  cos(ni + zffi(n)+ n, -ct)\ cos(m+ n,  -n))+ 

Y‘2 

-^\H^^{a,a)cos{2Qt  +  iHl{a,a))+ 

n,  fi)|  cos(3ni  +  fi,  n))  +  o{Yo^)  (so) 

which  is  essentially  identical  to  (23).  The  subsequent  definitions  (24)-(30) 
require  only  notational  changes  in  order  to  establish  a  discomfort  function 
D2(n)  for  the  two  degree-of-freedom  model. 

The  theory  above  is  easily  adapted  to  the  case  of  the  ’sky-hook’  sus¬ 
pension  model  (Figure  4)  [12j.  The  equations  of  motion  are, 


rrityt  +  {h  +  ks)yt  -  Ky^  ~  hyo 

rribyb  +  fdii/b)  +  K^yb  -  t/t)  =  0 
The  Hi  functions  for  this  system  are  given  by, 

t,  .  _  _ kt{-TnbUJ^  +  iciuj  ks) _ 

^  ^  {-rrituj^  +  kt^  ks){-mkuj^  -f  iciw  -f  ks)  -  k^ 

^  _ 

{—ratuj^  kt  +  ks){—mbUJ^  +  iciuj  +  ks)  -  k'^ 

The  H2  functions  are  given  by, 


(51) 


(52) 

(53) 


(54) 
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where, 


Figure  4.  Two  degree-of- freedom  model. 


+  kt  +  K 

\  —^s 

Finally,  the  H^s  are  given  by, 


-k. 

—rrihUJ^  +  iciuj  + 


(55) 


where, 

2 

=  ~C2Y^u}i{uj2  +  aj3)i7i(a;i)iT2{^2,^3)  (57) 

c 

and, 

3 

K{lji,uj2j^3)  —  —  6fc3  JJa;„i7j(a;^)  (58) 

71=1 

The  output  spectrum  for  the  skyhook  is  given  by  equation  (50)  and  the 
discomfort  function  is  computed  exactly  as  before. 
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AN  EXAMPLE 


The  discomfort  function  for  the  De  Carbon  model  is  computed  here. 
The  mass  m  and  stiffness  h  are  taken  from  page  163  of  [9],  m  =  240  kg 
and  k  =  16000  N/m.  The  coefficients  of  the  damper  are  taken  from  a 
least-squares  curve-fit  to  the  force-velocity  characteristic  of  a  McPherson 
strut  [6], 


fi{y)  =  2960y  +  96501/'  +  -132001/'  (59) 

The  velocity  range  over  with  the  curve-fit  was  valid  was  -0.2  m/s  to  0.2 
m/s  and  this  corresponds  to  an  amplitude  of  excitation  A  of  approximately 
600  N.  The  corresponding  discomfort  function  D2  computed  from  (30)  is 
shown  in  Figure  5  for  frequencies  from  0  Hz  to  100  Hz.  Also  shown  is  the 
discomfort  which  results  when  fd  is  taken  as  linear  with, 

fd{y)  =  29601/  (60) 

(Note  that  this  specification  is  not  conservative.  The  linear  damping 
should  strictly  be  increased  to  dissipate  the  same  amount  of  energy  per 
cycle  as  the  nonlinear  model.) 


Frequency  (Hz) 

Figure  5.  Discomfort  functions  for  linear  and  nonlinear  suspensions. 


737 


The  two  traces  almost  overlay,  which  seems  to  indicate  that  energy 
transfer  from  the  fundamental  to  the  third  harmonic  is  not  a  substantial 
source  of  discomfort.  Note  that  the  linear  resonance  of  the  system  is  at 
1.3  Hz,  well  down  on  the  discomfort  weighting  factor.  The  region  of  the 
discomfort  curve  which  does  show  a  difference  between  linear  and  nonlinear 
dampers  is  between  0  Hz  and  5  Hz  (Figure  6).  The  reason  for  this  is  that  as 
the  fundamental  frequency  runs  from  1.66  Hz  to  5.33  Hz,  the  corresponding 
harmonics  are  in  the  unity  weighted  region  of  the  weighting  curve  and 
contributes  to  the  discomfort.  Note  that  the  increase  in  discomfort  at  2.0 
Hz  on  the  graph  say,  is  not  due  to  the  response  component  at  2.0  Hz  but 
due  to  components  at  4.0  and  6.0  Hz,  the  harmonics.  Energy  is  transferred 
from  frequencies  where  little  discomfort  is  experienced  to  frequencies  in  the 
human-body  resonance  region  at  about  5.0  Hz.  This  mechanism  can  also 
produce  discomfort  when  the  fundamental  is  below  0.5  Hz  even  though 
the  weighting  curve  is  zero  there.  The  harmonics  increase  the  discomfort 
only  around  the  resonant  frequency,  this  is  in  broad  agreement  with  the 
conclusions  of  [16],  which  were  obtained  using  a  multi-body  simulation 
code. 


Frequency  (Hz) 

Figure  6.  Discomfort  functions  for  linear  and  nonlinear  suspensions 

(zoomed). 

Note  that  the  ultimate  quantity  of  interest  is  a  global  measure  of  the 
discomfort  as  local  (in  frequency)  increases  in  ^2(0;)  could  be  compensated 


738 


by  local  decreases  elsewhere  in  the  frequency  range.  A  global  measure  can 
be  obtained  by  integrating  D2  i.e., 

r<^max 

D3=  du)  D2[^)  (61) 

It  is  clear  from  Figures  5  and  6  that  the  low  frequency  increases  in  D2 
for  the  nonlinear  system  are  not  compensated.  Thus  for  the  nonlinear 
system  is  greater  than  D3  for  the  linear  system.  In  fact,  if  tUrnax  is  taken 
as  IOtt  (corresponding  to  5  Hz),  the  D3  index  increases  from  5.94  to  6.22 
in  going  from  the  linear  to  nonlinear  case;  an  increase  of  4.7%. 

CONCLUSIONS 

It  is  shown  how  to  compute  the  transmission  of  energy  through  a  num¬ 
ber  of  simple  but  often  used  suspension  models.  This  allows  an  assessment 
of  the  ride  comfort  properties  of  the  models.  It  is  shown  for  the  De  Carbon 
model  -  the  simplest  suspension  -  that  the  nonlinearity  of  the  damper  does 
not  appear  to  contribute  substantially  to  discomfort  except  at  frequencies 
near  the  linear  resonance  of  the  system.  There  the  energy  transfer  mech¬ 
anism  from  fundamental  to  harmonics  contributes  significantly  to  discom¬ 
fort.  Work  is  currently  in  progress  to  assess  the  effects  of  nonlinearity  in 
the  two  degree-of- freedom  suspension  models.  The  ultimate  aim  of  the 
research  is  to  express  the  discomfort  of  the  damper  as  a  function  of  the 
damper  parameters,  thereby  establishing  design  guidelines. 
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ABSTRACT 

The  investigation  of  the  non-linear  dynamic  behavior  and  stability  of 
structural  systems  liable  to  asymmetric  bifurcation  is  undertaken. 
Computer  simulations  obtained  by  numerical  integration  of  the 
equations  of  motion,  analytical  solutions  and  approximate  solutions 
obtained  by  perturbation  procedures  are  used  to  determine  the 
equilibrium  configurations,  while  Floquet  analysis  is  used  to  study 
their  stability  and  identify  the  bifurcation  points  along  the  equilibrium 
paths.  Attention  is  focused  on  the  determination  of  stability 
boundaries  in  control  space  and  the  bifurcation  events  connected  with 
these  boundaries.  Finally,  different  criteria  for  escape  are  presented 
and  the  results  are  compared  with  those  obtained  by  numerical 
simulations. 


INTRODUCTION 

This  work  examines  the  dynamics  and  instabilities  of  a 
structural  system  that  exhibits  an  asymmetric  point  of  bifurcation 
along  its  fundamental  equilibrium  path. 

A  large  number  of  structural  systems  such  as  frames,  arches  and 
shells  under  certain  boundary  and  static  loading  conditions  may 
display  an  asymmetric  post-buckling  equilibrium  path  near  the 
bifurcation  point  [1,2].  This  post-buckling  path  usually  exhibits  a  sharp 
initial  slope,  which  leads  to  a  high  imperfection  sensitivity  and,  as  a 
result,  a  large  scatter  of  buckling  loads  [3].  This  has  a  unpleasant 
influence  on  the  load  carrying  capacity  of  the  structure  and,  for  a 
structural  element  under  dynamic  conditions  (impulses,  impacts, 
periodic  loads,  etc.),  there  is  always  a  risk  of  loss  of  stability  even  for 
small  levels  of  static  pre-loading  and  dynamic  disturbances.  In  these 
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circumstances  refined  non-linear  analyses  of  a  particular  structure  are 
of  little  help  in  accessing  the  safety  of  a  real  system. 

Hence,  because  of  the  above-raised  uncertainties,  it  becomes 
clear  that  what  is  needed  for  design  is  to  understand  the  ways  in 
which  stability  is  lost  and  to  derive  theoretically  well  founded 
predictive  criteria  of  the  stability  bounds  of  dynamic  loads  in  the 
control  space. 

Recently,  due  mainly  to  the  discovery  of  chaotic  motions  in 
physical  systems,  the  field  of  non-linear  d5mamics  has  experienced 
considerable  development  and  a  large  collection  of  theoretical  and 
numerical  algorithms  were  derived  for  the  analysis  of  such  systems 
[4,5,6].  These  tools  can  be  used  to  study  the  non-linear  dynamics  of 
autonomous  and  non-autonomous  systems  with  any  number  of 
degrees  of  freedom,  although  most  of  them  are  particularly  suited  to 
the  analysis  of  SDOF  models.  The  study  of  basins  of  attraction, 
bifurcation  diagrams,  Floquet  multipliers,  phase  portraits,  energy 
distributions,  among  other  tools,  enables  one  to  study  the  mechanics  of 
escape  and  derive  predictive  criteria  for  the  stability  analysis  of  such 
systems.  Among  various  loading  cases,  the  study  of  harmonically 
excited  systems  is  important  since,  in  many  circumstances,  the  external 
excitation  can  be  described  as  an  harmonic  force. 

Here  in  this  paper,  using  a  SDOF  model,  a  detailed  analysis  of 
the  non-linear  dynamic  behavior  of  pre-loaded  structural  systems 
susceptible  to  asymmetric  bifurcation  under  harmonic  loads  is 
presented.  Numerical  and  analytical  tools  are  used  to  obtain  stability 
boundaries  in  control  space  and  to  identify  the  various  bifurcation 
events  associated  with  these  boundaries.  The  knowledge  of  these 
mechanisms  enables  one  to  develop  predictive  criteria  for  the  dynamic 
instability  loads.  They  can  also  be  used  to  evaluate  the  safety  and 
reliability  of  a  given  system  and  thus  may  serve  as  a  guide-line  for  the 
design  of  these  elements.  Here,  various  predictive  criteria  are 
presented  and  critically  compared  with  the  actual  escape  loads. 
Although  the  analysis  is  concentrated  on  SDOF  models,  the 
phenomenological  characteristics  may  be  applicable  to  any  structural 
system  exhibiting  asymmetric  bifurcation. 


STATIC  ANALYSIS  AND  BASIC  DEFINITIONS 

The  simplest  potential  energy  expression  for  a  structural  system, 
liable  to  asymmetric  bifurcation,  imder  static  pre-loading,  is  given  by 
[1-3] 
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(1) 


V{x)  =  zx  +  ^{P„-P]x-+^^  x^ 

where  x  is  a  generalized  coordinate,  P,,  -  P  is  the  effective  stiffness  of 
the  structural  system,  (3  represents  the  system  non-linearity  and  £ 
is  a  small  imperfection  parameter.  Here  is  a  critical  load  parameter 
which  depends  only  on  the  physical  and  geometrical  characteristics  of 
the  structure  and  P  is  a  load  parameter  associated  with  the  applied 
static  loading. 

The  static  equilibrium  configurations,  obtained  from  the 
principle  of  the  stationary  value  of  the  total  potential  energy,  are  given 

by  , _ 

(2) 


2|3  ^  2p 

The  stability  of  the  equilibrium  configurations  are  analyzed  by 
evaluating  the  second  derivative  of  (1) 

={p„-P]+2?, 


dx^ 


at  each  equilibrium  point.  If  (3)  is  positive,  represents  a  local 

minimum  and  the  equilibrium  is  stable,  while  if  (3)  is  negative,  x^^  is 
a  local  maximum  of  V  and  the  equilibrium  is  unstable.  When  e  =0  the 
structure  is  said  to  be  perfect.  A  kmily  of  equilibrium  paths  for  perfect 
and  imperfect  systems  are  shown  schematically  in  Figure  1,  where  the 
load  parameter  P  is  plotted  as  a  function  of  the  incremental  co-ordinate 
X.  Here,  a  solid  curve  indicates  a  stable  equilibrium  path  and  a  dashed 
curve  indicates  an  unstable  equilibrium  path.  The  trivial  fundamental 
path  of  the  perfect  system  intersects  the  post-buckling  path  at  P  =  P^.^, 
where  a  change  of  stability  occurs.  The  asymmetric  aspect  caused  by 
the  non-zero  slope  at  this  bifurcation  point  is  the  reason  why  the 
structure  is  said  to  be  liable  to  asymmetric  bifurcation.  The  ever 
present  imperfections  break  down  the  equilibrium  path  and  its 
bifurcation.  When  the  imperfection  parameter  e  has  the  same  sign  as 
the  non-linearity  parameter  |3,  there  is  a  load  level  above 

which  there  are  no  equilibrium  positions.  When  the  stable  and 

unstable  equilibrium  points  meet  in  a  saddle-node  like  bifurcation.  In 
terms  of  the  system's  parameters  the  limit  load  is  given  by 


(4) 


Similar  result  was  obtained  by  Koiter  [1,3]  and  is  shown 
graphically  in  Figure  2.  At  the  point  £  =0  the  slope  is  infinite 
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indicating  a  sharp  drop  in  the  load  carrying  capacity  even  for 
negligible  imperfection  levels.  For  this  reason  this  type  of  structure  is 
said  to  be  sensitive  to  initial  imperfection.  When  s  and  p  have  the 
same  sign  there  are  no  limit  points  and  the  stable  equilibrium  path 
increases  indefinitely  as  the  load  increases.  One  can  observe  that,  for 
either  perfect  or  imperfect  systems,  at  any  load  level,  the  potential 
energy  exhibits  a  minimum  and  a  maximum  that  coalesce  at  the 
bifurcation  or  limit  point. 


Figure  1  -  Equilibrium  paths  for  a  perfect  and  imperfect  structure:  a) 
£  and  p  have  the  same  sign;  b)  e  and  p  have  opposite  signs. 


Figure  2  -  The  drop  in  loading 
capacity  of  the  structure  due  to 
imperfections. 


NON-LINEAR  VIBRATIONS  AND  INSTABILITIES 

In  this  section  the  mathematical  model  for  the  dynamic  analysis 
of  the  system  is  presented  and  some  general  properties  are  discussed. 

Conservative  system. 

For  static  load  levels  smaller  than  the  critical  value,  the 
fundamental  solution  is  stable.  In  many  engineering  problems  this  is 
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the  equilibrium  configuration  whose  stability  must  be  preserved.  Static 
stable  solutions  are  only  possible,  according  to  Lyapunov,  if  any 
dynamical  disturbance  leads  to  motions  in  phase  space  which  remain 
in  the  vicinity  of  the  static  equilibrium  point  for  all  time.  Here  the 
degree  of  safety  of  these  stable  equilibrium  configurations  is  analyzed. 

The  differential  equation  that  describes  the  dynamic  behavior  of 
the  unforced  and  undamped  system  is  given  by 

mx+t+(P^^-P)x+P  X-  =0  (5.a) 


x{0)  = 


(5.b) 


.  x(0)  =  Vo 

where  m  is  the  generalized  mass  and  (•)  denotes  differentiation  with 
respect  to  time. 

The  associated  total  energy  of  the  system  is. 


£■(  x,x]  =  —mx  +  -  P)x'^  +-  ^  x^  -E  (j:o,Vo) 


(6) 


For  static  load  levels  below  the  critical  load  value  the  system 
displays  at  least  two  equilibrium  points:  one  stable  equilibrium  point 
associated  with  pre-buckling  configurations  and  an  unstable 
equilibrium  point  related  to  the  imstable  branch  of  the  post-buckling 

response.  The  level  curves  of  E  (jc,  x)  =  constant  are  the  solution 
curves  of  (6).  For  the  present  case  the  phase  portraits  for  different 
energy  levels  are  drawn  in  Figure  3  for  a  perfect  system  and  P<P„.  As 
observed,  there  are  mainly  two  types  of  solution:  a)  a  type  of  solution 
that  oscillates  around  the  stable  equilibrium  point  and  remains 
bounded;  and  b)  a  type  of  solution  that  escapes  to  infinity.  The  type  of 
response  depends  only  on  the  initial  conditions.  The  homoclinic  orbit 
that  connects  the  saddle,  associated  with  the  imstable  equilibrium 
point,  to  itself  and  encloses  the  stable  equilibrium  point  in  the  phase 
space  is  the  frontier  between  the  two  types  of  solution.  The  area 
enclosed  by  the  homoclinic  orbit  is  given  by 


2^{p„-Pf-^-P,r+P 


A  =2 


I  ^l~(^o  x~2a  x^  -3p  x^)  dx 

\ -  V  m 


(7) 


^[p„-pf 


2(i 


For  small  imperfection  levels  (e  «l)  the  safe  basin  area  can  be 
approximated,  after  expanding  equation  (7)  in  a  Taylor  series,  by 

({P„-Pf  6z^P„-P 


Area  =  A  = 


(8) 


5|3 


P 
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The  set  of  points  inside  this  closed  curve  is  called  here  the 
conservative  basin  of  attraction.  This  defines  the  region  where 
unavoidable  d3mamic  perturbations  leads  to  stable  motions  around  the 
fundamental  configuration.  So,  for  initial  conditions  inside  this  region 
of  the  phase  plane,  the  pre-buckling  configuration  is  Lyapimov  stable. 
Any  perturbation  whose  initial  conditions  lie  outside  this  region 
generates  a  diverging  motion  to  infinity  or  to  a  stable  post-buckling 
configuration  far  away  from  the  original  equilibrium  configuration, 
leading  as  a  rule  to  a  failure  of  the  system.  The  region  occupied  by  this 
stable  basin  of  attraction  depends  greatly  on  the  distance  between  the 
stable  and  unstable  points  and  consequently  on  the  slope  of  the  post- 
buckling  path  of  the  structural  system.  As  the  static  load  level 
increases  the  area  of  this  basin  of  attraction  decreases  rapidly  and 
disappears  at  the  bifurcation  or  limit  point  (saddle-node  bifurcation), 
as  shown  in  Figure  4,  where  the  safe  basin  area  of  a  perfect  system  is 
plotted  as  a  function  of  the  static  pre-loading.  This  explains  the  high 
sensitivity  of  these  systems  not  only  to  initial  geometric  and  loading 
imperfections,  as  shown  by  Koiter  [3],  but  to  any  class  of  dynamic 
disturbances  which  may  arise  accidentally  during  the  construction  or 
service  life  of  the  structure.  This  area  can  be  taken  as  a  measure  of  the 
stability  of  the  structure.  If  the  basin  is  small,  then  small  disturbances 
on  the  initial  conditions  can  lead  to  escape  and,  consequently,  to  a 
failure  of  the  system.  The  safe  basin  area  is  only  slightly  affected  by 
small  damping  ratios  such  as  those  usually  encountered  in  slender 
structural  systems  and  the  present  conclusions  remain  unaltered  if 
damping  is  included  in  the  analysis. 


Figure  3  -  Trajectories  of  the  solution  on  the  phase  space  for 
different  initial  conditions.  Perfect  system. 
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Figure  4  -  Variation  of 
the  safe  basin  area  with 
the  static  load  level. 


Dynamic  behavior  under  harmonic  loading. 

When  the  structure  is  subjected  to  an  external  harmonic  loading 
in  a  viscous  damping  environment,  equation  (5. a)  becomes 

mx+  cx+e  +  -  P)x+p  x^  =Fcos{Qt)  (9) 

where  Q  is  the  frequency  of  the  harmonic  loading,  F  is  the 
maximum  intensity  of  the  force,  and  oO  is  the  viscous  damping 
coefficient. 

Under  these  new  circumstances  the  system  is  no  longer 
autonomous  and  conservative,  but  the  set  of  solutions  can  still  be 
classified  in  the  same  sense  as  before,  that  is,  bounded  solutions  and 
unbounded  (escape)  solutions. 


Figure  5  -  Escape  boundary  curves:  a)  Gradually  increased  load;  b) 
Suddenly  applied  load  (system  initially  at  rest). 
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For  a  system  under  dynamic  loads,  escape  from  the  potential 
well  associated  with  the  stable  static  fundamental  solution  is  more 
difficult  to  determine  and  a  detailed  numerical  analysis  of  the  dynamic 
buckling  must  be  carried  out  as  a  function  of  the  control  variables  [7- 
11].  For  a  harmonically  excited  system,  the  variation  of  the  escape  load 
as  a  function  of  the  forcing  parameters  F  and  Q.  is  shown  in  Figure  5 
(the  parameter  values  used  in  these  examples  are:  m=l,  c=0.1,  e=0,  P„- 
P=1  and  P=-l).  The  slowly  evolving  system  escape  boundary  was 
generated  by  the  following  method:  for  each  fixed  value  of  a  small 
initial  value  of  F  was  used  to  integrate  the  differential  equation  over 
a  fixed  period  of  time.  If  the  solution  did  not  escape  after  this  time  a 
small  increment  AF  was  given  to  F  and  the  last  position  and 
velocity  values  were  used  as  the  new  initial  conditions.  This  process 
was  repeated  until  the  solution  escaped  within  the  fixed  time  interval 
and  the  value  of  F  was  plotted.  The  start  from  rest  escape  boundary 
was  obtained  in  a  similar  manner.  The  difference  is  that  at  each 
increment  of  F  the  initial  conditions  were  set  to  zero,  assuming  that 
the  system  is  initially  at  rest.  As  one  can  observe,  the  stability 
boundary  is  composed  of  various  '"curves",  each  one  associated  with  a 
particular  bifurcation  event.  The  deepest  well  is  associated  with  the 
primary  non-linear  resonance  zone,  while  the  other  wells  to  the  left  are 
cormected  with  the  super-harmonic  resonances  of  various  orders.  A 
detailed  parametric  analysis  indicates  that  the  descending  branches  are 
the  locus  of  saddle-node  bifurcations,  whereas  the  ascending  branches 
are  associated  with  sub-  and  super-critical  flip  bifurcations.  Figure  7 
shows  bifurcation  diagrams,  due  to  the  variation  of  load  parameter  F , 
for  different  values  of  Cl.  The  stability  of  the  periodic  solutions  is 
determined  by  the  calculation  of  its  Floquet  or  characteristic 
multipliers.  For  low  values  of  Cl,  the  harmonic  and  static  escape  loads 
are  practically  the  same,  as  expected,  while  in  other  regions  the 
magnitude  of  the  escape  load  can  be  much  lower  or  higher  than  the 
static  value.  The  lowest  critical  load  occurs  aroimd  Q=0.85,  just  to  the 
left  of  ^^=1.00,  which  is  the  natural  frequency,  due  to  the  softening 
characteristics  of  the  system. 

Although  the  ascending  branches  appear  to  be  smooth,  they  are 
in  fact  discontinuous.  Figure  6  shows  a  region  in  the  parameter  plane 
FxCl  in  which  the  structure  initially  at  rest  escapes  (white  points)  or 
not  (black  points)  within  a  period  of  32  times  the  forcing  period.  The 
fractal  nature  of  the  escape  regions  corroborate  the  assumption  of  a 
discontinuous  boundary.  It  has  been  also  shown  in  literature  that  the 
basin  boundary  in  this  region  is  also  fractal  [12,13].  In  this  region  there 
is  a  high  degree  of  unpredictability  and  a  safe  lower  bound  is 
necessary  for  design. 
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ESCAPE  CRITERIA 


One  of  the  aims  in  engineering  design  is  to  predict  the 
maximum  load  capacity  of  a  structure.  Thus  for  an  imperfection 
sensitive  structure  liable  to  asymmetric  bifurcation  under  a  harmonic 
loading  it  is  important  to  have  a  criterion  that  enables  one  to  predict 
under  which  circumstances  the  structure  may  loose  its  stability  and 
escape.  Recently  a  number  of  papers  were  published  on  this  subject  [7- 
13].  A  summary  of  various  predictive  criteria  proposed  in  recent  years 
are  presented  by  Szemplinka-Stupnicka  [9].  Here,  based  on  geometric 
characteristics  of  the  basin  of  attraction  and  potential  energy  or  on 
approximate  periodic  solutions  of  equation  (9),  some  criteria  have  been 
implemented  for  this  particular  problem  and  tested.  These  criteria  are 
described  below  and  compared  with  the  stability  boundary  obtained 
numerically. 


I  ,  I  - - ^ ^ - 1 - ^ — 1 - - 

1.7S  1.8  1.85  1.9  1.95  Q 

Figure  6  -  Regions  of  escape  in  the  F  xQ,  plane  of  the  structure 
under  suddenly  applied  harmonic  external  loading. 
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(Q=0.36) 


post-critical  minimum  (0=1.87)  post-critical  maximum  (0=1.20) 


e)  period  doubling  cascade  of  bifurcations  leading  to 
chaos/escape  (0=1.00) 


Figure  7  -  Different  escape  mechanisms.  The  symbols  mean: 
Stable  Focus,  ^  -  Stable  node  and  -  Saddle. 


The  maximum  displacement  criterion. 

This  criterion  states  that  escape  will  occur  when  the  maximum 
displacement  of  the  solution  is  greater  than  the  maximum 
displacement  of  the  conservative  basin  of  attraction. 

The  maximum  impulse  criterion. 

This  criterion  states  that  escape  will  occur  when  the  maximum 
velocity  of  the  solution  is  greater  than  the  maximum  velocity  of  the 
conservative  basin  of  attraction. 

The  maximum  energy  criterion. 

This  criterion  states  that  escape  will  occur  when  the 

instantaneous  energy  of  the  solution  becomes  greater  than  the 
potential  energy  associated  with  the  saddle  equilibrium  position, 
called  potential  barrier. 

The  loss  of  stability  criterion. 

This  criterion  states  that  escape  will  occur  when  the 

fundamental  period  one  solution  looses  its  stability,  either  through 
saddle-node  bifurcation  or  period  doubling. 

The  criterion  of  maximum  energy  is  similar  to  the  criteria  of 
maximum  displacement  and  velocity  since  it  is  equivalent  as  stating 
that  escape  will  happen  when  the  solution  leaves  the  conservative 
basin  of  attraction.  None  of  the  first  three  criteria  uses  information 
about  the  real  mechanisms  of  escape. 

On  the  other  hand,  the  loss  of  stability  criterion  does  take  into 
account  the  actual  mechanisms  of  escape  and  can  be  easily 
implemented.  It  must  be  pointed  out  that  these  criteria  are  extremely 
dependent  on  the  quality  of  the  approximate  analytical  solution  of  the 
non-linear  equation  of  motion. 

The  approximate  solution. 

The  approximate  analytical  solution  used  here  was  obtained  by 
the  Lindstedt-Poincare  method  [6]  and  is  given  by 

— - — —f — ^ — r+acos(i^-(j))+-7 — - — rcos(2f2r-2(t)) 

2{p^-p)  3{p^-p) 

The  amplitude,  fl,  and  phase  angle,  (j),  of  the  response  can  be 
determined  by  solving  the  non-linear  system 

^m((|) )  =  — ^  (11) 

^  i^cos(<|))  ^  ^  2pe 

m  ma  -  P)  m{P^^  -  P) 
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Figure  8  -  Escape  boundary  by  numerical  and  approximate  methods. 

In  Figure  8  the  escape  boundary  obtained  by  numerical 
integration  is  compared  with  the  results  obtained  by  the  maximum 
energy  and  loss  of  stability  criteria.  Close  to  the  main  resonance  zone 
both  criteria  are  in  good  agreement,  being  a  lower  bound  of  the  actual 
escape  load.  For  forcing  frequencies  greater  then  the  natural  frequency 
(1.4  <  ^  <  1-8),  the  loss  of  stability  criterion  gives  better  results  because 
it  captures  the  real  mechanism  of  escape  in  this  frequency  region.  For 
large  (Cl  >  1.8)  or  small  {Q.  <  0.5)  forcing  frequencies  the  escape  load 
can't  be  predicted  by  these  criteria.  For  small  forcing  frequencies  {Q.  < 
0.5),  the  static  buckling  load  can  be  used  as  escape  load.  For  large 
forcing  frequencies  (11  >  1.8)  the  stability  criterion  is  incapable  of 
predicting  the  escape  load  because  the  load  at  which  the  period  one 
solution  looses  its  stability  -  the  event  predicted  by  this  criterion  -  (see 
Figure  7.c)  can  be  much  lower  than  the  escape  load  since  the  period 
two  solution  may  remain  stable  for  values  of  F  much  greater  than  this 
critical  load.  It  should  be  pointed  out  that  in  this  region  the  dynamic 
response  is  very  sensitive  to  small  disturbances  and  a  safer  lower 
bound  should  be  derived  to  be  used  in  design. 

CONCLUSIONS 

Structural  systems  liable  to  asymmetric  bifurcation,  when  subjected  to 
dynamic  disturbances  may  exhibit  dynamic  buckling  loads  much 
lower  than  the  static  critical  loads.  In  the  dangerous  zones,  there  are 
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different  escape  mechanisms  whose  identification  is  essential  in 
deducing  reliable  predictive  criteria  for  buckling  loads  and  evaluating 
the  integrity  of  a  given  system.  The  present  results  confirm,  from  a 
dynamical  point  of  view,  the  high  imperfection-sensitivity  and  the 
difficulties  in  accessing  the  load  carrying  capacity  of  these  structures. 
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ABSTRACT:  A  nonlinear  model  has  been  developed  to  investigate  the 
full-span  oscillations  of  an  iced  twin-bundled  transmission  line,  the  type 
of  oscillations  often  observed  in  the  field.  Numerical  solutions  involve  a 
finite  element  analysis  in  conjunction  with  a  perturbation  scheme  to  ac¬ 
count  for  a  line’s  geometric  nonlinearity,  prestress  forces  and  nonlinear 
aerodynamic  loads.  By  eliminating  the  sub-span  motions  between  the  two 
conductors,  the  twin  bundle  is  modelled  as  an  equivalent  single  conductor 
so  that  the  total  number  of  degrees-of-freedom  is  reduced  by  half  and  com¬ 
putational  efficiency  is  improved  greatly.  The  aerodynamic  forces  acting  on 
the  conductors  are  obtained  from  experimental  wind  tunnel  simulations  by 
applying  a  quasi-steady  theory.  The  initiation  of  galloping  is  investigated 
numerically  by  using  a  conventional  stability  analysis.  Limit  cycle  ampli¬ 
tudes,  if  oscillations  occur,  are  obtained  from  a  computational  efficient, 
Krylov-Bogoliubov  averaging  method  and  their  stability  is  also  studied.  In 
addition,  a  computationally  expedient  time  marching  algorithm  is  used  to 
compute  the  response  for  those  instances  where  averaging  procedures  can¬ 
not  be  employed.  Examples  are  presented  to  Illustrate  typical  oscillations 
of  iced,  twin  conductors. 


INTRODUCTION 

Overhead  electrical  transmission  lines  consist  of  single  or  bundled  conduc¬ 
tors,  insulator  strings,  support  hardware,  spacers  and  tower  components. 
(See  Figure  1.)  They  are  often  subjected  to  wind-induced  vibrations  caused 
by  a  steady  normal  wind.  There  are  three  types  of  oscillations  which  bun¬ 
dled  conductors  may  experience,  viz.  galloping,  wake-induced  oscillations 
or  aeolian  vibrations.  Galloping  is  characterized  by  low  (0.1  to  3Hz)  fre¬ 
quency,  large  amplitude,  self  excited  oscillations.  It  is  produced  by  aero¬ 
dynamic  instabilities,  which  stem  from  asymmetry  in  a  conductor’s  cross 
section  due  to  ice  accretion  or,  more  rarely,  the  stranding  of  the  conduc¬ 
tor  itself.  Galloping  instabilities  of  bundled  conductors  involve  mainly  the 
bulk  motion  of  the  bundle.  Wake-induced  oscillation,  on  the  other  hand, 
is  produced  by  the  aerodynamic  forces  arising  from  the  shielding  effects 
of  the  windward  conductors,  and  has  a  frequency  range  from  0.75  to  6Hz. 
The  resulting  instabilities  may  involve  both  subspan  and  full  span  motions 
when  the  conductors  are  connected  by  spacers.  Moreover,  aeolian  vibra¬ 
tion  is  a  high  frequency,  low  amplitude  oscillation  compared  to  galloping. 
It  is  caused  by  an  alternating  wind  force  induced  by  a  pressure  difference 
due  to  a  regular  formation  of  air  vortices  behind  a  conductor. 
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It  is  often  observed  in  the  field  that  twin  conductors  move  in  phase  when 
vibrating  in  a  bundle.  The  sub-span  motion,  conversely,  is  imperceptible. 
Therefore,  the  full  span  motion  alone,  or  bulk  motion  of  the  twin  bundle 
is  often  studied  for  practical  purposes.  Researchers  have  considered  an 
equivalent  single  conductor  model  for  the  bundle  to  study  the  full  span 
motion  [1]  and  the  galloping  of  a  single  conductor  transmission  line  has 
been  investigated  successfully  [2,  3].  Moreover,  an  oscillator  analysis  based 
on  a  damped  spring  and  mass  model  for  twin  bundles  [4]  and  a  finite 
element  analysis  using  tensioned  beam  elements  for  triple  Dundles  [5]  have 
been  performed.  Based  on  scarcity  of  the  available  research,  it  can  be 
concluded  that  further  analytical  work  on  full  span  oscillation  of  ice  coated 
twin-bundle  conductors  needs  to  be  performed. 

In  this  paper,  the  full  span  bulk  motion  of  an  iced  twin  bundle  is  inves¬ 
tigated,  whereas  the  sub-span  motion  is  neglected.  Hence,  the  twin  bundle 
is  modelled  as  an  equivalent  single  conductor,  the  motion  of  which  can  be 
represented  by  the  displacement  and  rotation  of  a  reference  line  located 
midway  between  the  two  conductors.  A  finite  element  technique  is  cou¬ 
pled  with  a  perturbation  scheme  and  the  nonlinear,  algebraic  equations  of 
motion  are  derived  and  solved.  Cable  elements  are  used  to  represent  the 
conductors  and  rigid  spacers  are  assumed  to  restrict  the  motion  between 
two  corresponding  nodal  points  on  the  two  conductors.  Consequently,  both 
the  flexibility  of  the  conductors  and  the  rigidity  of  the  spacers  are  consid¬ 
ered.  Compared  with  the  case  when  both  full  span  and  sub-span  motions 
are  employed,  the  computer  program  is  much  less  time  consuming  and 
needs  less  memory  because  the  number  of  variables  representing  the  bulk 
motion  is  the  same  as  that  for  a  single  conductor.  Again,  the  initiation  of 
galloping,  the  limiting  amplitude  if  galloping  occurs,  as  well  as  the  history 
of  the  twin-bundled  transmission  line’s  motion  are  investigated. 


FORMULATION 
Mathematical  model 

The  bulk  motion  of  a  twin  bundle  can  be  represented  by  the  displacement 
and  rotation  of  a  reference  line  between  the  two  conductors  that  is  desig¬ 
nated  the  center  of  rotation,  as  shown  in  Figure  2.  It  is  assumed  that  the 
rotation  about  this  center  is  small  and  that  the  longitudinal  motions  of 
both  conductors  are  negligible.  The  overhead  conductors  are  modelled  by 
using  computationally  efficient,  three-node  isoparametric  cable  elements. 
Relative  movements  between  two  corresponding  nodal  points  on  the  con¬ 
ductors  are  constrained  by  spacers.  Rigid  spacers  fink  the  conductors  along 
the  lines  at  nodal  points,  e.g.,  a  massless,  fictitious  spacer  joins  correspond¬ 
ing  conductor  nodes  not  defining  a  physical  spacer.  The  equivalent  single 
conductor  model  can  take  advantage  of  the  results  from  previous  research 
on  single  conductors  [2]. 


Modelling  the  two  individual  conductors 

By  considering  two  separate  conductors  lying  side  by  side,  the  equations  of 
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motion  for  the  windward  and  leeward  conductors  are  written,  respectively, 
as 

Ww]{Qw}  +  [Cw]{Qw}  +  [KwKQw}  =  (1) 

and 

m{qi}  +  [am  +  m{qi}  =  {F,}  +  {F,,}.  (2) 

The  [Mi],  [Ci]  and  [Ki],  i  =  w  and  I,  are  the  N  x  N  mass,  damping  and 
stiffness  matrices  and  subscripts  w  and  I  denote  the  windward  and  leeward 
conductors,  respectively.  Vectors  {g^},  {F^,}  and  {Fg^}  are  the  displace¬ 
ments,  external  aerodynamic  loads  and  the  forces  simulating  the  effects  of 
the  spacers  on  the  windward  conductor,  respectively.  The  {qi},  {FJ  and 
{Fsi}  are  analogous  vectors  for  the  leeward  conductor.  The  effects  of  the 
ice  formation  on  the  conductors  are  taken  into  account  when  forming  the 
mass  and  stiffness  matrices.  The  procedure  for  constructing  [M^,]  and  [Md, 
[Cyj]  and  [Cf],  as  well  as  and  [Ki]  is  similar  to  that  used  in  reference  [2J. 


Forces  on  the  spacers,  {F^^}  and  {Fgi} 

Equations  of  motion  for  the  twin  conductor  bundle  are  derived  from  equa¬ 
tions  (1)  and  (2)  in  the  following  section.  The  forces  given  by  spacers  at 
each  nodal  point,  j,  are  noted  as  {F^u;^}  and  {Fgij}  for  the  windward  and 
leeward  conductors,  ie. 


{'F’.y}  =  i  =  w,l.  (3) 

Here,  the  Fuwj^  F^j^j  and  M^j  are  the  forces  in  the  x,  y  and  2 
directions  and  the  moment  about  the  rr-axis  on  the  windward  conductor 
whilst  the  F^/^,  F^ij,  F^ij  and  Mij  are  those  on  the  leeward  conductor. 
By  using  Newton’s  second  law,  the  relations  between  the  forces  on  the 
spacers  and  the  movements  at  the  center  of  rotation  can  be  determined. 
The  expressions  for  the  massless  fictitious  spacers  and  the  physical  spacers 
are 


where 


TTigj  Uj 
63 j  Tfhgj  Vj 
^sj  '^sj  '^j 
^sj  ^sj 


F  ■ 

F 

J-  wwj 

cos  -f  F,„ 


0  for  a  fictitious  spacer  at  node  j 
1  for  a  physical  spacer  at  node  j. 


(4) 


(5) 


The  Igj  and  rrisj  are  the  inertial  moment  and  mass  of  the  physical  spacer  at 
node  j.  The  Iw  and  k  are  distances  between  the  center  of  rotation  and  the 
windward  and  leeward  conductors,  respectively,  for  both  the  physical  and 
fictitious  spacers.  The  6oj  is  the  angle  between  the  spacer  and  horizontal 
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plane  at  node  j  whilst  Uj^  Vj,  Wj  and  9j  are  the  accelerations  in  the  x,  y 
and  directions  and  the  angular  acceleration  of  the  twin  bundle  about  the 
a;-axis,  respectively. 


Constrained  motions 

The  movements  of  both  conductors  can  be  expressed  in  terms  of  the  motion 
at  the  center  of  rotation  when  the  sub-span  motion  is  neglected.  Thus, 
the  displacements  and  rotations  have  the  matrix  form 

{Qij}=^P'ij]{qj},  i  =  w,h  (6) 

for  the  windward  and  leeward  conductors.  The  {qij}  =  {Uij,Vij,Wij,Oij}'^, 

1  =  w,l,  and  {qj}  =  {uj,Vj,Wj,  6j}'^  represent  displacements  in  the  x,  y  and 

2  directions  and  rotations  about  the  x-axis  at  the  windward  and  leeward 
conductors  and  at  the  center  of  rotation  of  the  twin  bundle  at  nodal  point 
j,  respectively.  The  transformation  matrices  [T^j]  and  [Tij]  are  defined  as 


■  1  0  0  0  1 

rrp  1  _  0  1  0  ^  j  cos  9oj  J  _  j  Iw 

'001  ^.sin^oi  ’  \  -Ih 

.000  1  J 


(7) 


where  i  =  w,  I .  The  l-u,  and  k  are  the  distances  from  the  center  of  rotation 
to  the  centers  of  the  windward  and  leeward  conductors,  respectively.  The 
9oj  is  the  initial  rotation  coordinate  at  node  j  at  the  center  of  rotation. 
There  are  two  assumptions  made  in  deriving  equations  (6)  and  (7).  The 
first  assumption  is  that  the  rotation,  9,  is  small;  the  second  is  that  the 
longitudinal  movements  of  both  conductors  are  identical. 


The  velocities  and  accelerations  can  be  obtained  in  a  similar  manner 
except  that  there  are  two  terms  involved  in  the  expressions  for  accelerations 
due  to  the  conductors’  tangential  and  normal  components  with  respect  to 
the  center  of  rotation.  The  expressions  for  the  velocities  and  accelerations 


{fe}  = 


i  =  w,l, 


where 


{qij}  ~  \Tij]{qj}  -f  [Tijo\{q^}  i—w,l, 

{q^}^{ulvlwl9]r, 


■  0  0  0  0  1 

\T  ]  -  Q  0  0  -liSm9oj  ^  J 

[  tjo]  -  0  0  0  licos9oj  ’  '  \  -k, 

.000  0  J 

i  =  wj.  (10) 
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Equations  of  motion  for  the  twin  bundle 

It  can  be  shown  straightforwardly  from  equations  (3) ,  (4)  and  (7) ,  by  using 
Newton’s  second  law,  that 

(U) 

for  the  fictitious  massless  spacer  as  well  as  physical  spacer,  where 


[Msj]  = 


TTlsj  0  0  0 

0  rrisj  0  0 

0  0  TTlsj  0 

0  0  0  Isj 


Finally,  by  letting 

{9i}  =  [TiK?}.  i  =  w,l, 

{ft}  =  [7il{g},  i  =  w,Z, 

as  well  as 

{ft}  =  [Til  {9}  +  [Tio]{g^},  i=vj,l, 
the  equations  of  motion  becomes 

{M]{q}  +  [C]{9}  +  [K]{q}  =  {F}, 


(12) 


(13) 

(14) 

(15) 

(16) 


where  {g}  is  the  global  displacement  vector  of  the  bundle  at  the  center  of 
rotation  and  {gu,l  and  {g^}  are  the  displacement  vectors  on  the  windward 
and  leeward  conauctors,  respectively.  They  are  defined  as 


{9}  =  {{ft}^.  {g2}^,---,  {gnJ'^V, 

[i]  =  {{9?}^  {9i}^--. 

and 

{ft}={{ftl}^,  {ft2}^,...,  {qin,W,  i  =  w,l, 

where  rip  is  the  number  of  nodal  points.  The  matrices  in  equation  (16)  are 
defined  as 


[M]  =  [r„]^[M„][T^]  +  [Tif[Mt][Ti]  +  [MA 

[C]  =  [rj^[a][rj  +  [T,ncm  (17) 

[K]  =  [TXiK.m  +  mnmTA 

and  the  resultant  force  vector  is  given  by 

{F}  =  [T^f  {F„}  +  [Ty{F}.  (18) 

Similarly,  the  aerodynamic  vectors  and  {F}  are  assembled  from  the 
force  vectors  and  {Fij}  whilst  the  transformation  matrices  [T^]  and 
[Ti]  are  obtained  similarly  from  matrices  [T^j]  and  [Ttj]  at  nodal  point  j, 
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j  =  I,. . .  ,np.  The  mass  matrix  [Mg]  is  the  contribution  from  the  physical 
spacers’  inertias.  More  specifically, 


and 


[7^1  = 


Til  0  •••  0 

0  Ti2  0 


0  0  Ti„ 


(19) 

i  =  w,l, 

(20) 

[Ms] 


SsiMsi  0 
0  6s2^s2 


0 

0 


0  •••  0  6gr^,Mgr.,\ 


(21) 


The  [T^uo]  and  [Tio]  have  similar  definitions  to  those  for  [T^]  and  [Ti]  when 
Ty,j  and  Tij  are  substituted  by  and  Tf^o,  j  =  1, 2, . . .  ,np,  respectively. 


Aerodynamic  forces 

The  aerodynamic  forces,  {F},  in  equation  (16)  are  obtained  directly  from 
experimentally  measured  static  forces  and  moments  at  the  center  of  rota¬ 
tion  of  the  twin  bundle  under  a  steady  wind  by  applying  a  quasi-steady 
theory.  These  forces,  which  cause  the  conductors  to  vibrate,  depend  non- 
linearly  upon  the  geometry  of  the  iced  conductors  and  the  relative  wind 
speed  to  the  conductors.  The  general  form  of  the  aerodynamic  forces  per 
unit  length  can  be  written  at  each  nodal  point  as 

Fi  =  ^  Pair  d  Ci,  i  =  y,z,  (22) 

Me  =  ^PairU^sid!"  Ce, 

where  Pair,  Urei,  d  and  Ci^i  =  z^6,  are  the  density  of  air,  relative  wind 

speed  with  respect  to  a  conductor,  a  reference  structural  dimension  and 
the  load  coefficients,  respectively.  In  this  analysis,  the  coefficients  Cy, 
and  Ce  are  approximated  by  cubic  polynomials  of  the  fixed  angle  of  attack, 
a,  to  simulate  the  experimental  data.  The  polynomials  take  the  general 
form 

3 

Ci  =  IE  i  =  y,z,9.  (23) 

i=o 

The  constants  aij,  i~y,z,  0,  j  =  0, 1, 2, 3,  are  obtained  from  a  least  square 
curve  fit  of  experimentally  measured  lift,  drag  and  moment  coefficients  [2]. 
These  coefficients  are  calculated  as  a  function  of  the  free  stream  speed  as 
well  as  the  relative  wind  speed  for  the  moving  twin  conductors,  and  the 
instantaneous  wind’s  angle  of  attack.  They  are  measured  along  the  line  at 
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the  center  of  rotation  of  the  bundle. 


Initiation  of  Galloping 

Equations  of  motion  (16)  define  the  stability  and  motion  of  the  conductors’ 
bulk  motion.  The  static  configuration  of  a  transmission  line,  subjected  to 
ice  and  a  mean  steady  wind  load,  is  computed  from  the  nonlinear,  static 
equilibrium  equations  obtained  by  letting  {g}  =  {q}  =  0  in  equation  (16). 
The  resulting  nonlinear  static  equations, 

WM  =  m.  (24) 

are  solved  by  using  the  Newton-Raphson  (N-R)  iteration  method  [6]. 

The  initiation  of  galloping  is  determined  by  the  stability  of  the  static 
equilibrium  configuration  of  the  transmission  line.  An  unstable  static  con¬ 
figuration  is  generally  called  the  initiation  phase  of  galloping.  The  stability 
analysis  is  performed  by  linearizing  the  equations  of  motion  near  the  static 
equilibrium  configuration.  Therefore,  the  N  linearized  equations  are  given 
by 

[M]{q}  +  lCL]{q}  +  [KL]{q}  ^  m.  (25) 

where 


[Cl]  =  [C]-[Cu] 

[Ki]  =  [K]-lKu]  .  (26) 

The  [Cu]  and  [Ku]  stem  from  the  linearization  of  the  aerodynamic  loads. 
They  are  formed  by  assembling  the  linearized  element  load  vector,  {Fl^}, 
where 

{FL^}  =  {Cu‘]{r}  +  [Ku‘W}  ■  (27) 

Superscript  e  denotes  elemental  quantities  and  elements  of  [Cu^]  and  [Ku^] 
can  be  found  in  reference  [2].  Eigenvalues  of  the  resulting  characteristic 
matrix,  [Sc] ,  are  computed  from 

^  _  -[mWk[,]  ^ 

Here  [0]  and  [/]  are  the  N*N  null  and  identity  matrices,  respectively.  The 
static  configuration  is  stable  if  all  the  eigenvalues  of  [Sc]  have  a  negative 
real  part.  If  the  static  configuration  is  unstable,  the  limiting  motion  and 
history  of  motion  are  found  by  employing  two  independent  methods,  the 
Krylov-Bogoliubov(KB)  [2]  averaging  scheme  and  direct  time  integration. 


Limit  cycles 

By  considering  the  equation  of  motion  to  be  weakly  nonlinear,  time  av¬ 
eraging  schemes  can  be  used  to  approximate  the  periodic  solutions.  The 
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equation  of  motion  (16)  is  transformed  first  to  the  principal  coordinate 
system,  as  [2] 

iVp 

Vi  +  'AVi  =  Fm  -  s  Fi^kVk,  «  =  1 , 2, . . . ,  iVp,  (29) 

k-\ 


—  y~!(^4?-2,2  F Fzj  +  (p4j,i  ^9j)’ 

J=1 

Here  Up  and  Np  are  the  number  of  nodal  points  and  principal  coordinates, 
respectively.  The  uf,  (l)ij,  F^.  and  on  the  other  hand,  are  the  squared 
natural  frequencies,  elements  of  the  eigen  function  matrix  [(j)],  forcing  vector 
{F*}  and  the  damping  matrbc  [C*]  in  the  principal  coordinate  system, 
respectively.  Then  the  Krylov-Bogoliubov(KB)  technique  is  applied  to  the 
modified  equations 


iVp 

Vi  +  uj'jvi  =  Fni-Y.  Fi,kVk  +  K?  -  ‘i’hVi, 

k=\ 

^  =  l,2,...,iVp,  (30) 

where  =  cjj,  ;  =  1, . . . ,  fc,  for  the  non-resonant  modes  and  Uj  —  ujj  + 
0(£:),  j  =  1, . . . ,  m,  for  the  resonant  modes.  The  k  and  m  are  the  number  of 
the  non-resonant  and  internally  resonant  modes,  respectively,  and  k-{-m  = 
Np.  Furthermore,  the  u*  are  expressed  in  terms  of  a  common,  but  unknown 
frequency  oj*  for  the  resonant  modes.  Periodic  and  quasi-periodic  solutions 
of  equation  (30)  are  assumed  to  take  the  form 

r}i{t)  =  Ai(t)cos^i{t),  (31) 

where  Ai{t)  and  ^i{t)  are  defined  such  that 

fji  =  -AiU^sMi,  (32) 

AiCos'^i  =  Ai^fsin^. 

Substituting  equations  (31)  and  (32)  into  equation  (30)  results  in  two  de¬ 
coupled  equation  sets  in  Ai  and  ipi,  which  are  given  by 

Ai^t  =  Fa,  =  [Aiiuif  -  u;f)cos%  -  F,,  -  F^]sm%,  (33) 

Aiipiui  =  =  [Ai{uf  -  uf)cos'^>i  -  -  F<.]cos«'i, 

i  =  (34) 

after  manipulation,  where 

Fc=^cl,Akulsm<if,.  (35) 

k=l 
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Equations  (33)  and  (34)  are  averaged  by  integrating  them  with  respect  to 
time,  t,  and  treating  the  slowly  varying  functions  Ai{t)  and  effectively 
as  constants  Ai  and  The  resulting  2Np  averaged  equations  are 

=  lim  i  -  F,,  -  F^]sin%dt  (36) 

r-^oo  1  Jo 

=  lim  ^  f  lAi{uJi  -  ujf)co$'^i  -  Frj,  -  Fc,]cos^idt.  (37) 

T-^oo  J  Jo 


The  constants  Ai  and  and  frequencies  u)*,  i  =  j  = 

1, 2, . . . ,  m,  are  found  by  letting  Ai{t)  =  =  0  in  equations  (36)  and 

(37)  and  solving  the  resulting  nonlinear  algebraic  equations.  Therefore  the 
approximation  of  the  limit  cycle,  given  by  equation  (31),  can  be  found. 


The  stability  of  a  limit  cycle  is  determined  by  performing  the  stability 
analysis  on  the  following  equations 


dAi 

d'l/Jk 


and 


i  —  1,2,...,  Np, 


(38) 


(39) 


Approximations  for  the  partial  derivatives  dAifdAj^  dAijOipk,  dipJdAj 

and  dljii/di)k,  hj  =  l,2,...,Ap,  k,l  —  1,2,  ...,m  ,  are  obtained  from 
equations  (36)  and  (37).  A  {Np  +  m)  *  {Np  +  m)  characteristic  matrix  [Sd 
is  constructed  from  equations  (38)  and  (39)  such  that 


_  dAj 


(40) 


c  q  _  d'ipi 

^HNp+l),j  ^Cf^Np+OJNp+k) 

2,  =  1 , 2, . . . ,  jVp,  kd  TTl. 

The  signs  of  the  real  parts  of  the  eigenvalues  of  [5c]  determine  the  stability 
of  the  limit  cycle.  When  m^O,  one  eigenvalue  is  always  zero  because  ail 
the  xpi  are  measured  with  respect  to  a  reference  mode.  If  ail  other  eigen¬ 
values  have  negative  real  parts,  the  limit  cycle  is  stable. 
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Time  integration 


A  direct  time  integration  of  the  equations  of  motion  is  performed  sep¬ 
arately  in  the  principal  coordinate  system  (29)  as  an  alternative  method. 
This  algorithm  may  be  employed  to  validate  the  results  obtained  from  the 
time  averaging  technique.  It  may  also  be  performed  on  the  sub-space  equa¬ 
tions  in  order  to  reduce  computational  effort.  The  algorithm  is  summarized 
in  reference  [2] . 


NUMERICAL  RESULTS 

A  single  span,  iced  twin-conductor  bundle,  whose  overall  form  is  slightly 
simpler  than  that  shown  in  Figure  1,  is  used  to  illustrate  a  typical  full- 
span  motion  when  galloping  is  initiated.  The  ice  accumulations  on  conduc¬ 
tors,  which  cause  the  conductors’  instability,  are  obtained  from  a  simulated 
freezing  rain  [2].  Sample  C 11, whose  cross  -  section  is  illustrated  in  Figure 
3,  resembles  severe  icing  formed  naturally  on  a  single  conductor  just  below 
0°C  [3].  The  icing  on  the  windward  and  leeward  conductors  is  considered 
identical  in  order  to  use  available  but  limited  experimental  aerodynamic 
data.  However,  about  20%  more  ice  can  be  accreted  in  a  strong  sideways 
wind  on  the  windward  conductor.  It  is  also  assumed  that  each  line  has  a 
uniform  coating  of  ice  and  that  the  wind  speed  does  not  change  along  the 
span. 

The  finite  element  model  has  21  nodes  at  the  center  of  rotation  (with 
node  numbers  1  and  21  representing  the  left  and  right  supports,  respec¬ 
tively)  so  that  twenty  elements,  ten  on  the  windward  and  ten  on  the  lee¬ 
ward  conductor,  are  used  to  discretize  the  two  single  span  conductors. 
The  physical  parameters  of  the  conductors  are  obtained  from  field  mea¬ 
surements  and  they  are  listed  in  Table  1.  Quasi  -  static  aerodynamic 
forces  are  measured  in  a  wind  tunnel  where  the  separation  between  the 
two  Cll  rigid  models  is  constant.  The  separation  used  here  is  0.471  m 
and,  initially,  =  at  =  40°  when  the  centers  of  the  two  conductors  lie 
in  a  horizontal  plane  (i.e  a  —  0°).  By  employing  a  least  square  curve  fit, 
the  experimental  data  are  found  to  give  the  aerodynamic  coefficients  listed 
in  Table  2, 

The  horizontal  distance  between  two  adjacent  nodal  points  is  12.588  m 
and  the  horizontal  static  tension  is  30  kN  for  both  simply  support  or  fixed 
ends.  The  only  difference  between  these  end  conditions  is  that  the  longi¬ 
tudinal  degree  of  freedom  is  retained  in  the  former  case.  However,  apart 
from  dead-end  spans,  a  simple  support  allows  a  more  realistic  interaction 
between  adjacent  spans  so  that  it  is  studied  in  greater  detail.  The  wind 
speed  and  tension  are  chosen  so  that  a  1:1  resonance  occurs  for  both  end 
conditions. 

The  stability  of  the  static  profile  of  the  conductor  bundle  under  the 
aerodynamic  loads  is  investigated  to  determine  the  initiation  of  galloping. 
The  static  profile  is  found  to  be  unstable  for  both  end  conditions  at  the 
assumed  4  m/s  wind  speed. 
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A  modal  analysis  is  performed  for  the  [K]  and  [M]  matrices  formulated 
in  equation  (16).  The  resulting  two  lowest  frequency  modes  are  one  loop 
symmetrical  modes  for  both  end  conditions.  The  mode  shapes  are  similar 
in  both  cases,  the  first  is  a  predominantly  horizontal  mode  and  the  second 
is  essentially  a  vertical  mode.  However,  as  expected,  the  second  natural 
frequency  is  slightly  higher  for  the  fixed-end  supports  than  for  the  simple 
supports.  Because  the  initial  stability  analysis  predicts  an  instability,  limit 
cycles  are  investigated  for  a  combination  of  these  two  modes. 

An  analysis  for  an  internally  resonant  system  when  is  close  to 

one{ijJ2/(j0i  =  !■*■)  is  performed  when  the  KB  time  averaging  method  is  ap¬ 
plied  because  the  frequency  ratio  is  considered  to  be  closely  spaced.  On 
the  other  hand,  step  by  step  time  integration  is  used  in  the  same  manner 
regardless  of  a  resonant  or  non-resonant  situation.  The  overall  rotation  of 
the  conductor  bundle  is  found  to  be  very  small  so  that  the  limiting  motions 
for  the  windward  and  leeward  conductors  are  indistinguishable  from  that 
at  the  center  of  rotation.  Therefore,  only  the  limit  cycle  at  the  center  of 
rotation  is  given  at  the  mid-span  in  Figure  4.  This  figure  shows  that  the 
results  of  step  by  step  time  integration  and  the  KB  time  averaging  algo¬ 
rithm  agree  well.  However,  the  slightly  different  natural  frequency  ratios 
produced  by  the  two  end  conditions  surprisingly  lead  to  noticeably  differ¬ 
ent  horizontal  movements  in  the  limit  cycles.  The  smaller  limiting  motion 
amplitude  at  the  fixed  ends  stems  from  a  higher  longitudinal  strain  (or 
tension)  because  the  length  of  the  cable  changes  when  one  loop  galloping 
happens.  However,  this  change  cannot  be  fed  into  the  adjacent  span  when 
the  ends  are  fixed. 

The  change  in  the  peak  limit  cycle  amplitude  at  the  mid-span  is  inves¬ 
tigated  for  the  simply  supported  span  at  various  steady  side  wind  speeds. 
The  initial  stability  analysis  predicts  that  the  static  profile  becomes  unsta¬ 
ble  when  this  wind  speed  exceeds  about  2  m/s.  Then,  Figure  5  shows  that 
the  limiting  amplitude’s  growth  rate  is  almost  linear  and  about  10%  that  of 
the  wind  speed.  However,  the  formulation  presumes  that  the  aerodynamic 
loads  are  weakly-nonlinear  so  that  wind  speeds  in  excess  of  6  m/s  are  not 
considered. 

Different  horizontal  static  tensions  in  the  conductors  cause  the  change 
in  the  limit  cycle  amplitudes  indicated  in  Figure  6.  The  tensions  consid¬ 
ered  at  the  4  m/s  wind  speed  of  the  example  are  beyond  the  usual  practical 
range  of  15  kN  to  30  kN  determined  from  20%  of  a  conductor’s  ultimate 
tensile  strength.  However,  Figure  6  shows  that,  as  the  tension  increases, 
the  limiting  motion  decreases  substantially  initially,  attains  a  minimum 
around  60  kN  before  unexpectedly  rising.  This  interesting  behavior  can 
be  explained  by  considering  the  dynamic  changes  in  the  aerodynamic  co¬ 
efficients  over  a  period  of  a  limiting  motion.  The  aerodynamic  coefficients 
are  comparable  at  30  kN  and  60  kN  so  that  a  larger  tension  in  this  range 
merely  increases  the  bundle’s  stiffness  and  thereby  reduces  the  midspan 
motion.  This  trend,  however,  is  counteracted  from  60  kN  to  90  kN  by 
larger  coefficients  (i.e.  wind  load)  and  the  limit  cycle’s  amplitude  increases. 
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CONCLUSIONS 


A  simple  model  that  is  computationally  efficient  has  been  developed 
to  analyze  the  galloping  of  a  twin  bundle  transmission  line  in  terms  of  an 
equivalent  single  conductor.  Larger  wind  speeds  and  smaller  tensions,  in 
the  range  traditionally  used,  are  shown  to  enlarge  the  limit  cycle  ampli¬ 
tude.  On  the  other  hand,  the  limit  cycles  found  beyond  this  range  reflect 
an  interesting  counterplay  between  changes  in  the  tension  and  aerodynamic 
load. 


ACKNOWLEDGMENTS 

The  writers  gratefully  acknowledge  the  financial  support  of  Manitoba  Hy¬ 
dro.  Helpful  discussions  with  Dr.  P.  Yu  and  the  computer  programs  pro¬ 
vided  by  Dr.  Y.M.  Desai  for  a  single  conductor  are  also  appreciated  greatly. 


References 

[1]  K.E.  GAWRONSKI  1977.  Non-linear  galloping  on  bundle-conductor 
transmission  lines.  Ph.D  Thesis,  Clarkson  College  of  Technology. 

[2]  Manitoba  Hydro  1992.  Modelling  of  Conductor  Galloping  :  Vol  I  & 
IL  Canadian  Electrical  Association  Report,  Project  No.  321  T  672, 
Montreal,  Canada. 

[3]  Manitoba  Hydro  1995.  Modelling  of  Conductor  Galloping  :  Phase 
IL  Canadian  Electrical  Association  Report,  Project  No.  321  T  672A, 
Montreal,  Canada. 

[4]  Y.  NAKAMURA  1980.  Galloping  of  bundled  power  line  conductors. 
Journal  of  Sound  and  Vibration,  Vol.73,  No.3,  p. 363-377. 

[5]  G.  DIANA,  F.  CHELI,  A.  MANENTI,  R  NICOLINI  and  F.  TAVANO 
1990.  Oscillation  of  bundle  conductors  in  overhead  lines  due  to  turbu¬ 
lent  wind.  IEEE  Transaction  on  Power  Delivery,  Vol.5,  No.4,  p.l910- 
1919. 

[6]  Y.  M.  DESAI,  N.  POPPLEWELL,  A.  H.  SHAH  and  D.  N.  BURAGO- 
HAIN  1988.  International  Journal  of  Computers  and  Structures 
29(6),  1001  -  1009.  Geometric  nonlinear  static  analysis  of  cable  sup¬ 
ported  structures. 

[7]  K.  G.  McConnell  and  C.  N.  CHANG  1986.  Experimental  Mechan¬ 
ics,  324  -  329.  A  study  of  the  axial  -  torsional  coupling  effect  on  a 
sagged  transmission  line. 

[8]  A.  S.  VELETSOS  and  G.  R.  DARBRE  1983.  International  Journal 
of  Earthquake  Engineering  and  Structural  Dynamics  11,  367  -  401. 
Dynamic  stiffness  of  parabolic  cables. 


768 


[9]  R.  K.  MATHUR,  A.  H.  SHAH,  R  G.  S.  TRAINOR  and  N.  POP- 
PLEWELL  1987.  Transactions  of  IEEE:  Power  Delivery  PWRD  - 
2  (3),  908  -  916.  Dynamics  of  a  guyed  transmission  tower  system. 

[10]  R.  W.  CLOUGH  and  J.  PENZIEN  1975.  Dynamics  of  structures.  New 
York:  McGraw  -  Hill. 

[11]  M.LIAO  1996.  Galloping  of  bundle  transmission  lines.  Ph.D  Thesis, 
University  of  Manitoba. 


Table  1.  Properties  of  Field  Lines  [11] 


Parameters 

Data 

d  (m) 

0.0286 

E  {N/m^) 

4.78033*  10“ 

GJ  {N  rn^lrad) 

101 

I  (kg  m) 

0.3334  *  10-^ 

H{N) 

21733 

Ey  (mm) 

2.05 

{ram) 

-0.63 

Area  (mm^) 

594.48 

Area(ice)  {mm^) 

423.24 

m  {kg/m) 

2.379 

0.743  *  10-^ 

0.138  *  10-2 

l-W )  {'^) 

0.2355 

L  (m) 

125.88 

Pair  {kg/m^) 

1.2929 

U  {m/s) 

1.5 -6.0 

Table  2.  Aerodynamic  Coefficients  [2] 


Coefficients 

Cll  conductor 
at  a  =  O"'  and  aw  =  ai= 

O'zj 

0^6  j 

j  =  0,  1,2,3 

2.7151,  -0.3335,  -8.1094,  16.7162 
1.7440,  1.7210,  1.6650,  3.56309 

0.3206,  -1.4543,  0.5869,  11.9408 
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^End-springs  represent 
coupling  with  remote  spans 


Figure  1.  Model  of  a  multi-span  transmission  line 


Windward  conducror 


Figure  2.  Bulk  modelling  of  a  twin  bundle  conductor 


Figure  3.  Cross-section  of  an  iced,  Cll  conductor  [2] 


Figure  4.  Limit  cycle  loci  obtained  at  the  mid-span  by  using 
the  KB  method  and  direct  numerical  integration 
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Limit  cycle  amplitude  (m)  Limit  cycle  amplitude  (m) 


Figure  6. 


0.40 


Amplitude  of  midspan’s  limiting  motion  with 
increasing  wind  speed 


Amplitude  of  midspan’s  limiting  motion  with 
changing  horizontal  tension 
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SAFE  DESIGN  OF  IMPACTING  SYSTEMS 


JUNE- YULE  LEE  and  J.K.  HAMMOND 

Institute  of  Sound  and  Vibration  Research, 
Southampton  University,  Southampton  S017  IBJ,  U.K. 


Abstract  Linear  and  nonlinear  oscillators  undergoing  impacting  are  studied  using 
analytic  and  numerical  methods.  Two  strategies  for  chattering  suppression  are 
investigated:  parametric  control  and  isolation  control.  The  system  behavior  is  monitored 
using  bifurcation  diagrams  as  one  or  more  of  the  parameters  change.  An  experimental 
cantilever  impacting  beam  is  demonstrated  for  the  validation  of  theoretical  and  numerical 
results. 


1.  INTRODUCTION 

Many  mechanical  systems  are  designed  to  have  clearances  at  support  points  to  allow 
for  thermal  expansion,  and  in  cutting  processes  machinery  instability  is  due  to  the 
impacting  between  the  workpiece  and  cutting  tool.  As  a  machine  speeds  up,  damage 
may  be  caused  by  impact  resonance.  In  the  last  ten  years,  impact  dynamics  has  been 
researched  in  detail  using  simple  mass-spring  linear  oscillator  models  with  an  endstop 
[1-9].  Researchers  were  interested  in  the  fundamentals  of  impact  dynamics,  particularly 
in  the  ensuing  chaotic  motion.  Bifurcation  theory  was  applied  to  investigate  the 
stability  of  system’s  behaviour  as  parameters  changed.  For  periodic  impact  motion, 
analytic  methods  have  explicit  solutions  and  the  bifurcation  points  can  be  predicted. 
However,  for  those  ranges  of  driving  frequency  with  low  velocity  impact  response  the 
motion  is  nonperiodic  (unstable)  and  so  far  there  is  no  explicit  solution,  so  numerical 
simulation  is  applied  leading  to  bifurcation  diagrams. 

The  organization  of  this  paper  are  as  follows.  In  section  2,  a  basic  mass-spring  linear 
oscillator  impact  system  is  studied  using  analytic  methods.  In  section  3,  linear  and 
nonlinear  impact  oscillators  are  introduced  using  numerical  methods.  The  effect  of 
parameter  control  using  bifurcation  diagrams  are  investigated.  In  section  4,  an  isolation 
subsystem  is  introduced  where  the  concept  of  de- tuning  of  impact  resonance  is  applied. 
In  section  5,  a  cantilever  impacting  beam  is  modelled  to  validate  the  theoretical  and 
numerical  results. 


2.  BASIC  MODEL  OF  IMPACTING  SYSTEMS 
2.1  Single-impact  period-w  motions 

The  model  considered  here  is  a  single  degree  of  freedom  system  shown  in  figure  1 
where  the  mass  is  under  a  harmonic  excitation  and  the  motion  is  limited  by  an  endstop 
on  one  side.  For  simplicity,  we  assume  the  deformation  during  impact  is  negligible,  the 
contact  force  resulting  from  impact  is  impulsive  and  the  duration  of  the  contact  is 
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much  shorter  than  the  period  of  the  external  excitation;  in  fact  we  idealise  the  impact 
as  instantaneous.  The  non-dimensional  equation  of  motion  when  not  impacting  is 

X +  +  coscot;  X  <g  (1) 

where  x  =  ,  x  =  dxjdT ,  ( is  damping  ratio  and  g  is  gap  size.  The  impact  will 

occur  at  x{t)  =  g  and  the  velocity  change  is  modelled  as  x(t+)  -  -rx(T-)  where  r  is 
a  restitution  coefficient,  (t+)  is  time  before  impact  and  (t-)  is  time  after  impact.  In 
order  to  analyse  the  impacting  system  in  more  detail  we  rewrite  equation  (1)  and  let 
f  =  0.  In  this  case  the  only  mechanism  for  energy  loss  is  due  to  the  coefficient  of 
restitution  at  each  impact,  i.e. 


^  +  a:  =  COSCOT,  <g  (2) 

With  initial  conditions  (;c,i,T)  =  (g,Vo,To)  and  considering  the  trajectory  starting 
from  impact  time  Tq  with  velocity  (before  impact)  and  velocity  -rv^  (after 
impact),  the  solution  of  equation  (2)  given  by  Shaw  (1985)  is 

x(t;  g-rvQ ,  To )  =  (g  -  J0COS  coTq  )  cos(t  -  To ) 

+  (pcosmo)TQ  -rVo)sin(T-To)  +  i0coscoT 

Differentiating  (3)  with  respect  to  t  gives  velocity 

v(t;  g,-rVo ,  Tq  )  =  -(g  -  pcos  coz^  )  sin(T  -  Tq  ) 

+  (pcosin  coZq  “  rvo )  cos(t  -  Tq  )  -  pco  sin  cot 

where  =  1  /  (1  -  co^ ) .  For  the  case  when  identical  impacts  occur  periodically  at  times 
Tq  +2mf  CO  (i.e.  single-impact  period-n  motion  or  (l,/2)-orbit),  then  we  have  the 
following  conditions: 


Vo  =n  =V2  =‘*-  =  V„ 

2nn  , 

^1  ='Z'o+ - =  'l>n 

CO 

X(T)>g,  V  TE(To,Ti) 


(5) 


writing  =  cos(2n;r  /  cu),  =sm{2nnl  co)  and  substituting  into  equation  (3&4) 
gives 


^cos{a4J 

1 

-2®(l-c„) 

ffl(l  +  r)j„ 

'g  ' 

sm(<»0J 

2/3(b(1-c„) 

0 

-a-r)(l-c„)_ 

_v„_ 

and  leads  to 
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This  was  derived  by  Shaw  (1985)  Whiston  (1987)  and  Budd  (1995).  The  quadratic 
equation  (8)  provides  a  visualisation  of  the  information  of  (l,«)“Orbit  solutions;  it  is 
useful  to  see  how  v„  varies  as  the  function  of  w  with  a  fixed  g.  For  g=0,  r=0.8,  figure 
2  shows  single  impact  solutions  of  equation  (8).  The  results  give  a  resonance  response 
curve  of  impact  velocity  against  driving  frequency  w.  This  diagram  is  plotted  for  a 
series  of  single  impact  period-n  solutions  where  n  from  1  to  5.  As  the  previous  study 
[9]  n=l  means  a  harmonic  solution  with  single  point  in  the  Poincare  section;  n=2  is  a 
sub-harmonic  solution  which  has  two  points  in  the  Poincare  section.  Therefore,  the 
first  negative  peak  occurs  at  co=2  and  is  the  fundamental  solution  of  resonance  with 
period- 1  impact  oscillation,  sub-resonance  impacting  with  period-2  occurs  at  q)=4, 
period-3  at  qp=6  and  so  on.  Thus,  the  result  of  this  kind  of  behaviour  can  be  referred  to 
as  single-impact  period-^  solutions  having  the  property  that  impact  resonance  occurs 
at  driving  frequency  co=2n.  We  call  this  is  an  incomplete  bifurcation  diagram.  The 
complete  bifurcation  diagram  will  be  demonstrated  in  the  next  section  using  numerical 
techniques. 

2.2  Two-impact  period-n  motion 

In  the  last  subsection  we  obtained  a  stable  single  impact  periodic  solution,  but  for  some 
parameter  combinations  the  impact  response  may  lose  stability,  i.e.  the  solution  may 
bifurcate  to  high  order  impact  or  chaotic  motions.  In  figure  2,  it  is  intuitive  that  impact 
resonance  occurs  near  the  region  of  driving  frequency  (»=2n.  However,  when  w  is 
away  from  the  resonant  range  impact  velocity  reduces  and  may  transit  to  rattling 
vibration  due  to  low  impact  velocities.  We  can  say  the  energy  is  dispersed  by  the  high 
impact  rate  with  a  series  of  low  impact  velocities  instead  of  low  impact  rate  with  a 
series  of  high  periodic  impact  velocities.  This  is  the  chattering  problem  and  difficult  to 
analyse  because  the  solution  may  lead  to  singularity,  i.e.  zero  velocity.  Thus  careful 
numerical  calculation  is  need  to  be  applied  (see  the  next  section).  The  boundary  of  the 
control  parameter  where  the  systems  lose  their  stability  can  be  predicted  using  analytic 
methods;  i.e.  bifurcation  theory. 

In  the  present  studies  we  are  interested  in  the  impact  velocity  (impact  map)  as  the 
parameters  change.  Following  [8],  the  Jacobian  matrix  DP[  for  differential  equation 

between  impacts  is 
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DP,= 


(9) 


where 


'  d^i 

■ 

dzo 

dzQ 

X 

Tj  = —  ,  Vj  =:V  +  XTj 

x{T:{,g-rv^,to)=S< 


(10) 


Substituting  the  displacement  and  velocity  (equation  (3&4))  and  periodic  impact 
conditions  (equation  (5))  into  equation  (9),  the  determinant  and  trace  of  matrix  DP, 

are  given  by 


det(DP,)  =  r" 
HDP,)  =  -2rc, 


(l  +  r)s 

P 


2(1 -c„) 


(11) 


The  nature  of  the  solution  depends  on  the  eigenvalues  of  the  matrix  DPf.  The 
eigenvalues  satisfy 


-  tr{DPj  )X  +  det(DP^ )  =  0  (12) 

Therefore,  as  the  eigenvalues  Aj  and  satisfy  Ai +A2  =rr(Z2P;)  and 

AjA2  =  det(Z)f/)  =  a  smooth  bifurcation  occurs.  A  period-doubling  bifurcation 
occurs  when  a  single  eignvalue  passed  through  -1  on  the  unit  circle.  Equation  (12) 
leads  to 


?r(Z5F;)  =  -(l  +  r"),  (13) 

and  this  equation  represents  the  bifurcation  point.  Thus  one  can  obtain  a  bifurcation 
boundary  curve  with  varying  the  parameters.  When  one  of  the  control  parameter  value 
changes  the  eigenvalues  will  approach  the  unit  circle  and  the  single  impact  motion  will 
transit  to  two-impact  motion.  Using  equation  (11&  13),  one  can  obtain  a  period 
doubling  bifurcation  formula  which  is  a  function  of  v„  and  g: 


-2rc„  - 


(l  +  r)j„ 

P  V. 


^,(1  +  '-) 

2(1 -c.) 


■]  =  -(l  +  r 


^) 


(14) 


For  the  special  case  g=0,  this  gives 


(  ,2(l^a)^)  +  2(l-c„)  J 


r  +  l  =  0 


(15) 
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The  parameters  in  equation  (15)  are  driving  frequency  w,  period-^  orbit  and  coefficient 
of  restitution  r.  For  each  n  and  w  then  the  roots  r  of  the  quadratic  equation  which  fall 
between  0  and  1  can  be  obtained,  therefore  one  can  construct  the  boundary  curve  for 
the  period-doubling  bifurcation  in  the  (£B^r)“domain.  A  bifurcation  occurs  when  the 
quadratic  equation  for  r  and  w  is  satisfied.  This  boundary  curve  is  shown  in  figure  3. 
One  can  predict  a  stable  single-impact  period-n  motion  occurs  in  the  region  inside  the 
boundary  curves  and  two-impact  period-n  motion  appears  just  outside  both  edges  of 
stable  region. 

If  we  calculate  the  eigenvalues  of  equation  (12)  for  gradually  changing  the  driving 
frequency  from  co=2  to  2.7  with  r=0.8,  g=0,  then  the  eigenvalue  trajectory  shown  in 
figure  4  is  an  example  of  period  doubling  bifurcation.  Eigenvalue  (-!■)  remains  in  the 
unit  circle  while  Aj  (o)  pass  as  through  unit  circle  via  -1  direction. 


3.  ACTIVE  PARAMETER  CONTROL 
3.1  Effect  of  restitution  coefficient 

The  restitution  coefficient  depends  on  the  material  of  the  colliding  bodies.  In  figure  5, 
we  show  the  effect  of  a  series  of  different  coefficients  for  the  bifurcation  diagrams. 
These  diagrams  are  obtained  by  numerical  methods  (Runge-Kutta  integration 
algorithm)  from  equation  (1).  As  discussed  previously  periodic  impacts  wih  loss  their 
stability  and  transit  to  two-impact  motion  as  the  driving  frequency  changes.  The  impact 
resonance  at  <»=2  (figure  5  (e))  is  in  good  agreement  with  theoretical  results  (figure  2). 
A  complete  bifurcation  diagrams  is  plotted  for  the  full  bandwidth  of  driving  frequency. 
The  details  of  local  dynamics  in  different  driving  frequency  can  refer  to  previous 
studies  [9-10]. 

The  effect  of  the  restitution  coefficient  is  discussed  as  follows.  When  r=0  shown  in 
figure  5(a)  all  of  the  mechanical  energy  is  dissipated  during  the  impacts,  thus  the  mass 
essentially  sticks  to  the  endstop.  There  is  no  elastic  rebound  until  the  positive  force 
drives  the  mass  off  again.  This  shows  that  the  impact  resonant  response  at  ty=  1  is  the 
same  as  vibration  without  impacting.  After  each  positive  excitation  forcing,  the  motion 
sticks  to  the  wall.  Period  doubling  bifurcation  is  very  clearly  demonstrated  at  Cff=2.6. 
For  increased  coefficient  r  the  impact  resonance  shifts  to  ctx=2n,  n=  1,2,3...  and  the 
period  doubling  is  contaminated  by  a  small  impact  restoring  force  see  figure  5(d).  At 
parameter  values  with  r<0.6  there  coexist  stable  (1,1)  (2,1)  and  (3,l)-orbits.  Note  that 
as  n?=  1  this  is  approached  from  the  right,  the  period  one  impact  orbit  is  stable  shown  in 
(a-c).  However,  a  region  for  r>0.6  and  just  to  the  right  of  0!>=1  in  which  the  period  one 
signal  impact  orbit  becomes  unstable  shown  in  (d-f).  From  these  series  of  diagrams  we 
conclude  that  low  restitution  can  absorb  the  chatter  vibration  and  leave  only  stable 
impact  responses.  The  high  restitution  coefficients  produce  high  unstable  chatter 
impact  rates  as  well  as  relative  high  stable  impact  resonance. 
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3,2  Effect  of  the  endstop 

In  previous  cases  the  impact  system  is  a  linear  oscillator.  We  concluded  that  a  linear 
oscillation  becomes  a  complex  chaotic  system  due  to  the  endstop.  In  this  subsection 
we  study  a  nonlinear  oscillator.  A  classic  nonlinear  model  Puffing  equation)  is 

x  +  2(^  +  oa  + px^  =  ycosm  (16) 

The  impact  oscillator  is  now  governed  by  equation  (16)  and  when  impact  occurs  the 
system  undergoes  a  nonlinear  impact  force  which  depends  on  impact  velocity.  No 
exact  solution  exists  and  we  rely  on  numerical  methods.  Following  the  algorithms  we 
developed  in  the  previous  section,  results  shown  in  figure  6(a&b)  are  bifurcation 
diagrams.  The  system  is  excited  by  a  harmonic  excitation.  As  expected  when  varying 
the  driving  frequency  the  motion  loses  stability  in  the  range  [0.9,  1.3].  For  motion  in 
this  region  the  system  vibrates  over  a  large  range.  Therefore,  from  an  engineering  point 
of  view  this  unstable  motion  must  be  suppressed. 

The  energy  due  to  impacting  can  be  dissipated  via  small  impact  velocities  with  high  a 
impact  rate  for  certain  control  parameters  (e.g.  chaotic  chatter).  This  is  similar  to  the 
impact  damper  producing  energy  absorption.  We  now  apply  a  single  side  endstop  to 
the  nonlinear  (Duffing  equation)  oscillator.  The  numerical  results  are  shown  in  figure 
6(c&d)  for  the  bifurcation  diagrams  of  a  nonlinear  oscillator  with  impacting.  It  is 
obvious  that  the  unstable  region  is  suppressed  and  the  motion  of  the  oscillator  is 
simplified  due  to  the  endstop.  In  other  words,  one  may  find  an  optimum  gap  size  to 
suppress  the  unstable  force.  Figure  6(e&f)  demonstrates  an  optimal  gap  size  g=-0.5, 
the  system  becomes  stable  throughout  the  whole  driving  frequency. 


4.  ISOLATION  CONTROL 

In  classic  mechanical  vibration  problems  when  a  system  operates  ‘wear’  occurs  and 
damage  may  result.  However,  passive  control  may  be  achieved  using  masses, 
stiffnesses  and  dampers,  see  figure  7.  In  this  section  we  apply  this  concept  to  an 
appropriate  impacting  system. 

Figure  8  (solid  line)  shows  the  response  of  the  system  in  figure  7  (without  endstop). 
The  parameters  are  designed  with  a  force  ratio  -0.1  (pl/p2),  mass  ratio  0.2  (ml/m2), 
spring  ratio  1  (k2/k3)  and  damping  ratio  1  and  10  (c2/c3).  The  result  shows  that  an 
anti-resonance  is  created  at  frequency  2  (i.e.  the  first  impact  resonance  peak).  We  try 
to  suppress  the  impact  resonance  using  an  anti-resonance.  The  secondary  subsystem 
creates  a  switch  at  driving  frequency  co=2.  Therefore  when  the  machine  speeds  up  and 
the  driving  frequency  passes  through  the  impact  resonance  region,  this  control 
subsystem  will  automatically  turn  on.  The  results  for  the  bifurcation  diagram  for  this 
special  design  are  shown  in  figure  9(a&b).  They  illustrate  good  attenuation  where  the 
first  impact  resonance  peak  reduces  75%  and  subsequent  peaks  compress  50%  when 
compared  to  figure  5(e). 
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5.  EXPERIMENTAL  VALIDATION 


The  experimental  model  follows  the  previous  study  [10]  in  which  an  impacting 
cantilever  beam  can  model  a  mass-spring  impacting  system.  We  chose  the  nodal  point 
as  an  impact  point  to  simplify  the  system.  The  nth  mode  will  not  be  excited  due  to  the 
impact  point  being  at  nth  node.  From  a  control  point  of  view  this  is  called  nodalizing 
which  means  locating  the  oscillating  forces  (e.g.  impact  forces)  at  the  predicted  nodal 
points  of  the  troublesome  vibration  modes  (e.g.  in  the  nuclear  industry  the  steam 
generator  tubes  support  points,  i.e.  impact  points,  are  designed  to  be  at  nodal  points 
along  the  fluid  flow  pipes).  This  way  the  effects  due  to  the  modal  coupling  will  be 
greatly  reduced.  In  the  last  section  we  discussed  the  isolation  system  using  the  concept 
of  de-tuning.  From  the  results  of  numerical  simulation  impact  resonance  can  be 
suppressed  by  adding  an  isolation  subsystem. 

Therefore,  the  aim  of  this  section  is  to  validate  the  results  we  discussed  in  the  last 
section.  Passive  control  of  the  impacting  system  is  addressed  via  simple  addition  of  an 
isolation  subsystem  to  impact  point.  In  order  to  test  the  mass  control  of  present  system 
we  attached  a  weight  to  the  end  of  the  thin  beam  ( \20mm  x  I3mm  x  02mm ) .  The  beam 
is  placed  symmetrically  across  the  main  cantilever  beam  (500mmx  ISmmx  3mm),  see 
figure  10.  When  an  excitation  is  applied  to  the  complex  structure  then  an  anti¬ 
resonance  is  generated  at  a  certain  frequency.  This  is  due  to  the  subsystem  (suspension 
cross  beam)  added  to  the  main  cantilever  beam.  By  changing  the  location  of  the  weight 
along  the  suspension  beam  (stiffness)  or  the  size  of  weight  (mass)  one  can  create  an 
anti-resonance  curve  in  a  particular  frequency  region  as  we  do  in  section  4. 

Therefore  the  structure  can  work  safely  in  a  specific  frequency  range.  The  results 
shown  in  figure  11(a)  for  a  vibrating  cantilever  beam  with  (solid  line)  and  without 
impacting  (dashed  line)  have  different  properties.  The  results  are  measured  from  the  tip 
of  the  beam  due  to  impacting  at  the  second  mode  node.  The  results  show  the  response 
at  the  first  natural  frequency  region  as  being  relatively  small  in  comparison  to  the 
system  without  impacting.  However,  due  to  the  endstop  the  system  generates  an 
impact  resonance  at  20,  40  and  60Hz,  respectively  (i.e.  in  nondimension  2,  4,  6).  As 
we  mentioned  in  section  4  the  impact  resonance  can  be  suppressed  by  adding  an 
isolation  subsystem. 

Figure  11(b)  dashed  line  shows  that  an  anti-resonance  curve  appears  at  20Hz  which  is 
due  to  the  suspension  beam  with  one  mass  at  the  tip.  The  solid  line  shows  the 
responses  of  this  complex  impact  structure  with  subsystem  attached  at  the  second 
mode  node  of  the  main  beam.  The  results  illustrate  good  attenuation  except  at  60Hz.  If 
we  increase  the  weight  on  both  sides  of  the  suspension  beam  then  the  anti-resonance 
curve  is  more  efficient  at  20Hz  (see  figure  11(c)  dashed  line).  The  suppression  of 
impact  resonance  shows  in  figure  11(c)  solid  line  is  an  improvement  on  figure  11(b) 
solid  line. 
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Figure  2  Impact  velocity  vs.  driving 
Figure  1  Single  mode  impact  system.  frequency  The  results  show  (l,n)-orbit 

solutions  where  r=0.8  and  ^=0. 


Figure  3  Period-doubling  bifurcation  Figure  4  Eigenvalue  trajectory  shows 
boundary  curves  in  restitution  coefficient  period  doubling  bifurcation:  (-f-) 

and  driving  frequency  domains  where  A,=- 1  remain  in  the  unit  circle  and  (o)  pass 
andg=0.  through  unit  circle  via -IdirectioBL 
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Figure  5  Bifurcation  diagram  with  different  restitution  coefficient  r  (a-f),  velocity  just  before 
impact  (Y-axis)  vs.  varying  driving  frequency  (X-axis). 
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Figure  9(a)  Maximum  impact  response  in  Figure  9(b)  Impact  velocity  in  bifmcation 
bifurcation  diagram  with  two  degree  of  diagram  with  two  degree  of  freedom 


freedom  system. 


system. 
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Figure  10  Cantilever  impact  beam  with 
isolation  subsystem  (cross  beam)  is  attached 
by  weight  at  each  side. 
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Figure  11(b)  Spectra  response  at  tip  beam 
with  impact  point  at  0.771  (second  mode 
node)  and  isolation  subsystem  (one  weight 
attached  at  each  side  of  the  cross  beam)  at 
0.771 
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Figure  1 1(a)  Spectra  response  at  tip  beam 
without  isolation  subsystem,  impacting 
(solid  line)  and  nonimpacting  (dashed  line) 


with  impact  point  at  0.771  (second  mode 
node)  and  isolation  subsystem  (two 
weights  attached  at  each  side  of  the  cross 
beam)  at  0.771. 
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Abstract 

In  the  present  paper,  a  Duffing  oscillator  with  combined  Coulomb  fric¬ 
tion  and  viscous  damping  subjected  to  combined  harmonic  and  random 
excitation  has  been  considered  and  its  chaotic  stochastic  behaviour  has 
also  been  investigated.  Instead  of  performing  the  very  tedious  numerical 
calculation,  analytical  solutions  are  elaborated.  By  those  solutions,  the 
chaotic  stochastic  behaviour  may  be  revealed. 

Introduction 

Friction  is  a  desirable  damping  mechanism  in  many  vibrating  systems.  The 
effects  of  friction  in  dynamics  are  of  great  importance  in  our  technological 
world.  For  example,  friction  is  the  principal  source  of  damping  of  turbine 
blades  and  in  flexible  pin  -  jointed  space  structures  It  is  also  exploited 
in  robot  grippers  and  walkers  I’L  The  above  mentioned  problems  have  been 
dealt  with  by  various  authors,  where  in  those  instances  special  problems 
of  friction  and  stick  -  slip  are  considered.  Those  problems  have  been 
investigated  for  years,  but  only  recently  it  has  become  of  interest  due 
to  revelation  of  a  connection  between  a  dry  friction  force  and  chaotic 
vibrations 

The  classical  approach  was  originated  from  Den  Hartog  who  gave  an  exact 
solution  of  the  non  -  sticking  periodic  response  when  kinetic  friction  factor 
is  equal  to  one  Since  then  an  extension  of  Den  Hartog’s  work  was 
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carried  out  in  many  references,  in  which  it  is  quite  clear  that  the  exact 
solutions  for  stick  -  slip  processes  can  be  expected 

The  analysis  of  chctotic  behaviour  in  nonlinear  systems  with  Coulomb 
damping  has  not  been  treated  extensively  in  the  literature,  with  the  pos¬ 
sible  exception  of  few  works.  One  of  them,  Awrejcewicz  showed  the 
existence  of  a  strange  attractor  behaviour  in  a  single  degree  of  freedom 
nonlinear  system  with  Coulomb  damping.  Narayanon  et  al.  has  been 
concerned  with  the  chaotic  behaviour  of  a  nonlinear  oscillator  with  dry 
friction  damping,  by  numerical  simulation  in  a  detailed  manner.  The  ex¬ 
istence  of  a  strange  attractor  is  also  demonstrated  Much  of  the  work  is 
concentrated  upon  the  numerical  method  to  solve  the  problem  of  nonlinear 
dynamics,  but  few  attention  has  been  paid  to  the  analytical  method. 

In  the  present  paper,  a  Duffing  oscillator  with  combined  Coulomb  fric¬ 
tion  and  viscous  damping  subjected  to  combined  harmonic  and  random 
excitation  has  been  considered  and  its  chaotic  stochastic  behaviour  has 
also  been  investigated.  The  concept  of  chaotic  stochastic  vibration  was 
proposed  by  Kapitaniak  in  1988  The  Kapitaniak’s  work  was  based  on 
average  results  of  finite  performances  of  the  numerical  simulation.  It  must 
take  a  lot  of  time  on  computer.  In  this  paper,  instead  of  performing  of  the 
very  tedious  numerical  calculation,  analytical  solutions  are  elaborated.  By 
means  of  approach  with  piecewise  linear  skeletoncurve  to  the  real  nonlin¬ 
ear  restoring  force  and  adopting  the  piecewise  integration  methodl'^i, 
the  analytical  solutions  of  the  probability  densities  and  the  mean  values 
are  derived.  Those  solutions  are  quasi  -  periodic.  When  the  piece  num¬ 
ber  N  tends  to  infinite  the  approximated  skeletoncurve  approaches  to  be 
real  one.  In  that  extreme  case,  the  solutions  tend  to  chaotic  via  quasi  - 
periodic  route.  By  those  solutions,  the  chaotic  stochastic  behaviour  on  a 
Duffing  system  with  friction  may  be  revealed. 

Mathematical  Model 

In  this  paper  the  response  of  a  simple  hard  spring  dashpot  system  with 
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dry  friction  on  a  driving  belt  subjected  to  harmonic  excitation  is  inves¬ 
tigated. (see  Fig.l)  The  equation  of  motion  of  the  system  can  be  written 
as 


X  +  —  v)  +  +  g(i  —  u)  = /smQi  (1) 

In  eq.(l),  the  mass  is  equal  to  unit,  x  is  the  displacement  of  the  mass,  D 
is  a  damping  factor,  f  is  exciting  amplitude  and  Q  is  exciting  frequency, 
the  nonlinear  restoring  force  of  hard  spring  is  represented 


gr(x)  =  u;*(l  -f  I3x^)x 


and  the  dry  friction  term  g(x  —  t;)  is  taken  to  be 


q{x  -  v) 


li'  X  —  V  >  0 

ft  X  =  V  € 

<  fl  X  =  V 

fi  i  =  t;  —  e 

fl'  X  —  V  <  0 


In  which  fi*  and  fi  denote  kinetic  and  static  friction  factors  respectively, 
€  is  a  very  small  number.  Obviously,  the  equation  (1)  is  nonlinear  and 
forced  one.  It  is  very  difficult  to  obtain  its  exact  solution.  In  this  paper 
we  try  to  solve  it  using  random  perturbation  technique.  For  non  -  sticking 
motion,  the  sticking  area  tends  to  null  and  the  sliping  area  is  continuous. 
For  random  case,  at  x  =  u,  the  probability  density  of  the  displacement 
do  not  appear  to  spring.  On  that  assumption,  analytical  solutions  can  be 
obtained  by  random  perturbation  technique.  In  the  following  section  we 
will  discuss  that  motion. 


The  Solution  For  Non  -  Sticking  Motion 

Assuming  that  the  system  (1)  is  perturbed  by  white  noise  because  a  finite 
level  of  noise  is  present  everywhere  in  reality.  A  stochastic  motion  equation 
has  the  form  of 
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X  +  D(x  —  v)  +  g{x)  +  q{x  —  v)  =  fsinQt  -{-  (2) 

Where  a  is  noise  intensity  and  7f(t)  is  standard  white  noise  that  satisfies 
the  following  conditions 


E[m = 0 


and 

E[tj{t)ri{T)]  =  S{t  -  t) 


It  is  very  difficult  to  solve  exactly  the  random  nonlinear  differential  equa¬ 
tion  (2).  But  the  closed  form  of  response  statistics  of  a  piecewise  linear 
system  can  be  obtained  using  piecewise  integration  method  the  relia¬ 
bility  of  that  method  can  be  justified  for  stationary  case.  The  solution  of 
biiiear  system  in  [13]  coincides  with  [14].  Here  we  develop  that  method  to 
solve  the  equation  (2).  First  according  to  [12],  the  real  nonlinear  restoring 
force  is  approached  with  piecewise  linear  skeletoncurve  in  the  following 
way. 


0  <  |a;|  <  Xo 

I2’i=0  ^^\x=Xi{xi  -  Xi-i)8gn{x) 

-  x,-issf7i(x)]  x,_i  <  |x|  <  X{ 

i  =  1,2, ...,«. 


Based  on  above  expression,  g(x)  can  be  rewritten  as 

+a;*(x-x„_i)  x>x, 


W^Xo  +  wj(x  -  Xo) 

^  wjx 


Xq  <  X  <  X\ 
—Xo  ^  ^  ajo 


-u;Jxo  +  wJ(x  +  xo) 


— Xi  <  X  <  — Xo 


-<^oXo  -  EJ  ^  +  ^«-l) 

H-u;5(x  +  x„_i)  X  <  -x„_i 
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in  which 


_  dg(x) , 


dx 


\x=Xi-x 


(3) 


Then  substituting  into  equation  (2),  the  state  equations  in  the  each 
piecemeal  region  can  be  given  out 


X  =y 

■  y  = -2d(^oy  -  +  -  n')  +  Sq 

+f8inQt  +  X  >  V 


and 

X  —y 

y  =  -2d<jjQy  -  u;o(l  -}-  7c?)®  +  {^duj^v  +  -  Sq 

~\-f  8inUt-\- ari{t)  x<v 


(4) 

The  subscript  G  means  the  piecemeal  region  of  function  parameters 

d,  8G  and  70  are  calculated  through  the  following  equations 


2dwo  = 


G~l 

8g  =  Wo®0  +  2  “  ®«-l)  “ 

1 


iG  =  ""  ^o)/^o’» 

Equations  (4)  are  linear  in  each  region,  so  their  statistics  of  response 
may  be  solved  using  the  piecewise  integration  method.  The  mean  values 
ntjo  (j=l,2)  and  variances  kg  of  random  variables  in  each  region  can  be 
obtained  with  I  to  -  kakuler  equations  i.e., 

8in{u}^  t  —  q-q)  +  BG8in{Ut  —  a^) 

^  rriiG  =Aoe~^^^[-d8in{u;^t-ao)  +  ‘^co8(u;^t-ao)]  (5) 

-{-BGZC08{Qt  —  a^) 

Q=  l,2,,..,i\r  =  2n-  1 
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and 


(6) 


In  the  above  relations,  the  parameters  Bq,  and  z  are  represented 

as 


//w? 


\/{l  +  7<?  - 


;  2r  =  n/wo; 


^  r - — 

=  a;oVl  +  7c? 

+  7c?  ~  ^ 

Because  the  piecewise  state  equations  are  linear  in  each  region  we  can 
assume  that  the  state  variables  in  each  region  satisfy  the  Gaussian  distri¬ 
bution,  i.e. 


^Giyuy2)  =  { 


w^(yi,Si)  yt>v 

WaiVuyi)  yt  =  v 

^aiyuVi)  yi<v 

<?=1,2, . ,JV  =  2n-l 


P) 


where  yi  and  y2  are  probability  variables  and  Waijfi^y^)  is  two  -  dimen¬ 
sional  distribution  in  each  region.  When  1^2!  >  that  distribution  is 
normal  one  as 


wUyuy^) 


- >  exvl — 

27r\/kQka 


{yi  -  nitaf 
2ko 


\exp[— 


(y2  - 

2A?o 


Hell  we  considere  only  the  non  -  sticking  motion  and  assume  that  at  null 
relativ  velocity  the  probability  density  of  displacement  is  continuous,  it 
satiesfies  the  following  condition. 


W^iyu y2)dy2  =  w^(y,)  =  0  £  -  0. 


If  e  0,  the  probability  densities  as  follows 
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WG{y^)  =  SlSWG(y,,y,)dy, 

=  /-»  Wa(yu y2)dy,  +  WS(yuy,)dy, 

+  C:W^{y^,y^)dy,  (8) 

=  Wa{yi)  +  W^{y,} 

G=  l,2,...,JV  =  2n-l 


W^iy,)  =  e‘  0$expl-^^!^-^^]va 

G=1 

As  the  mean  value  of  velocity  must  fluctuate  around  the  velocity  v  of 
driving  belt  we  assume  that  in  case  of  y2  =  u,  W°{y2)  satisfies  the  following 
condition 

rv+€ 

lim  /  y2W^{y2)dy2  =  v 

e-+U  Jv—( 

Integrating  the  above  probability  densities,  the  mean  values  E[xi]  and 
E\x2\  are  obtained  as  follows 

^l^il  =S^::yiW{y,)dy, 

_  +  mlaVa] 

=S^Sy^W(y,)dy, 

=  t>  +  +  «»2G;3c]  (10) 

C'o  +  mjG/?^]} 
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in  which  the  factors  function  <p(x)  and  variables  Ug?  ^-re  deter¬ 

mined  in  the  following  way 


±  _Xg-  t±  _  ^  “  ^3(7 

v/^ 

The  factors  C'g  must  satisfy  the  continuous  conditions 


^oiVi  =  a?,)  =  ^g-i(3^i  =  a?.) 
and  normalized  condition 

/+00 

W{yi)dyi  =  1 

-oo 

In  expression  (10),  the  solutions  consist  of  two  parts:  stationary  and  non 
-  stationary.  The  first  part  has  only  excitation  frequence,  but  second  part 
includes  N  frequences,  so  that  the  solutions  are  quasi  -  periodic  in  a  long 
interval.  For  small  damping,  that  interval  will  be  enough  long.  During 
that  long  interval,  when  N=2n-1  tends  to  infinite  the  solutions  appear  to 
be  chaotic.  While  time  t  tends  to  infinite  the  solutions  tend  to  periodic. 
Those  solutions  are  not  exact  ones  but  the  analytical  form  of  solutions  can 
be  easily  used  to  predict  vibration  of  a  nonlinear  oscillator  and  to  study 
its  nonlinear  behaviour  in  practice. 


Example 

In  the  above  section,  the  analytical  solution  are  derived.  The  reliability 
of  that  method  can  be  justified  for  stationary  case  on  a  bilinear  system. 
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but  for  non  -  stationary  case  it  has  not  be  studied.  There  is  no  existing 
example  for  equation  (2),  so  that  the  accuracy  of  the  above  solutions 
cannot  compare.  As  comparison,  we  will  make  some  numerical  experiment 
in  the  near  future.  In  this  paper,  we  report  only  results  in  the  present. 

Considering  a  hard  spring  oscillator,  assuming  its  spring  parameters  to  be 
/3  —  0.5  and  a;  =  1.  Taking  N=5  piecewise  linear  skeletoncurve  instead 
of  the  stiffness  curve  of  the  hard  spring,  from  Eq.(3)  the  following  param¬ 
eters  can  be  obtained:  wj  =  1.5;  wj  =  29.5;  and  =  110,5;  and  the 
coordinate  of  the  turnaround  points  in  the  skeletoncurve  xq  =  0,  ri  =  1.0 
and  X2  —  7.0.  When  the  damping  factor  d=0.01;  the  amplitude  of  periodic 
excitation  f=12  and  white  noise  intensity  a  =  y/J  and  the  initial  condi¬ 
tions  Ao  =  2  and  cro  =  —  ?r/4  the  response  statistics  of  that  oscillator  are 
investigated  in  detail  by  using  Eq.(8)  -  Eq.(lO).  The  discussions  proceed 
from  the  following  three  cases:  (1)  changing  the  time  difference  Ai,  (2) 
changing  the  frequency  C  of  excitation  and  (3)  taking  different  time.  The 
results  display  very  interesting  behaviour  for  some  parameters. 

In  case  (1),  letting  velocity  of  the  driving  belt  v=5;  frequency  of  periodic 
excitation  C  =  100  and  kinetic  friction  fi’  =  0.1,  the  probability  density 
of  displacement  can  be  calculated  from  Eq.(9)  and  the  probability  time 
delay  maps  can  be  plotted  seeing  Fig.2,  in  which  the  horizontal  coordinate 
denotes  the  probability  density  of  displacement  at  the  time  t  =  (3000  -|- 
A;)T,  A;  =  1, 2, ...,  200  and  T  =  2;r/n;  and  the  vertical  coordinate  represents 
the  probability  density  of  displacement  at  i  -}-  At.  The  time  differences 
are  selected  with  At  ~  6/ff,  At  =  7/;r,  At  =  ll/;r  and  At  =  13/7r. 
Fig.2  shows  that  all  maps  are  possessed  of  different  structures.  That 
phenomenon  means  the  probability  density  of  displacement  depends  on 
the  time  difference  and  the  responses  are  non  -  steady  process. 

In  case  (2),  letting  velocity  of  driving  belt  v=0,  kinetic  friction  fi'  =  0.05 
and  time  difference  At  =  4/;r,  the  probability  time  delay  maps  after  3000 
T  are  plotted  in  Fig.3  using  the  above  mentioned  method.  Figures  3(a)- 
3(d)  exhibit  attractors  that  seem  to  be  strange  one.  With  increase  of 
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exciting  frequency  0,  it  has  been  found  that  the  frequency  of  excitation 
influences  the  structures  of  solutions.  In  Fig.3(d),  the  probability  time 
delay  map  displays  structure  to  be  analogous  to  Gonntor  set.  It  predicts 
that  the  system  may  possess  chaotic  behaviour. 

In  case  (3),  when  v=:0,  fi'  =  0.05,  At  =  6/;r  and  0  =  100,  we  observe  the 
power  spectrum  of  the  mean  velocity  shown  in  Pig.4  and  the  time  history 
of  mean  velocity  shown  in  Fig.5.  In  Fig.4,  there  are  several  peaks  of 
power  spectrum  of  mean  velocity  and  frequencies  are  not  commensurate. 
It  is  proved  that  the  closed  solutions  of  Eq.(lO)  are  qusi  -  periodic  and 
chaotic  motion  becomes  possible.  In  enough  long  interval,  while  N  tends  to 
infinite,  the  power  spectrum  will  appear  behaviour  of  broad  band  and  the 
solutions  will  be  chaotic.  With  the  increase  in  time,  energy  in  the  high 
frequency  region  decreases  and  after  lOOOOT,  there  is  only  one  peak  of 
power  spectrum  in  lower  frequency  region.  That  means  the  response  will 
be  steady  while  time  tends  to  infinite.  That  phenomenon  has  also  been 
observed  in  time  history  maps  of  mean  velocity  in  Fig.5.  Fig.5  (d)  exhibits 
a  periodic  motion.  In  Fig.5  (b)  and  (c),  some  non  -  regular  motion  can  be 
detected  but  this  is  not  chaotic  motion,  but  quasi  -  periodic  one,  because 
the  power  spectra  do  not  possess  broad  band  behaviour  and  just  only  four 
peaks.  Fig.4  and  Fig.5  show  that  the  solutions  are  quasi  -  periodic,  but 
when  N  tends  to  infinite,  the  solutions  can  tend  to  chaotic  via  quasi  - 
periodic  route. 


Conculusion 

Through  above  investigation,  some  conclusions  can  be  drawn. 

(1)  For  non  -  sticking  motion  on  a  forced  Buffing’s  system,  solutions  in 
analytical  form  derived  by  using  random  perturbation  technique  have  been 
elaborated. 

(2)  When  piece  number  N  is  large  enough  and  damping  factor  D  is  very 
small,  those  solutions  may  be  used  to  predicate  chaotic  motion  on  the 
nonlinear  systems. 
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(3)  That  method  is  only  effective  for  nonlinear  systems  with  hard  spring 
behaviour.  Because  those  systems  can  be  represented  by  using  piecewise 
state  equations  that  are  linear  in  each  region. 

(4)  That  method  can  be  extended  to  multi  -  degrees  of  freedom  nonlinear 
systems. 


References 

1.  Goodman,  L.E.  and  Klumpp,  J.H.,  Analysis  of  slip  damping  with 
refrence  to  turbine  -  blade  vibration.  Journal  of  Applied  Mechanics, 
1956,  23,  421  -  429. 

2.  Srinivasan,  A.V.,  Dynamic  friction,  in  Large  Space  Structures:  Dy¬ 
namics  and  Control,  ed.  Atluri,  S.N.  and  Amos,  K.A.,  1987. 

3.  Kumar,  V.R.  and  Waldrom,  K.J.,  Force  distribution  in  closed  kine¬ 
matic  chains.  IEEE  Journal  of  Robotics  and  Automation,  1988,  4, 
667  -  664. 

4.  Shaw,  S.W.,  On  the  dynamic  response  of  a  system  with  dry  friction. 
J,  Sound  Vib.,  1986,  108(2),  305  -  325. 

5.  Popp,  K.,  Chaotische  Bewegungen  beim  Reibschwinger  mit  simul- 
taner  Selbst  -  und  Fremderregung.  ZAMM,  1991,  71,  4,  T71  -  T73. 

6.  Feeny.  B.  and  Moon,  F.C.,  Chaos  in  a  forced  dry  -  friction  oscillator: 
experiments  and  numerical  modelling.  J.  Sound  Vib.,  1994,  170(3), 
303  -  323. 

7.  Den  Hartog,  J.P.,  Forced  vibrations  with  combined  Coulomb  and 
viscous  damping.  Transactions  of  the  American  Society  of  Mechan¬ 
ical  Engineers,  1930,  53,  107  -  115. 

8.  Pfeiffer,.F,  Dynamical  systems  with  time  -  varying  or  unsteady  struc¬ 
ture.  ZAMM,  1991,  T6-T22. 


795 


r 


9.  Semplinska  -  Stupnicka,  W.,  Secondary  resonances  and  approximate 
models  of  route  to  chaotic  motion  in  non  -  linear  oscillators.  J.  Sound 
Vib.,  1987,  113,  155  -  172. 

10.  Narayanan,  S.  and  Jayaraman,  K.,  Chaotic  vibration  in  a  non  -  linear 
oscillator  with  Coulomb  damping.  J.  Sound  Vib.,  1991,  146(1),  17- 
31. 

11.  Kapitaniak,  T.,  Chaos  in  system  with  noise.  World  Scientific,  Sin¬ 
gapore,  etc.,  1988. 

12.  Mahfouz.  1.  A.  and  Badrakham.  F.,  Chaotic  behaviour  of  some 
piecewise  -  linear  systems,Part  2:  Systems  with  clearance,  J.  Sound 
Vib.  143  (2),  289  -  328,  1990. 

13.  Wedig,  W.,  Zur  Integration  stochastischer  System  mit  stueckweise 
linearen  Kennlinien.  Ing  -  Archiv,  1980,  49,  201  -  215. 

14.  Caughey,  T.  K.  Random  excitation  of  a  system  with  bilinear  hyster- 
isis,  J.Appl.  Mech  27,  649  -  652,  1960. 


796 


800 


NONLINEAR  VIBRATION  II 


THE  DYNAMICS  OF  A  MODALLY  COMPLEX 
STRUCTURE  WITH  A  CLEARANCE  NONLINEARITY 


J  A  Brandont,  E  Benoit  J  and  L  Jezequel* 

J  Ecole  Centrale  de  Paris 

t  Cardiff  School  of  Engineering,  University  of  Wales,  Cardiff,  CF2  IXH 

*  Ecole  Central  de  Lyon 


ABSTRACT 

In  contrast  to  the  majority  of  studies  reported  in  the  literature,  which 
concentrate  on  low  order  systems,  the  authors  have  investigated  systems  which 
could  well  be  encountered  in  practical  design,  i.e.  with  substantial  modal 
complexity.  Previous  studies  in  the  group  have  used  a  cracked  cantilever  beam 
both  for  theoretical  modelling  and  experimental  study.  The  clearance 
nonlinearity  used  in  the  present  study  was  expected  to  be  easier  to  control  than 
the  cracked  cantlever,  and  the  results  more  straightforward  to  interpret.  The 
experimental  results  vindicate  this  approach  and  show  a  wide  range  of  nonlinear 
phenomena. 


INTRODUCTION 

The  overwhelming  majority  of  reported  research  into  the  dynamics  of  forced 
vibration  of  systems  with  bilinear  characteristics  has  concentrated  on  low  order 
systems,  often  with  only  one  significant  degree  of  freedom.  Such  systems  have 
been  shown  to  exhibit  rich  response  behaviour.  In  contrast,  the  authors  have 
investigated  the  response  behaviour  of  systems  of  realistic  engineering 
complexity  which  are  characterized  by  multiply  coupled  modes. 

Prior  to  this  study,  the  authors'  research  group  has  been  concerned  with  the 
dynamics  of  cracked  cantilever  beams  [1-4].  This  paper  reports  an  experimental 
study  on  a  more  complex  structure  but  with  a  simpler  nonlinearity.  As  with  the 
cracked  beam,  the  system  is  subject  to  autonomous  impulsive  loading  in  the 
interface  but  the  stiffness  bilinearity  at  the  discontinuity  is  primarily  due  to  axial 
compression  rather  than  the  combination  of  bending  and  axial  effects  for  the 
cracked  beam.  In  particular,  it  was  hoped  that  strongly  nonlinear  response 
behaviour  would  be  observed  at  amplitude  levels  similar  to  those  encountered  in 
modal  testing.  In  the  earlier  experimental  tests  on  cracked  beams  it  proved 
necessary  to  use  much  higher  amplitude  levels  with  the  experimental  specimen 
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yoked  to  a  control  specimen  so  that  the  same  excitation  was  applied  to  both 
specimens. 

As  has  been  discussed  elsewhere  [5],  there  is  a  broad  gap  in  approach  between 
engineering  practitioners  and  theoreticians  in  nonlinear  structural  dynamics.  To 
the  practitioner  the  theorist’s  problems  are  both  simplistic  and  abstract;  to  the 
specialist  in  nonlinear  dynamics  the  problems  encountered  in  practice  are 
simultaneously  both  too  diffuse  and  too  complex  to  respond  to  a  rigorous 
approach.  For  example,  many  of  the  most  powerful  results  in  nonlinear  dynamics 
rely  on  an  assumption  of  a  single  dimension  map.  Such  a  restriction  will  be 
untenable  for  large  classes  of  interesting  and  realisable  engineering  systems.  The 
authors,  and  co-workers,  have  chosen  to  apply  a  heuristic  approach  -  seeking 
analogies  with  systems  which  the  analyst  finds  tractable  -  to  the  modelling  of 
systems  with  the  complexity  of  practical  realisable  systems. 

This  approach  requires  interaction  between  analysis,  simulation  and  experiment. 
Each  of  these  three  approaches  has  stimulated  invetsigation  in  the  other  two. 
The  previous  research  in  Cardiff  had  revealed  a  number  of  interesting  results: 

•  Restriction  of  strongly  nonlinear  effects  to  (apparently  rather  small) 
zones  of  the  parameter  space[2,5]; 

•  Counter-intuitive  periodicties  [3]; 

•  Twin  well  oscillator  (again  counter-intuitive)  [4]; 

•  Stable  period-three  oscillations:  observed  but  not  yet  reported  [2]; 

•  Intermittent  chaos:  observed  but  not  yet  reported. 

Although,  to  the  practitioner,  a  simple  cantilever  beam  under  sinusoidal 
excitation  may  appear  a  trivial  system,  it  poses  substantial  theoretical  challenges 
when  the  beam  is  cracked.  The  bilinear  stiffness  (crack  open  or  closed)  is 
combined  with  impulsive  closure  effects  in  a  compliant  interface  and  friction 
loading  between  the  crack  faces.  Each  of  these  phenomena  poses  a  significant 
theoretical  challenge  (see,  for  example,  three  works  on  the  impulsive  problem 
[6-8]).;  together,  their  combined  effects  are  extremely  difficult  to  resolve. 

Rightly  or  wrongly,  it  was  believed  that  a  clearance  nonlinearity  through  the 
whole  section  would  simplify  the  boundary  conditions  in  comparison  to  the 
cracked  beam,  reducing  the  effect  of  the  bilinear  stiffhess,  possibly  at  a  cost  of 
increasing  any  contributions  from  friction.  As  will  be  seen,  the  experimental 
findings  support  this  belief 

The  paper  will  illustrate  phenomena  familiar  from  analytical  studies  of  more 
simple  systems.  A  sequence  of  spectra  showing  the  descent  to  chaos  will  be 
presented. 
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EXPERIMENTAL  CONFIGURATION 


The  current  study  was  intended  as  a  simplification  of  the  earlier  experimental 
conditions.  A  rectangular  frame  was  fabricated  with  a  cut  through  one  side,  as 
shown  in  figure  1.  By  adjusting  the  pre-loading  of  the  discontinuity,  using  a 
tensioned  piano  wire  stretched  across  the  intact  sides,  the  discontinuity  could  be 
set  as  a  clearance,  a  tightly  compressed  joint  or  in  a  breathing  state.  The  line  of 
the  side  was  maintained  using  a  light  binding  of  office  tape  which  was  believed 
to  disturb  the  experiment  only  minimally.  Friction  effects  were  minimized  by 
using  a  standard  automotive  ‘"cold-start”  aerosol  lubricant. 


ALUMINIUM  FRAME 


Figure  1:  Experimental  test  frame 

The  frame  was  suspended  from  a  steel  frame  using  lightweight  rubber  links, 
assuring  -  so  far  as  was  practicable  -  that  free-free  boundary  conditions  applied. 
For  the  test  series  reported  here  sinusoidal  excitation  was  provided  through  a 
standard  proprietary  exciter-power  amplifier  set.  (Some  representative  modal 
tests  of  the  states  of  the  system  were  carried  out  under  random  excitation  [9]  but 
these  are  not  reported  here).  A  general  purpose  accelerometer  with  integral 
amplification  was  attached,  using  adhesive  putty,  close  to  the  site  of  the  defect. 
Although  the  added  inertia  effects  due  to  this  transducer  were  undoubtably 
considerable,  the  position  of  the  transducer  was  not  varied  during  the  test,  so 
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that  any  errors  were  considered  to  be  systematic.  Although  figure  2  is  schematic, 
the  relative  scale  of  the  components  is  consistent  with  the  experimental  set-up. 


1  Frame 

2  elastic  suspension 

3  accelerometer 

4  frequency  analyser 

5  vibrator 

6  signal  generator 

Figure  2  schematic  of  experimental  configuration 
FBVDINGS 

The  process  of  searching  for  an  excitation  frequency  to  generate  interesting 
response  behaviour  has  yet  to  yield  any  systematic  protocol.  As  was  reported  in 
an  earlier  study  [2],  regions  of  the  parameter  space  where  period  doubling  (for 
example)  can  be  reliably  induced  are  sparse  and  the  amplitudes  required  are 
large.  Indeed,  it  was  only  possible  to  attribute  the  period  doubling  to  the 
interface  conditions,  rather  than  to  an  amplitude  nonlinearity,  by  yoking  the 
damaged  specimen  to  an  intact  but  otherwise  identical  control  specimen  so  that 
both  specimens  had  equally  large  deformations  [2]. 

What  can  be  asserted  is  that  no  useful  indicators  were  found  in  the  modal 
analysis.  In  particular,  the  linearised  resonance  frequencies  seemed  unconnected 
to  the  frequencies  at  which  strongly  nonlinear  response  behaviour  was  observed. 
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Period  doubling 

Much  of  the  literature  concerning  period  doubling  relates  to  pitchfork 
bifurcations.  As  described  by  Geisel  and  Nierwetberg  [10]: 

“Generally,  when  a  parameter  p  is  varied  a  period  2*'^  becomes 
unstable  and  a  period  2^  occurs  at  critical  values  /4  which  accumulate 
at  pko 

The  essential  feature  of  this  description  is  that  the  unstable  frequency  is 
superceded  by  the  next  sub-harmonic  in  the  sequence.  In  the  experimental 
dynamics  of  discontinuous  systems  such  simple  phenomena  are,  in  the  authors’ 
experience,  never  observed.  On  the  contrary,  the  response  frequency 
corresponding  to  the  originating  excitation  is  sustained  -  usually  together  with  its 
own  super-harmonics,  whilst  the  subharmonic  enters  the  response  -  again  with 
its  own  super-harmonics. 

In  figure  3  a  typical  spectrum  is  illustrated.  In  this  case,  the  excitation  frequency 
is  44Hz.  A  clear  order-two  subharmonic  is  evident  at  a  frequency  of  half  the 
forcing  frequency;  the  superharmonics  of  this  subharmonic  are  represented  in  the 
spectrum. 


Although  this  spectrum  clearly  indicates  the  possibility  of  an  essentially  periodic 
response,  it  is  instructive  to  view  the  time  response  for  this  excitation  condition. 
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Figure  4  is  the  time  response  corresponding  to  the  spectrum  of  figure 
appears  clear  -  at  first  sight  -  that  the  response  is  synchronous  v 
excitation. 
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Figure  4:  Excitation  and  response  signals 


0.046875 


Even  when  the  traces  of  successive  cycles  of  response  are  overlaid,  as  in  figure  5,  there 
is  some  support  -  in  terms  of  the  correspondence  of  successive  peaks,  for  the  belief 
that  the  harmonics  are  driven  by  the  forcing  frequency. 


Figure  5:  Overlay  of  two  successive  cycles 

In  figure  6,  however,  double  cycles  are  overlaid.  It  can  now  be  seen  that  the  harmonics 
are  synchronous.  This  suggests  that,  although  the  driving  frequency  dominates  the 
energy  of  the  spectrum,  the  harmonics  are  driven  by  the  period  doubling. 


Figure  6:  Overlay  of  two  successive  double  cycles 
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More  complex  periodic  phenomena 

The  authors  were  conditioned  in  their  expectation  of  more  complex  periodicities  by 
two  observations:  firstly.  Stoker  [10]  suggests  that  complex  harmonic  behaviour 
predicted  analytically  may  not  be  observed  experimentally  because  of  the  effects  of 
material  damping;  secondly,  the  authors  expected  -  based  on  a  syllogistic  view  of  the 
topology  of  periodicities  [11]  -  to  see  sequences  of  periodicities  consistent  with  the 
Sarkowski  series  [12]: 

1  [r>  2  ^  2^  0  2^  ^ 

o 

2^  .7  ^2^  .5  ^  2^ 

O  22.7  22.5  ^  22.3  O 

O  2.7  ■=>  2.5  2.3 

■=>7  '=^>5  ^  3  1 

In  the  experimental  studies  no  recognisable  sequence  was  observed.  Far  from  the 
expected  pattern  of  occurrence  of  routes  to  chaos,  periodic  behaviour  was  identified  at 
unexpected,  and  apparently  unrelated,  frequencies.  Furthermore,  the  expected 
sequences  of  periodicities  were  rarely  observed.  For  example,  a  period  ten 
(unexpected)  oscillation  (figure  7)  was  significantly  more  stable  than  period  five 
(expected  with  some  optimism). 


Figure  7:  Stable  period  10  oscillation 

The  transition  from  period  two  to  period  three  was  common.  Figure  8  (apparently) 
shows  a  co-existence  of  a  stable  period  two  and  stable  period  three.  However,  there  is 
harmonic  content  at  Ve  of  the  driving  frequency  -  suggesting  the  existence  (not 
apparent  in  the  spectrum)  of  a  period  six  oscillation  which  is  simultaneously  driving  the 
periods  two  and  three. 
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Figure  8:  Co-existing  period  two  and  period  three;  strong  suspicion  of  period  six 

Chaotic  episodes  were  common  between  any  of  the  stable  periodic  trajectories.  A 
typical  spectrum  is  shown  in  figure  9. 


Figure  9:  Stable  chaotic  response 

(The  correct  interpretation  of  sequences  of  periodicities  can  be  found  in  Kahrahman 
[6] :  that  the  periodicities  are  determined  by  contiguities  of  basins  of  attraction  in  the 
parameter  space.  [1 1]) 


CONCLUDING  REMARKS 

This  study  has  revealed  a  rich  range  of  nonlinear  response  characteristics  in  a  simple  - 
though  modally  rich  -  system  with  a  clearance  nonlinearity.  As  had  been  hoped  and 
anticipated,  the  amplitudes  required  to  drive  this  nonlinearity  were  much  smaller  than 
those  which  proved  necessary  in  previous  studies  of  cracked  beams.  In  particular,  they 
were  consistent  in  magnitude  with  amplitude  levels  used  in  modal  testing. 

As  with  the  cracked  beam,  however,  the  frequencies  at  which  the  rich  nonlinear 
responses  were  observed  were  sparse  and  largel  unrelated  to  the  frequencies  expected 
to  be  sensitive  from  the  modal  survey. 
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A  NOTE  ON  THE  SCALING  OF  EXPERIMENTAL  RESPONSES 

The  authors  may  be  criticised  for  the  absence  of  scaling  in  the  figures  presented.  The 
rationale  for  this  decision  was  the  arbitrariness  of  the  positioning  of  the  response 
transducer,  as  close  as  practicable  to  the  discontinuity  but  with  no  other  significance.  It 
certainly  did  not  record  the  response  at  the  discontinuity  and  the  authors  would  not 
wish  any  such  inference  to  be  drawn.  Similarly,  the  response  spectra  were  simply 
referred  to  the  frequency  with  maximum  energy  content.  This  study  was  intended  to 
yield  qualitative  results,  so  a  decision  was  taken  -  rightly  or  wrongly  -  to  disregard  the 
scaling  of  amplitude  in  the  response  records. 
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ABSTRACT 

The  overall  aims  of  the  authors  are  to  develop  versatile  nonlinear  finite  elements  for 
analysis  of  cracked  structures  which  exhibit  a  high  degree  of  faithfulness  to  the  physics  of 
the  problem,  i.e.  are  capable  of  inclusion  of  effects  from  fracture  mechanics,  impulse 
mechanics  and  frictional  effects  in  the  interface.  Before  embarking  on  the  development  of 
specialised  nonlinear  finite  elements  for  research  use,  it  is  necessary  to  validate  the 
approach  by  benchmarking  specific  instances  of  the  physics  of  the  system  against  analytical 
results  (where  possible)  and  tried-and-tested  proprietary  software.  An  adaptable  research 
user-defined  finite  element  was  compared  with  the  standard  element  of  a  proprietary 
package,  It  was  found  that  the  proprietary  element  consistently  acted  very  slightly  more 
stiffly  than  the  user-defined  element,  leading  to  confidence  in  the  integrity  of  the  analytical 
model. 


INTRODUCTION 

For  a  number  of  years  the  authors'  research  group  have  used  macroscopic  approximations 
for  the  numerical  simulation  of  defective  structures.  For  example,  Brandon  and  Abraham 
[1]  used  component  mode  assumptions  for  the  linear  regions  of  the  structure  coupled 
using  constraint  matrices  developed  originally  by  Dimarogonas  et  al.  [2].  Despite  these 
apparently  rather  crude  macroscopic  modelling  assumptions  a  rich  set  of  response 
characteristics  were  observed  [3]. 

In  contrast,  the  work  of  Mottershead  et  al.  [4,5]  implicitly  pre-supposes  a  uniformity  of 
scale  at  (much  finer)  finite  element  degrees  of  resolution.  This  degree  of  resolution  would 
be  prohibitively  expensive  for  numerical  simulation  of  vibration  of  cracked  structures.  In 
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the  current  study  a  hybrid  approach  is  used.  The  locally  non-linear  region  is  analysed  using 
fine  resolution  finite  elements  with  the  singularity  properties  necessary  for  realistic 
estimation  of  the  response  behaviour. 

Whilst  proprietary  software  packages  now  contain  elements  which  provide  a  capability  for 
the  modelling  of  cracked  structures  in  typical  design  problems,  their  applicability  is  less 
justifiable  in  research  environments  where  control  and  adaptability  of  the  form  of  element 
is  of  primary  importance.  The  authors  have  access  to  a  number  of  proprietary  finite 
element  packages,  in  each  of  which  the  user  has  a  facility  to  create  a  user-defined  element 
which  incorporates  a  more  sophisticated  representation  of  the  internal  mechanics  of  the 
defective  region.  Some  difficulties  have  been  encountered  in  this  approach,  particularly 
where  an  element  formulation  appears  to  satisfy  the  conditions  of  the  technical 
specification  of  the  package  but  unexplainable  computational  failures  have  occurred. 

The  authors  have,  wherever  possible,  used  the  general  purpose  proprietary  elements  to 
provide  reference  benchmarks  to  validate  the  specialised  user-defined  elements.  However 
it  is  not  always  reasonable  to  assume  that  the  proprietary  element  is  simply  a  special  case 
of  the  user-defined  element.  For  example,  Abraham  and  Brandon  initially  assumed  that  an 
intact  beam  was  comparable  with  a  beam  with  a  crack  of  zero  depth  [3];  it  was  rapidly 
recognised  that  this  is  not  so.  Some  typical  results  of  the  benchmarking  process  are 
reported  here. 

Where  the  proprietary  formulation  and  the  user-defined  element  share  the  same  modelling 
assumptions  they  should  give  identical  results.  However,  experience  shows  that  this  is  not 
always  so.  The  uncertainty  is,  at  least  in  part,  due  to  the  order  of  the  approximating 
functions  used.  Once  again,  the  user-defined  element  gives  the  necessary  control. 

THEORETICAL  BACKGROUND 

The  presence  of  a  crack  in  a  structural  member  induces  a  local  modification  of  its  stififiiess, 
which  can  be  expressed  as  local  stiffness  matrix,  the  dimension  of  which  depends  on  the 
number  of  degrees  of  freedom  considered.  Consequently  such  a  crack  in  any  structural 
member  will  affect  its  overall  static  and  dynamic  behaviour.  Using  the  fracture  parameters 
which  were  originally  introduced  to  predict  fracture  instability,  the  local  flexibility  of 
cracked  structures  can  be  calculated.  Thus,  on  the  basis  of  the  energy  release  rate  and  by 
application  of  Castigliano’s  theorem,  the  Paris  integral  yields  the  displacement  of  elastic 
bodies  at  any  desired  point.  This  of  course,  requires  a  knowledge  of  the  energy  release 
rate  values  or  the  corresponding  stress  intensity  factors  in  the  region  of  the  crack  [6].  In 
this  way,  the  local  flexibility  may  be  considered  as  a  single  spring  relating  only  one  force  to 
the  deflection  in  the  same  direction  [2].  The  local  flexibility  method  for  the  dynamic 
analysis  of  cracked  structures  is  restricted  only  to  simple  structural  elements,  because  it 
requires  knowledge  of  expressions  giving  the  stress  intensity  factor  as  a  function  of  the 
crack  depth  [7], 
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While  a  large  number  of  solutions  exist  for  various  crack  geometries,  these  tend  to  be 
restricted  to  simple  geometries  and  elementary  loading  patterns.  Thus  if  cracks  are 
encountered  in  complex  stress  fields  or  in  complex  geometries  a  numerical  solution 
technique  becomes  essential.  Over  the  last  three  decades  the  finite  element  method  has 
proved  to  be  the  most  effective  means  of  solving  engineering  structural  problems  that  defy 
solution  by  classical  methods.  The  use  of  finite  element  method  to  analyse  cracked 
structure  problems  is  complicated  by  the  stress  field  singularity  which  exists  at  the  crack 
tip.  To  model  the  stress  field  singularity  the  most  successful  methods  are  based  on  an 
energy  technique  and  the  singularity  function  formulation.  In  this  paper  the  stiffness  matrix 
of  a  cracked  element  will  be  calculated  based  on  the  analytic  solution.  A  similar  type  of 
formulation  has  been  used  by  Rao  et  al.[8]  and  Apostal  [9].  By  using  this  element  in  a 
embeddable  subroutine,  the  vibration  analysis  of  the  structures  will  be  analysed. 


CRACKED  ELEMENT  STIFFNESS  MATRIX 

If  the  stress  and/or  displacement  fields  within  an  element  can  be  written-  in  a  matrix  form 
of  unknown  parameters,  then  the  element  stiffness  may  be  derived  using  either  or  both  the 
internal  stress  and  displacement  fields.  If  only  the  internal  displacement  field  is  used  then 
the  resulting  formulation  is  a  minimum  potential  energy  form,  resulting  in  a  lower  bound 
solution.  If  only  the  stress  fields  are  used  then  the  formulation  is  a  minimum 
complementary  energy  form,  resulting  in  an  upper  bound  solution,  Using  both  stress  and 
displacement  fields  is  called  as  mixed  formulation.  These  results  would  be  expected  to  lie 
between  the  two  bounds  and  produce  accurate  results.  Sneddon  [10]  was  the  first  to 
derive  the  stress  field  expansions  for  the  two  cases  of  a  Griffiths’  crack  and  a  circular 
crack.  Irwin  [11]  extended  the  work  of  Sneddon  to  represent  the  stress  field  in  terms  of 
stress  intensity  factors.  Sih  and  Rice  [12]  further  extended  this  work  using  complex 
function  approach  to  Muskhelishvili  [13]. The  equilibrium  equations  of  plane  elasticity 
given  by 


do^ 

- i - 1 - 

dK  dy 

50  y  50 

dy  dx 


=  0 

(1) 

=  0 

(2) 

are  identically  satisfied  if  the  stress  components  are  expressed  in  terms  of  an  Airy  stress 
function,  A(x,y),  as  follows 


_  a-A  a^A 


(3) 


For  a  stress  formulation,  the  compatibility  equation  must  also  be  satisfied 
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V^(Ox+cry)  =  0 


(4) 


in  which  is  the  usual  Laplace  or  harmonic  operator.  Substituting  from  (3)  in  (4) 
results  in  the  biharmonic  equation 


V‘*A  =  V^(V^A)  =  0  (5) 

Thus  the  problem  reduces  to  that  of  determining  a  stress  function  A  which  satisfies  (5)  and 
also  provides  stresses  and  displacements  which  satisfy  the  boundary  condition. 


Figure  1  Coordinate  axes  used  in  the  stress  analysis  of  a  plane  crack. 

Considering  Figure  1,  the  boundary  condition  can  be  written  as 

Qy  =  Gxy  =  0  for  6  =  ±7t  (6) 

Choosing  a  suitable  Airy  function  with  complex  variables  and  using  boundary  conditions 
with  an  infinite  series  solution  the  stresses  and  the  displacements  in  the  structure  can  be 
written,  following  Fawkes  [14],  as; 
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where 

ai^are  unknown  coefficients, 

3  —  V 

K  =  3  -  4v  for  plane  strain  and  k  = - for  plane  stress, 

1  +  V 

|j.=E/2(l+v)  is  the  shear  modulus, 

V  is  the  Poisson’s  ratio. 

Applying  the  condition  0=0  to  (7),  (8)  and  (9)  (with  taking  n=l)  gives  stress  fields  as 
follows 

1  l  2 

ai  ai 

Vx  Vx  Vx 

Now  comparing  with  Irwin’s  expression  which  is  as  follows 


^  _  _  ^II  ^  _  ^ni 
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now,  it  can  be  written  as 


1  _ 


ai  = 


2  _ 


ai  = 


(14) 


Applying  the  well  known  energy  functional  in  matrix  form  at  element  level 
x  =  U-W  =  2|^oT£^dV-4u'^TdS  (15) 

where 

U=internal  strain  energy, 

W=external  work  done  by  surface  traction, 
c-  Stresses  at  a  point, 
u=displacements  at  a  point, 

T=surface  traction, 

V=e}ement  area, 

S=section  of  boundary  over  which  T  is  applied. 

The  stress  and  displacement  fields  given  by  expressions  (7-11)  can  written  in  matrix  form 
as  follows 


a  -  Pa,  u  =  Aa  (16) 

in  which  the  components  of  a  are  related  to  the  stress  intensity  factors  according  to  (14), 

The  unknown  coefficients  can  be  related  to  the  nodal  displacements  5  by  evaluating 
equation  (16)  at  every  nodal  position,  thus  giving 


5  =  Aa  (17) 

Substituting  from  (16)  in  (15),  taking  the  variation  of  (15)  with  respect  to  the  components 
of  the  unknown  vector  a  and  applying  (17),  the  following  equation  can  be  written 


K5=F  (18) 

where  the  stiffness  matrix  is  given  by 

K  =  [A‘']’^)vP'^E'’'PdV[A]'^  (19) 
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It  is  seen  from  equations  (7-1  l),used  in  forming  the  A  matrix,  that  there  are  no  rigid  body 
terms  in  the  formulation.  It  is  therefore  necessary  to  include  the  three  modes  of  rigid  body 
motion.  This  can  be  done  by  allocating  the  last  three  a;  terms  to  be  the  rigid  body 
displacements  9,  x,  y  and  modifying  the  A  matrix  accordingly,  as  follows: 


u  = 


A  y  1  0 
X  0  1 


ai 

0 

X 

y 


(20) 


As  rigid  body  terms  do  not  induce  any  stress  in  the  element  the  corresponding  terms  in  the 
P  matrix  are  as  follows 


a  = 


P  0  0  0 
0  0  0 
0  0  0 


ai 

an 

e 

X 

ly 


(21) 


By  using  equations  (7-11)  the  A  and  P  matrices  can  be  found  easily.  After  establishing 
these  matrices  element  stiffness  matrix  can  be  calculated  by  equation  (19). 

MODELLING  WITH  FINITE  ELEMENT  METHOD 

The  equation  of  motion  can  be  written  as 


[M]{x}  +  [C]{x}  +  [K]{x}  =  {F)  (22) 

where  [M],  [C]  and  [K]  are  the  global  mass,  damping  and  stiffness  matrices  respectively, 
{x}  and  {F}  are  the  displacement  and  external  force  respectively.  For  undamped  free 
vibration  analysis  equation  (22)  becomes 


[M]{x}  +  [K]{x)  =  0 


(23) 
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During  the  assembly  of  the  global  stiffness  matrix  [K]  of  the  system,  if  there  is  a  crack  on 
any  of  the  elements  then  the  local  stiffness  matrix  can  be  calculated  from  equation  (19),  or 
else  from  standard  stiffness  matrix  equations.  After  forming  the  global  mass  matrix  [M] 
the  eigenvalue  problem  can  be  solved.  Assuming  that 


(x)  =  {(})}  sin((X)t  +  3),  {x}  = -CO  ^  {(()}sin(©t  +  p)  (24) 

and  substituting  them  into  equation  (23),  one  ends  up  with  the  standard  free  vibration 
equation, 

o)2[M]{(()}=[K]{(i)}  (25) 

this  is  standard  eigenvalue  problem  and  now  the  natural  frequencies  cOj  and  natural 
modes  (cj)  j }  can  be  solved  for  different  crack  depths  by  a  suitable  method. 


BENCHMARKING  A  SIMPLE  PLANE  PROBLEM 

The  method  has  been  applied  to  a  plane  problem  (Figure  2).  The  geometrical  configuration 
is  similar  to  that  analysed  by  Abraham  and  Brandon  [3].  The  crack  is  assumed  to  be  open 
during  analysis  and  plane  strain  conditions  is  considered.  Physical  properties  of  steel  were 
used  for  the  analysis. 


Figure  2.  Geometiy  of  the  cracked  structure. 
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Figure  3.  Frequencies  for  cracked  structure  for  ^=0.5,  r/a=0.1  and  r/a=0.25 


r/a=0.80 


Figure  4.  Frequencies  for  cracked  structure  for  ^=0.5,  r/a=0.5  and  r/a=0.8 


DISCUSSION 

The  results  illustrated  in  figures  3  and  4  are  typical  cases  which  compare  the  authors’ 
computed  natural  frequencies  with  thse  provided  from  the  proprietary  software,  As  can  be 
seen,  there  is  a  close  correspondence  between  the  two  sets  of  results.  This  provides  the 
necessary  confidence  to  undertake  broader  parametric  studies  where  the  formulation  of 
the  crack  element  is  varied  under  controlled  conditions.  Fuller  results  from  the  authors’ 
own  studies  for  this  crack  element  are  included  in  table  1. 
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rad/s 

^/L 

r/a  ratio 
0.25 

r/a  ratio 
0.50 

r/a  ratio 
0.80 

Intact 

0.17 

244.56 

110.61 

453.6 

2nd  mode 

0.17 

1954.69 

1789.20 

1290.90 

1971.03 

3rd  mode 

0.17 

2141.37 

1906.84 

1687.51 

2282.74 

4th  mode 

0.17 

3663.95 

4146.92 

1st  mode 

0.50 

421.933 

353.621 

197.024 

2nd  mode 

0.50 

1310.12 

904,512 

3rd  mode 

0.50 

4th  mode 

0.50 

4002.11 

3843.56 

3146.11 

1st  mode 

0.83 

443.99 

436,932 

383.463 

2nd  mode 

0.83 

1708.84 

1337.44 

705.36 

3rd  mode 

0.83 

2235.56 

2128.60 

1960.16 

4th  mode 

0.83 

3323.34 

2724.64 

2579.95 

Table  1.  Natural  frequencies  of  the  cracked  structure  for  various  ^  and  r/a  ratios. 


CONCLUSIONS 

The  natural  frequencies  and  mode  shapes  derived  from  the  user-defined  element  are 
extremely  close  to  those  derived  using  proprietaiy  software.  The  extremely  small 
systematic  deviations  suggest  that  the  user-defined  element  is  very  slightly  more  flexible 
than  in  the  proprietary  formulation.  The  results  give  considerable  confidence  in  extending 
the  capability  of  the  element  to  cases  where  the  proprietary  system  cannot  be  used. 

IMPLENffiNTATIONAL  DETAIL 

The  proprietary  software  used  as  a  benchmark  was  LUSAS™. 

The  element  used  for  the  linear  elements  in  this  analysis  was  #10.2  from  the  text  by  Smith 
and  Griffiths  ([15]  pp308-312). 

Because  of  the  assumption  of  a  sharp  crack  -  and  consequently  no  loss  of  material  -  the 
inertia  matrix  for  the  crack  element  is  identical  to  that  of  the  standard  element.  The 
components  of  a  are  calculated  repeatedly  -  case  by  case  -  from  the  stress  intensity 
factors,  as  defined  in  equation  14.. 
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Abstract:  In  the  present  paper,  the  stability  of  cracked  rotor  systems  is  discussed  from  the  aspect  of 
input-output  stability  and  inner  stability.  The  inner  stability  describes  the  influence  of  only  the  fatigue 
crack  size  on  the  stability.  The  input-output  stability  represents  the  influence  of  rotating  speeds 
together  with  other  system  parameters  on  the  stability.  By  introducing  the  concept  of  virtual  oil-film 
bearing  produced  by  a  fatigue  crack,  the  inner  stability  of  the  system  is  discussed.  It  is  suggested  that 
fatigue  crack  is  an  important  reason  for  the  existence  of  lower  frequency  vibration  components  in 
some  turbo-machines  and  a  small  fatigue  crack  may  drive  a  system  into  instability  in  a  very  short 
time.  One  numerical  example  and  one  experiment  example  are  presented  at  the  end  of  the  paper. 


Introduction 

Recently,  catastrophic  accidents  in  power  plants  are  reported  over  the  world.  In  these  accidents, 
rotors  of  turbo-machines  broke  into  several  pieces  shortly  after  the  systems  came  into  instability  states 
with  very  high  vibration  levels.  Impacts  between  a  rotor  and  bearings  and  finally  the  rotor  being  dead 
locked  is  a  major  reason  for  the  breakdown.  Nevertheless,  reason  of  the  instability  is  still  a  puzzle  as 
there  are  many  causes  which  can  produce  very  serious  vibrations,  such  as  self-excited  vibration  arising 
form  fluid  film  forces  (i.e.  oil  whip)  and  fatigue  cracks  (Schollhorn,  et  al,  1993). 

According  to  some  investigations,  before  the  breakdown  of  steam  turbines,  there  exist  lower 
frequency  components  in  vibration  signals  for  quite  a  long  time  , where  frequencies  of  these 
components  are  lower  than  a  half  of  the  rotating  speed.  Therefore,  damages  and  abnormal  conditions 
which  can  bring  about  lower  frequency  vibration  components  might  be  responsible  for  such 
instabilities,  In  this  paper,  from  the  aspect  of  stability,  the  possibility  of  fatigue  cracks  in  a  rotor 
system  being  one  of  these  causes  will  be  investigated.  The  crack  discussed  is  confined  to  “breathing” 
crack,  that  is  the  crack  opens  and  closes  once  per  revolution  under  the  rotor  weight  (Gasch,  1993). 

Studies  on  fatigue  cracks  in  a  rotor  system  include  mathematical  models  of  cracked  rotor  systems 
(Gasch,  1976,  Gasch,  1993,  Lee,  et  al,  1992,  Wauer,  1990),  dynamics  behaviours  of  cracked  rotor 
systems  (Davies  and  Mayes,  1984,  Dimarogonas  and  Papadopoulos,  1983,  Mayes  and  Davies,  1984, 
Nelson  and  Nataraj,  1986,  Plant,  et  al,  1994),  detection  of  cracks  (Collins,  et  al,  1991,  Imam,  et  al, 
1989,  Sofiker,  et  al,  1993)  and  stability  of  cracked  rotor  systems(Gasch,  1993,  Huang,  et  al,  1993, 
Zheng,  1996).  Since  the  equation  of  motion  of  a  cracked  rotor  is  periodically  time-varying,  Floquef  s 
Method  is  widely  used  in  studying  the  stability.  Research  is  mainly  on  the  aspect  of  system  responses 
due  to  unbalance  forces,  i.e.  regions  of  instability  with  respect  to  rotating  speed.  Subharmonic 
resonance  due  to  the  rotating  speed  near  1/k  or  2/k  of  a  natural  frequency  of  the  system  has  been 
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considered  as  a  major  reason  for  the  instability  of  a  cracked  rotor  system,  where  k  is  a  positive  integer 
(Gasch,  1993,  Huang,  et  al,  1993,  Tamura,  et  al,  1988,  Wen  and  Wang,  1988,  Zheng,  1996). 

The  Jeffcot-  (or  Lavel-)  rotor  model  is  widely  used  for  the  studies  on  the  stability  of  cracked  rotor 
systems  (Gasch,  1988,  Gasch,  1993,  Zheng,  1996).  This  model  has  two  degrees-of-freedom  and  hence 
is  suitable  for  the  purpose  of  studying  some  basic  properties  of  a  rotor  system  having  two  competing 
effects.  From  the  aspect  of  rotor  -foundation  (bearings)  vibration,  the  Jeficot-rotor  can  also  be 
considered  as  a  model  constructed  by  a  rigid  rotor  mounted  on  two  identical  oil-film  bearings.  Thus, 
the  study  on  the  cracked  rotor  vibration  with  the  Jeffcot-rotor  model  may  have  its  own  limitation  in 
exploring  the  stability  of  cracked  rotor  systems.  In  a  Jeffcot-rotor  model,  there  is  no  difference  in 
elastic  body  vibration  mode  and  rigid  body  vibration  mode,  thus  this  model  is  not  good  for  the  study  of 
lower  frequency  vibration  components  of  a  cracked  rotor  system. 

In  the  present  paper,  a  general  oil-film  bearing-elastic  rotor  model,  which  is  an  alternative  to  the 
Jeffcot-rotor  model,  will  be  used  to  study  the  stability  and  the  lower  frequency  components  in  the 
vibration  of  cracked  rotor  systems.  This  approach  is  based  on  a  proposed  concept  of  “Virtual  Oil-Film 
Bearing"  for  the  analysis  of  cracked  rotor  system  vibrations. 


Vibration  of  Cracked  Rotor  System 

The  fatigue  crack  studied  in  this  section  is  a  transverse  and  “breathing”  crack.  Let  the  maximum 
variation  in  the  stiffness  produced  by  the  crack  is  AK,  then  the  equation  of  motion  of  a  cracked  rotor 
system  can  be  expressed  as 

rcos20t  sin20t  1 

MX(t) +CX(t)  +  KX(t)  +a(t)HAKj^^.^2Qt  -ccs2n,F«  (1) 

=  A  cos(at + 0) + f  (X,  X)  +  G 

where  M,  C  and  K  are  mass,  damping  and  stiffness  matrices,  respectively;  a(t)  determines  the  amount 
of  stiffness  variation  contributed  by  the  crack,  for  the  hinged  crack  model  (Gasch,  1976) 

J 1  crack  open 
~  [o  crack  close  ’ 

H  is  a  matrix  defining  the  position  of  the  crack  in  the  rotor;  Q.  is  the  rotating  speed  of  the  rotor;  A  and 
0  are  amplitude  and  phase  of  unbalance  forces,  respectively;  f(X,X)  is  the  oil  film  force,  which 
usually  is  a  non-linear  function;  G  is  the  vector  of  gravity  forces. 

There  are  several  approaches  available  for  the  solution  of  equation  (1),  one  of  them  is  harmonic 
balance  method.  When  a(t)  is  a  periodic  function  of  tlie  rotation  and  when  both  the  structure  damping 
and  oil  film  damping  are  ignored,  a  Fourier  series  can  be  used  to  approximate  the  solution.  If  the 
damping  of  the  system  can  not  be  ignored,  the  opening  and  closing  of  the  crack  from  cycle  to  cycle 
produces  transient  vibration  to  the  system,  the  vibration  may  not  be  periodic.  Therefore,  the  method  of 
Fourier  expansion  may  not  be  suitable.  For  a  linear  model  with  unbalance  forces,  when  the  crack 
closes  and  the  system  is  in  a  steady  state,  die  vibration  should  only  contain  tire  first  harmonic 
component  of  the  rotating  speed  and  transient  components  about  the  natural  frequencies.  The  method 
of  Fourier  expansion  might  not  be  a  proper  choice  in  such  cases. 

Another  approach  is  the  method  of  multiple  scales  (Nayfeh  and  Balachandran,  1995),  wirich  is  an 
established  method  for  a  general  solution  of  a  dynamic  system.  In  the  case  of  linear  oil  film  forces,  it 
is  supposed  that  the  crack  will  either  fully  open  or  fiilly  close  (Gasch,  1976).  When  the  crack  is  in  the 
state  of  opening  (a(t)=l),  the  solution  of  equation  (1)  can  be  expressed  as 
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(2) 


X(t)=  ZUje^*^  +  /{X-  + 

i=!  k=li=l 

Z  ZW„^/(X„+X„-jkn)ei“+E 

m=l,n=lk=l 

m5=n 


where  Xi  are  the  eigenvalues  of  the  system,  E  represents  complex  conjugate  part  of  the  solution,  Ui  , 
Vik  and  Wmnk  ars  coefficients  determined  by  the  system  parameters  and  the  initial  conditions  at  the 
instant  that  the  crack  opens.  The  eigenvalue  Xi  has  the  form  of  Q  +]©;  ,  where  Ci  and  q,  are  damping 

coefficient  and  namral  frequency  of  the  system,  respectively;  i,k,m,n=l,2,3,.... 

It  is  known  from  equation  (2)  that  when  the  rotating  speed  is  equal  to  ©i/k  or  2c0i/k,  the  system  can 
be  in  a  state  of  resonance.  The  vibration  contains  some  high  order  harmonics  of  the  rotating  speed. 

For  a  linear  system,  when  the  crack  closes,  the  response  of  the  system  to  the  unbalance  forces  is 

X(t)=  ZUie^''  +  ZVi/(X.i-ja)ej^‘+E  (3) 

i=l  i=l 

If  equation  (1)  is  transformed  into  a  state  equation 

Y(t)  =  AY(t)  +  F(t)  (4) 


by  letting 


Y(t)  =  {X'^(t),X^(t)}'",  A(t)  = 

-M-‘C  -M'’(K+a(t)HAK 

cos20t  sin2nt 
_sin2nt  -cos20t,^ 

I 

0 

F(t)  = 


M“'Acos(nt+e)l  jM''f(Y(t))l 

0  ri  0  h 


for  a  linear  system,  the  response  of  the  system  can  be  expressed  as 

Y(t)  =  OKI,  to )  Y(t  0 )  +  1  <b(t,  T)F(T)dt 
to 


(5) 


where  <I>(t,to)  is  fundamental  matrix  (or  state  transition  matrix)  and  f(Y (t))  is  the  non-linear  part  of 
the  oil-film  forces.  Since  matrix  A(t)  is  time-varying,  in  general,  there  is  no  explicit  solution  to 
equation  (5). 

For  a  constant  system  matrix  A,  the  fundamental  matrix  can  be  written  as 

cD(t,to)  =  Ue^^'"'“^V'^  (6) 

where  A=UAV^  and  A  is  the  Jordan  matrix,  which  usually  is  a  diagonal  matrix  and  whose  diagonal 
elements  are  the  eigenvalues  of  matrix  A.  With  the  rule  of  composition,  by  dividing  the  time  interval 
(to,  t]  into  a  series  of  small  time  interval  to<ti<t2...<tn=t,  and  letting  matrix  A(t)  be  constant  in  each 
such  small  time  interval,  the  fundamental  matrix  can  be  approximately  expressed  as 

cl5(t,to)=  nO(tk_,,tk)  =  (7) 

k=l  fc=l 

where  A(t)=Ak==UkAkVk^,  te(tk.i  ,  t^].  Substituting  equation  (7)  into  equation  (5),  one  has 
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(8) 


Y(t)  =  n  Uj.  >  VjJ  Y(t  0 )  +  Q(n,  9)  +  Q(-0 -0)  +  R(a)  +  R(-Q) 

k=l 


Q(n,e)  =  0.5[ZeJ^‘‘=^j®Oatk)Uk(Ak 

k=l 


k=l 


It  can  be  seen  from  equation  (8)  that  the  dynamic  properties  are  entirely  determined  by  the 
eigenvalues  and  eigenvectors  of  matrix  A(t). 

Obviously,  another  important  feature  of  the  cracked  rotor  vibration  is  that  the  vibration  contains 
some  transient  components. 


Input-Output  stability 

Equation  (2)  and  equation  (8)  give  different  descriptions  to  the  stability  of  a  cracked  rotor  system. 
Equation  (2)  sets  up  a  relationship  between  the  natural  frequencies  of  the  system  and  the  rotating 
speed  of  the  rotor  to  the  system  stability.  On  the  other  hand,  equation  (8)  describes  a  relationship  of 
the  system  parameters  to  the  system  stability. 

In  equation  (2),  since  the  stability  is  dependent  on  rotating  speed,  that  is  the  input  of  the  system, 
such  stability  can  be  called  input-output  stability.  The  condition  for  a  system  in  input-output  stability 
is  that  the  rotating  speed  is  not  equal  to  1/k  or  2/k  of  a  natural  frequency,  for  small  positive  integer  k. 

Since  a  rotor  system,  especially  with  oil-film  bearings,  has  damping,  in  the  state  of  resonance  ,or 
subharmonic  resonance,  the  amplitude  of  the  system  response  may  be  bounded.  However,  if  the 
amplitude  exceeds  a  certain  level,  the  rotor  will  impact  with  oil-film  bearings  or  other  static  parts  of 
the  system,  such  that  the  vibration  can  increase  greatly.  Therefore,  the  amplitude  should  be  lower  than 
a  specified  value.  From  this  aspect,  the  stability  is  Langrange  stability  (Nayfeh  and  Balachandran, 
1995). 

In  equation  (2),  the  eigenvalues  'ki  corresponds  to  the  uncracked  rotor  system,  thus  stable  and 
unstable  regions  are  decided  by  the  system  itself  and  are  irrelevant  to  the  size  of  a  small  crack 
initially.  When  the  crack  develops  further,  the  unstable  regions  will  expand.  In  other  words,  the  input- 
output  stability  is  also  determined  by  the  crack  size  afterwards. 


Inner  Stability 

In  equation  (8),  if  the  rotor  has  a  constant  speed  and  the  rotating  speed  is  outside  the  instability 
regions,  and  if  at  the  end  of  each  cycle,  the  vibration  amplitude  is  higher  than  that  at  the  beginning  of 
the  cycle,  the  vibration  can  iteratively  go  to  a  very  high  level.  In  the  sense  of  Langrange  stability,  the 
system  is  unstable.  In  such  cases,  the  physical  parameters  and  tlie  size  as  well  as  tire  position  of  the 
crack  play  a  key  role  in  the  stability  of  a  cracked  rotor  system.  The  stability  will  not  be  decided  by  the 
rotating  speed  alone.  When  the  stability  is  entirely  decided  by  die  parameters  of  the  system,  the 
stability  is  called  inner  stability. 

The  Floquet’s  theory  (Harris  and  Miles,  1980)  can  be  used  to  study  the  inner  stability  by 
calculating  the  characteristic  exponents  and  characteristic  multipliers  of  the  fundamental  matrix  of 
the  system.  A  difficulty  exists  in  that  there  are  no  general  methods  available  for  the  exact 
determination  of  either  the  characteristic  exponents  or  characteristic  multipliers.  It  has  to  rely  on 
numerical  calculations. 
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Like  an  oil-film  bearing,  a  transverse  crack  can  produce  off  diagonal  terms  in  the  stifihess  matrix 
as  shown  in  equation  (1),  the  crack  changes  the  coupling  of  vibrations  in  two  orthogonal  directions. 
Since  a  rotor  with  oil-film  bearings  can  become  unstable  due  to  the  presence  of  cross  coupling 
stiffness  (Kramer,  1993),  the  cross  coupling  stiffness  associated  with  the  crack  can  also  produce 
instability.  Thus,  the  study  of  the  inner  stability  can  also  be  from  the  aspect  of  cross  coupling  stiffness 
produced  by  the  fatigue  crack.  If  the  extra  stiffness  matrix  produced  by  the  crack  is  moved  to  the  right 
side  of  equation  (1),  it  can  be  seen  that  the  crack  behaves  like  a  oil-film  bearing,  which  changes  the 
support  of  the  system.  From  this  point  of  view,  the  crack  can  mathematically  be  considered  as  a 
"virtual  oil-film  bearing"  to  the  rotor  system.  In  the  equation  of  motion,  the  only  difference  is  that  this 
virtual  bearing  has  time-varying  dynamic  coefficients. 

A  rotor-bearing  system  is  constructed  by  an  elastic  rotor  mounted  on  an  elastic  foundation 
provided  by  the  oil-film  forces.  The  dynamic  properties  of  the  system  contain  rigid  body  vibration 
modes,  which  mainly  caused  by  the  elastic  foundation,  and  elastic  body  vibration  modes,  which  refer 
to  the  vibration  of  the  rotor  itself.  As  a  virtual  bearing,  the  crack  has  a  great  influence  on  the  rigid 
body  vibration  modes.  To  examine  the  iimer  stability  of  a  cracked  rotor  system,  the  rigid  body 
vibration  modes  should  be  calculated.  If  the  real  parts  of  some  eigenvalues  are  positive  in  some  time 
intervals,  the  system  could  be  in  a  state  of  instability.  Because  the  degree  of  the  influence  to  the 
system  is  determined  by  the  size  of  the  crack,  besides  the  physical  parameters  and  the  dynamic 
coefficients  of  the  oil-film  bearings,  the  crack  size  is  an  important  factor  on  the  inner  stability. 

It  is  known  from  equations  (2)  and  (8)  that  a  fatigue  crack  can  produce  transient  components  to  the 
system  vibration.  For  a  heavy  rotor,  the  rigid  body  vibration  modes  usually  have  lower  natural 
frequencies.  Hence  the  appearance  of  lower  frequency  vibration  components  is  a  result  of  fatigue 
cracks.  Being  a  virtual  bearing  to  the  system,  in  the  equation  of  motion  of  the  system,  the  crack 
changes  the  support  condition  of  the  system.  Observed  from  the  outside  of  the  system,  the  cracked 
rotor  system  can  look  like  suffering  changes  in  support  conditions.  As  a  cracked  rotor  system  is  a  self- 
excited  system,  the  system  may  behave  like  fluid-induced  self-excited  vibration ,  such  as  oil  whip. 

Because  coefficients  of  the  extra  stiffness  matrix  are  period  functions  of  two  times  of  the  rotating 
speed,  it  looks  like  that  the  crack  provides  foundation  excitation  to  the  system.  As  a  result,  the  cracked 
rotor  vibration  contains  the  second  harmonic  component  of  the  rotating  speed.  If  unbalance  forces  are 
small,  the  vibration  may  be  dominated  by  such  second  harmonic  component. 


Examples 

The  first  example  is  a  numerical  example  showing  the  influence  of  a  fatigue  crack  on  the  inner 
stability  of  a  rotor-bearing  system.  This  is  a  uniform  shaft  with  diameter  280mm  and  length  2100mm. 
The  shaft  is  divided  into  7  elements  with  equal  length  and  a  transverse  crack  is  located  at  the  4th  node 
from  the  left.  For  the  sake  of  convenience,  a  lumped  model  is  used.  The  shaft  is  supported  by  two 
identical  oil-film  bearings  on  two  ends.  The  dynamic  coefficients  of  the  bearings  are  listed  in  table  1. 
The  natural  frequencies  of  the  rigid  body  vibration  modes  are  2.40Hz  and  6.35Hz,  respectively.  The 
damping  matrix  is  defined  as  lOM+O.OOOOlK.  M  and  K  are  defined  in  the  Appendix.  The  crack 
model  is  hinge  model  (Gasch,  1976). 

Table  1 :  Dynamic  Coefficients  of  Oil-Film  Bearing 


k.oc=0. 17658x  10\g/mm 

Cxx=240kg-s/mm 

kyy=0 .26x1  O^kg/mm 

Cyy=140kg-s/mm 

kxy=0.26x  lO^kg/mm 

Cxy=420kg-s/mm 

kyx=0.68x  lO'^kg/mm 

Cyx=120kg-s/mm 
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When  the  variation  in  the  stiffness  produced  by  the  crack  is  increased  from  2%  to  5%,  the  system 
comes  into  a  state  of  instability  shortly  after  the  crack  occurred.  The  only  influence  of  the  rotating 
speed  on  the  stability  is  that  for  a  higher  speed,  the  vibration  amplitude  will  increase  speedily.  The 
shaft  end  orbit  at  the  left  bearing  is  shown  in  figure  la.  The  spectrum  of  the  displacement  vibration  in 
the  vertical  direction  is  shown  in  figure  lb.  In  figure  1,  the  rotating  speed  is  27H2.  It  can  be  seen  that 
the  vibration  signal  contains  lower  frequency  components  with  high  amplitudes  and  the  signal  is 
dominated  by  the  second  harmonic  vibration  component.  The  variation  of  the  real  part  of  the 
eigenvalue  for  the  lowest  vibration  mode  (rigid  body  vibration  mode)  along  with  the  shaft  rotation  is 
in  figure  2.  For  a  5%  stiffness  variation,  it  can  be  found  in  figure  2  a,  that  in  some  part  of  the  cycle, 
the  real  part  is  positive  with  large  value.  Figure  2b  is  the  case  of  2%  stiffness  variation,  where  the  real 
part  is  almost  always  negative. 

It  can  be  seen  from  this  example  that  for  a  certain  rotor  system,  even  a  small  fatigue  crack  can  put 
the  system  into  a  state  of  instability. 

The  second  example  is  an  experimental  example  made  on  a  rotor-bearing  system  test  rig.  The 
diameter  of  the  rotor  is  80mm.  A  transverse  fatigue  crack  was  produced  on  a  fatigue  test  machine 
after  about  50  hour  of  continuous  operation.  The  depth  of  the  crack  is  about  0.25  of  the  diameter.  The 
position  of  the  crack  is  shown  in  figure  3 .  Figure  4  shows  the  shaft  end  orbit  at  the  far  right  bearing 
and  the  spectrum  of  the  displacement  vibration  at  the  far  right  bearing  in  the  vertical  direction.  The 
rotating  speed  is  30  Hz.  Obviously,  besides  a  high  second  harmonic  vibration  component,  the 
vibration  contains  lower  frequency  components  with  high  amplitudes. 


Conclusion 

Mathematically,  a  fatigue  crack  can  be  viewed  as  a  oil-film  bearing  with  time-varying  dynamic 
coefficients.  Like  an  oil-film  bearing,  in  the  equation  of  motion  of  a  cracked  rotor  system,  the  crack 
adds  cross  coupling  terms  to  the  stiffness  matrix.  Considering  this  fact,  the  concept  of  virtual  oil-film 
bearing  is  proposed  for  describing  the  influence  of  a  fatigue  crack  on  the  dynamic  properties  of  a 
cracked  rotor  system. 

The  stability  of  cracked  rotor  system  are  studied  from  two  aspects,  input-output  stability  and  inner 
stability.  The  inner  stability  has  been  discussed  mainly  from  the  aspect  of  virtual  oil-film  bearing.  As 
in  the  equation  of  motion  of  a  cracked  rotor  system,  both  the  virtual  oil-film  bearing  and  the  real  oil- 
film  bearings  share  a  common  feature,  cross  coupling  stiffness  terms,  the  study  on  the  stability  of 
cracked  rotor  systems  is  similar  to  that  of  oil-film  bearing-rotor  systems. 

A  fatigue  crack  produces  lower  frequency  components  to  the  rotor  system  vibration.  As  a  cracked 
rotor  system  can  be  a  self-excited  vibration  system,  fatigue  crack  induced  vibration  may  appear  like  a 
fluid-induced  vibration. 

The  input-output  stabilisation  can  be  realised  by  control  the  rotating  speed.  On  the  other  hand,  the 
inner  instability  can  be  avoided  by  carefully  choosing  dynamic  coefficients  of  oil-film  bearings.  To 
avoid  inner  instability  produced  by  a  fatigue  crack,  for  a  given  rotor  system,  sensitivity  to  fatigue 
cracks  should  be  a  factor  in  choosing  oil-film  bearings. 
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Appendix 


M  =  diag{0,5m,  m,  •  •  ■ ,  m,0.5m},  m=  145. 1944kg 


ko  0  kQ 

0  2ko  0  -ko 

K=  ,  ,  ko=2.816xl0’kg/mm 

-ko  0  2ko  0 
-ko  0  ko. 


^30 


(a)  (b) 

Figure  1 :  (a)  Shaft  end  orbit  at  the  left  bearing  (b):  Spectrum  of  the  displacement  vibration  in  the 
vertical  direction  at  the  left  bearing  (5%  stifthess  variation) 


Figure  2:  Variation  of  the  real  part  of  the  eigenvalue  for  the  lowest  vibration  mode  (a:  5%  stiffness 
variation;  b:  2%  stiffness  variation) 
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Figure  3;  Test  rig  for  cracked  rotor-bearing  system  vibration 


(a) 

Figure  4:  (a)  Shaft  orbit  at  the  measure  point 
vertical  direction. 


■;  Spectrum  of  the  displacement  vibration  in  the 
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Abstract  In  this  paper,  by  means  of  the  complex  mode  theory  in  state  space,  an 
orthogonal  condition  of  avoiding  resonance  is  developed  for  damped  linear  gyroscopic 
systems  excited  by  forces  with  the  driving  frequency  equal  to  one  of  the  eigenvalues  of 
the  system.  Based  on  the  condition,  the  stability  of  the  system  is  analyzed  and  the 
unstable  regions  of  the  solution  are  given  by  employing  the  multiple  scale  method. 
Examples  show  that  there  do  exist  zero  real  part  eigenvalues  in  some  damped  linear 
system  and  the  approach  described  in  this  paper  is  correct  and  efficient. 

Key  Words  damped  gyroscopic  system  instability  analysis  complex  mode  analysis 
multiple  scale  method  parametric  excitation 

1  INTRODUCTION 

There  are  many  systems  subjected  to  parameter  excitation  in  engineering,  among  which 
those  dynamic  systems  with  parameters  varying  periodically  are  of  the  most  interest. 

The  investigation  of  the  system  stability  has  been  attracting  many  researchers'  attention. 
Review  of  the  early  works  was  made  by  Nayfeh  and  Mook  (1979).  The  usually 
employed  methods  according  to  Friedmann(1977)  were  the  Hill's  infinite  determinants, 
the  stability  theory  of  Floquet-Liapunov  and  perturbation  methods.  The  last  two 
methods  are  still  used  wildly  in  the  field  and  have  been  extended  to  deal  with  both 
nonlinear  systems  and  parametrically  excited  systems.  The  method  of  multiple  scales  is 
popular  in  perturbation  methods.  Through  the  method  of  multiple  scales  Nayfeh  (1987) 
investigated  the  parametric  excitation  of  two  internally  resonant  oscillators,  while 
Zavodney  and  Nayfeh  (1989)  determined  an  approximate  response  of  a  slender  beam 
carrying  a  lumped  mass  to  a  principal  parametric  excitation.  The  other  contributions 
include  Wang  and  Zhang  (1988),  Neal  and  Nayfeh  (1990),  Plant  (1990),  Plant  et  al 
(1990)  and  Natsiavas  (1995).  The  work  using  Floquet  theorem  include  those  of  Hague 
and  Lieh  (1988),  Shen  and  Mote  (1992),  Sankaranarayanan  et  al  (1994)  and  Kumar  and 
Tuckerman  (1994).  Biryuk  et  al  (1991)  analyzed  the  stability  of  the  high-power 
transistor  switchable  oscillators  by  means  of  the  direct  Lyapunov's  methods.  Some  other 
approaches  are  also  employed,  such  as  the  method  of  harmonic  balance  in  Yuan  et  al 
(1990),  McLachlan's  method  in  Tanaka  et  al  (1989)  and  numerical  methods  in  Sorokin 
(1992). 

Unfortunately,  most  of  existing  work  are  dealing  with  systems  with  one  degree  or  two 
degrees  of  freedom,  or  continuous  systems  with  single  variable,  there  are  very  few 
papers  dealing  with  the  parametric  excitation  of  multiple  degrees  of  freedom  systems. 
Hsu  (1963)  put  forward  an  approach  which  can  be  used  to  analyze  multiple  degrees  of 
freedom  systems  without  gyroscopic  effects.  By  application  of  the  method  of  multiple 
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scales,  Plaut  and  Limam  (1991)  considered  a  class  of  self-excited  mechanical  or 
structural  systems  with  multiple  degrees  of  freedom  and  subjected  to  parametric 
excitation.  Shen  and  Mote  (1992)  developed  a  perturbation  method,  which  is  based  on 
the  Floquet  theorem,  Fourier  transform  and  a  successive  approximation. 

A  simple  example  of  parametric  excitation  is  a  disk  mounted  on  a  shaft  with  variable 
elasticity  which  was  simplified  by  Den  Haitog  (1956)  as  a  system  with  single  degree  of 
freedom.  For  a  shaft  carrying  an  unsymmterical  rotor,  Yamamoto  (1964)  gave  the 
unstable  regions  of  the  system  by  solving  iteratively  an  8-order  eigenvalue  equation. 
After  combining  a  preparatory  principle  and  the  method  of  multiple  scales,  He  Yanzong 
(1992)  analyzed  the  stability  of  undamped  gyroscopic  systems  with  multiple  degrees  of 
freedom  and  small  parametric  excitation,  and  computed  the  unstable  regions  of  the  shaft 
of  Yamamoto  (1964).  He's  work  will  be  extended  to  damped  systems  with  or  without 
gyroscopic  effects  in  this  paper. 

Applying  the  complex  mode  theory  in  state  space  to  a  damped  linear  system,  this  paper 
develops  an  orthogonal  condition  for  the  system  to  avoid  resonance  when  excited  by 
forces  with  the  driving  frequency  equal  to  one  of  the  eigenvalues.  This  is  an  extension 
of  the  preparatory  theorem  in  He's  work(1992)  through  another  procedure.  By 
combining  this  new  orthogonal  condition  and  the  multiple  scale  method,  the  analysis  is 
carried  out  on  the  vibration  and  parametric  excitation  of  a  damped  linear  system  as  (He 
1992): 

Mx  +  Cx  +  Kx  +  z{M^x  +  C^x  +  K^x)e^'^’ =0  (1) 

where,  £*  is  a  small  dimensionless  parameter  and  co,  the  driving  frequency.  M,  C,  K  are 
real  matrices  with  the  order  of  nxn,  and  are  the  mass,  damping  and  stiffness  matrices  of 
the  system,  respectively.  M,  ,C,  are  corresponding  real  excitation  matrices  with  the 
order  of  nxn.  j  =  is  the  unit  of  complex  number.  It  is  supposed  that  there  exist 
some  purely  imaginary  eigenvalues  in  the  system. 

2  FORCED  VIBRATION  AND  NEW  ORTHOGONAL  CONDITIONS 

The  displacement  responses  of  a  general  dynamic  system 

Mx  +  Cx  +  Kx  =  f(t)  (2) 

will  be  investigated  in  this  section  when  it  is  excited  by  an  external  force  / (r)  = 
with  zero  initial  conditions.  Where  f(t)  is  the  external  force  vector,  /q.  is  the  force 
amplitude  vector.  Because  of  the  diversity  of  matrix  C,  the  equation  is  usually  solved  by 
employing  complex  theory  in  state  space.  A  set  of  equations  which  are  equivalent  to 
Eq.(2)  can  be  formed  as 

Ay-  By  =  F{t)  (3) 

where, 


f-c  -m' 

Fii:  ol  W 

0  . 

Co 

II 

1 - 

o 

1 _ 

V: 

II 

II 

o 

Supposing  that  U,V,A  are  the  right  mode  matrix,  the  left  mode  matrix  and  the  spectrum 
diagonal  matrix  of  the  homogenous  equation 

Ay-  By  ~0  (4) 

respectively,  we  have, 
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(5) 


UX,A~B)U^^() 

\v^{X^A-B)  =  Q 

Where  t/,F,Acan  be  expressed  as  following  forms  separately 


'a  ol 

\-L^ 

"  R  ' 

v=\ 

(/=l 

.0  Ij 

and 


M=V'^AU  = 


a  Ol 
.0  a\ 


K=V^BU  = 


b  0 
0  b 


M-'K  =  A 


in  which I  =  [v  v],  R  =  [u  u],X^  diag{x  a  =  diag{a, },b^  diag[b, },i  =  1,2,- ■■,n. 
A,,u,v  are  the  eigenvalue  diagonal  matrix,  the  right  mode  matrix  and  the  left  mode 
matrix,  respectively,  of  the  homogenous  equation  corresponding  to  equations  (2). 
Assuming  that  y  =  Uz  and  substituting  it  to  equation  (3),  after  pre-multiplying  two  sides 
of  the  resulted  equation  by  7^,  we  have 

z-A2^M-'V^F{t)  (7) 


where  the  equation  M~^K  =  A  has  been  utilized.  With  zero  initial  conditions,  and 
taking  f{t)  =  in  consideration,  we  can  get  the  solution  to  equation  (7)  as 


2  =  M-'coll - ! - (e"'' 

l,-jco 


(8) 


Where,  col  means  a  column  vector,  and  (r  =  1,2,  •  •  •  ,2n)  is  the  r-th  column  vector  of  V 
,  that  is  to  say 


Considering  y~Uz  = 


we  have 


=  UM-'col{-^ - («"■' (9a) 

A^~jco 

X  =  RM^^col{ - i - (9b) 

X^-jco 

From  equation  (9)  we  make  two  conclusions: 

(1)  When  ail  eigenvalues  A  .{r  =  1,2,  •  •  •  ,2n)  of  a  system  have  negative  real  parts, 
the  steady  responses  of  the  system  excited  by  /(O  =  can  be  expressed  as 

X  =  yQ)  =  (10) 

A  r-JO^ 

where  is  a  constant  vector  of  order  of  « .  Eq.  (10)  is  the  steady  case,  because  for  each 
r  the  term  with  factor  e^''  becomes  zero  when  time  lasts  long  enough. 

(2)  Some  eigenvalues  are  purely  imaginary  and  equal  to  the  driving  frequency. 
Examples  in  the  fourth  part  of  this  paper  will  show  that  the  purely  imaginary 
eigenvalues  do  exist  in  some  damped  linear  system.  Supposing  that  jco,  the  k-th 
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component  of  vector  has  a  form  of  V^F^te^’^' .  This  implies  that  resonance 


takes  place  although  the  rest  components  still  have  the  form  of 


V^F, 

r 

X  -  y© 

r 


However,  if  V^Fq  =  0  (H) 

the  responses  of  the  system  are  bounded  and  also  take  the  form  of  Eq.(iO)  when  excited 
by  the  external  force.  Eq.(l  1)  is  a  necessary  and  sufficient  condition,  which  the 
amplitude  vector  of  the  excitation  must  satisfy  for  a  damped  linear  system  to  have 
bounded  responses,  when  the  exciting  frequency  is  equal  to  some  imaginary  eigenvalue 
with  pure  imaginary  part  of  the  system.  This  condition  can  be  called  an  orthogonal 
condition  and  developed  directly  through  Eq.(3),  (5)  and  (10).  Recalling  the  expressions 

of  ,Fq,  we  can  rewrite  Eq.(l  1)  as 

v[/,=0  (12) 

This  is  a  universal  condition  in  the  configuration  space  for  linear  systems  to  avoid 
resonance  when  excited  by  external  force  /(O  =  with  the  driving  frequency  equal 
to  some  eigenvalue  of  the  system. 


3  PERIODiC  PARAMETER  EXCITA  TION 

The  system,  Eq.(l)  is  to  be  analyzed  by  combining  the  method  of  multiple  scale  and 
Eq.(12).  Introducing  new  independent  variables  ^  Ojl) ,  the  response  ^(0 
can  be  considered  as  a  function  of  various  new  scales  instead  of  t ,  and  can  be 
represented  by  an  expansion  as 

=  +  (13) 

Substituting  Eq.(13)  into  Eq.(l),  and  equating  coefficients  of  like  powers  of  s  in  both 
sides,  we  obtain  the  set  of  equations 


.Sx^ 


,  +Cl^  +  &,  =  0 

dT} 


M 


^+C^+Kx,  =-2M-^^-C^ 

•^ml  ‘^Tt  1  iS'T'  3  T’  dT 


dF 


dT 


-{M, 


d%dT, 


dT 


(14a) 


(14b) 


According  to  Zheng  (1992),  under  zero  initial  conditions,  the  solution  of  Eq.(14a)  is  as 
follows, 

*0  (1)  =  Z  (21)  +  “1  =Z  (21) 

/=!  r=l 

where  cc  means  the  complex  conjugates  of  the  first  term  in  square  bracket.  It  is  a  steady 
solution  including  only  the  vibration  modes  corresponding  to  purely  imaginary 
eigenvalues  because  modes  with  negative  eigenvalues  tend  to  zero  when  time  lasts  long 
enough.  Assume  that  there  are  2k  imaginary  eigenvalues.  Renumbering  these 
eigenvalues  in  an  ascending  order,  we  rewrite  the  above  expression  as 
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(15) 


IK 

/=i  /=i 

Introducing  Eq.(15)  into  the  second  of  Eq.  (14),  we  obtain 

+  &,  =  -I;  (2  Afi ,  +  C)e"  '’■"z; «, 

‘^•'o  (16) 

?  +C,/l ,  +  A:,)e<'‘'*^“>’'"z,M, 

/=1 

Here  and  in  further  discussions,  primes  denote  differentiation  with  respect  to  T^,  unless 
otherwise  stated. 

In  the  following  sections,  three  cases  are  to  be  dealt  with. 

3.1  is  not  near  any  eigenvalue  of  the  system 

In  view  of  Eq.(12),  we  know  that  the  necessary  condition  for  Eq.(16)  to  have  bounded 
solutions  is 

+  Qy;  =  0  /  =  1,2,---,2A  (17) 

It  can  be  proved  that 

v'^{2MX  +C)w  ^0  r  =  \,2,-’-,2n 

r  r  r 

So,  in  view  of  Eq.(17),  we  get  to  know  that  all  z]  =  0,  i.e.  all  z,  are  not  functions  of  7j, 
but  are  complex  constants.  Supposing  that  Zi  =  A,,  Eq.(15)  can  be  rewritten 
correspondingly  as 

x„(o=2;4«/'''  ('8) 

/=i 

Then  can  be  obtained  by  solving  the  following  equation 

+  &,  =  +  CA,  +  K,  (19) 

oTq  aio  /=! 

To  solve  Eq.(19),  we  can  employ  the  superposition  principle  and  the  complex  mode 
theory  in  state  space.  The  steady  solutions  to  system  can  be  expressed  as 

^(0  =  ^o(0  +  ^i(0  (20) 

3.2  jco  is  near  to  the  difference  of  two  eigenvalues  of  the  system 

Assuming  that  jco  =  2,  ^  -  A  ^  a,  (  c  is  a  complex),  we  get 
jo)^X^  =  X^+SG  jco  +X  i^  =  X  ^.-eo- 
Recalling  Eq.  (12)  and  (16),  we  obtain 

f  vl[{2MZ  J  +C)«tz;  +(,M,X  ;  +c,/l ,  +K,)u,zy^']  =  0 
[vllilMl  ,+C)u,z’,  +(M,Z  I  +C,2  ,  +^:,)«,ZjC"”'']  =  0 
Here  the  second  equation  has  been  taken  as  the  conjugate  of  the  first  one. 

As  stated  before,  v'^{2Mk  +  C)u  ^0  (r  =  1,2,-  •  ■  ,2«),  so  we  can  let 


837 


'  vl{2MX^+C)u,  ^  v;(2M;1,  +  CK 

and  rewrite  Eq.(21)  as 

|4  +  //,z,e"^>=o 


(22) 


Suppose  that 

H  =  d^^jd^  H^e^+je^  c7=a^+jcr^ 

2.=(/i+y/2y^"”'  Z.  =  (f,+yg2)«^’'  i=(i+K2 

where,  dj,e-,f,^gf,<7^,(^i  (z  =  1,2)  are  all  real  constants.  Inserting  these  expressions  into 
Eq.(22),  and  separating  the  real  part  from  the  imaginary  part,  we  obtain 

[(^I  +  0-, )/,  -  (fj  +  o-j)/j  +  rfiff,  -  d^g2  =  0 

(^2  +a-j)/,  +(f,  +<T,)/,  +rf,g,  =0 

Z, /,- ^2/2+^,?.- 4-2^2  =0  ^ 

«2/l+«i/2+4'2?l+4'lS2=0 


For  a  non  trivial  solution,  the  coefficient  determinant  must  equal  to  zero,  i.e. 
4'i+c7,  -(^2+0*2)  d,  -d^ 

^2+^2  ^1+^1  ^2 

-^2  -<'2 

^2  ^2 


(24) 


In  order  to  make  ,  z,.  bounded,  it  must  be  satisfied  that  <0,  +  cr,  <  0 .  For  the 

sake  of  convenience  ,  we  can  let  ^'2  =  0  cr ,  =0,  and  still  take  the  notations  ^  , 

C7=  cTj  and  simplify  Eq.(24)  as 


4'  -c7  d,  -d^ 

a  C  d^  d^ 

^1  -e,  0 

62  e,  0  4' 


(25) 


Letting  Re  =  e^d^  -  e2i^2  >  ^  =  ^2^1  +  ^1^2  >  Ore  real  and 

imaginary  part  of  respectively,  i.e.. 


Re  =  Re(/f,  •  //2 )  ^  =  ‘  ^2 ) 


and  rewrite  Eq.(25)  as  (4”^  -  Re)^  +  (cr4'-  Im)^  =  0 


(26) 


There  are  two  possibilities  to  be  discussed. 

Firstly,  is  real.  In  this  situation  Eq.(26)  is  identical  to 

(4'^  -  Re  =  0 
|cr4'-Im=0 


(27) 


If  Re  >0  and  the  sign  of  Im  is  not  the  same  as  that  of  cr,  4"  <  0,  the  system  comes  out  to 
be  static  as  time  lasts  long  enough.  The  solution  is  asymptotically  stable. 

Secondly,  ^  =a+ jb.  Under  this  situation,  Eq.(26)  is  the  same  as 
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(28) 


-  K€)  =  ±j{a<;  -  Im) 
and  can  be  written  as 

-b^  ~'R&  =  -Gb 

or 

lab  ^aa-lm. 

When  a  stable  but  not  an  asymptotically  stable  solution  is  desirable,  we  can  let  a=0,  and 
simplify  Eq.(29)  as 

-b^ -Kt^-crb  j-6^-Re  =  cr^> 

or  1  ,  ^  (30) 

Im  =  0  [  Im  =  0 

It  can  be  verified  that  the  two  sets  expressions  of  Eqs.(30)  give  real  number  to  b  when 
cr^  >  4Re  (Re>0  and  Im-0),  with  the  implication  that  the  solution  to  Eq.(22)  is  stable. 
The  unstable  region  is  as  follows 

0)  <0}<a)i^-w^+2s-J^  (31) 

For  Re<0,  the  solution  is  definitely  stable. 


a‘  -b^  -  (7 b 

lab  =  -cra  +  lm 


(29) 


3.3  jco  is  in  a  nearby  region  of  the  sum  of  two  eigenvalues 

This  can  be  regarded  as  a  special  case  of  section  3.2.  In  fact,  taking 
jco  -  A, 

into  considering,  we  get  a  result  as  (>^' ,  is  another  imaginary  eigenvalue) 
jco  +  X  ^.+£  (j=  X  ^+£  a 

Here  the  assumption  has  also  been  made  that  there  are  imaginary  eigenvalues.  So  as  for 
the  case  that  the  driving  frequency  is  near  the  sum  of  two  pure  imaginary  eigenvalues, 
we  can  deal  with  it  through  the  process  mentioned  in  section  3.2.  Let  us  consider  a 
special  case  in  detail. 

Supposing  that,  Z  ,  =  Z  i.e.,  jCO  =  2Z  ^+£  a  ,  cr=  j<j^,  cr,  is  a  real  constant,  we 
have 

vlKlMZ  ,  +  l+C7  ,  +  K,)u,2,e’’^']  =  0  (32) 


After  letting 

vl(M^Z  \  +C^Z  ^  + 
vl{2MZ,  +  C)u, 


(33) 


we  rewrite  Eq.(32)  as,  in  this  case,  Im=Im(iif^  • 


+  =0  (34) 

and  then  assume  that  =  (/j  +  7/2)6^^"’'"^^^^*  ,H=-  +  jd^),  C^dji^  =  1^2)  are  all  real, 

and  have  no  relation  with  i; .  Through  the  aforementioned  procedure,  we  obtain 


4'2=^2 


(35) 


The  stability  requires  that  must  be  smaller  than  zero  or  be  an  imaginary  number.  So 
from  Eq.(35),  it  is  required  that 
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(36) 


fT2  >  4(J,^  +dl)  i.e.,  crl  > 

where  ||/fll  is  the  length  of  complex  number  H.  The  unstable  region  is  as  follows 

2cd,  - 2sM\  <co<2m,+  2eM\  (37) 


4  EXAMPLES 


4.1  Model  and  equations 

A  mono-rotor  system  suffers  from  parametric  excitation  when  the  rotor  has 
unsymmetric  diameter  moments  of  inertia  (Yamamoto  and  He ).  Suppose  that  the  two 
diameter  moments  of  inertia  of  the  rotor  are  respectively,  and  Letting 

J  =  {J^+J^)/2  AJ=(J,-J^)/2 

then  in  an  inertial  coordinate  system,  the  differential  motion  equations  of  the  rotor  can 
be  expressed  in  complex  variables  {z^x+j'y,  9  =  9y-j9^)  as 


I  mz  +  az  +  re=0 

\je-jjp.e+u{9  +j2Qe)e^^^'  +rz+5e=o 

where,  are  the  polar  moment  of  inertia  and  the  rotating  speed,  respectively.  9  is 
the  conjugate  to  ^ .  a,  y  are  the  stiffness  coefficients  of  the  shaft.  2n  is  the  driving 
frequency  CO  in  Eq.(l).  This  is  a  parametric  excitation  system  with  the  driving  frequency 
two  times  of  the  critical  velocity.  Now  we  introduce  transformations 


i 


p 


and  assign 

fz'l 

ri 

ol 

To 

0  1 

II 

ti 

I — 

o 

ij 

II 

1 - 

o 

iP‘\ 

ri 

r'l 

ro 

0‘ 

ro 

0  1 

II 

1 - 

S'j 

11 

1 — 
o 

1, 

2»J 

then  rewrite  Eq.(38)  as  a  set  of  dimensionless  equations 

Mq-jGq  +  Kq  +  s{M,q+JG,f>e‘^^'‘  =  0  (39) 

Supposing  that  z'  =  X'  +  jy' ,  then  after  extending  Eq.(3  9)  and  separating  the  real  and 
imaginary  parts,  we  get 


I  +  0^2 +  +£'(M,j7, =0 

^  s{rM^p^^G^pP)e^'^^'  -  0 


We  can  combine  the  two  equations  in  Eqs.  (40)  into  a  compact  form  as 
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(41) 


where 


Mp  + 

Cp  + 

■  Kp  +  s(M^p+Cyp)e 

jlCl'f 

II 

o 

±3 

II 

^  [ 

'  M 

ol 
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01 

'  0 

M  =  | 

.  0 

m\ 

K  = 

.0 

-G 

\m, 

0  1 

Q  = 
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G,1 
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G, 
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oj 


Introducing  damping  matrix  C  into  the  Eq.(39)  and  demonstrating  through  the  same 
procedure,  we  get  another  set  of  equations 

Mp  +  Cp  +  Kp  +  siM^p-i-  qp)e^^^'''  =  0  (42) 


where  C  is  expressed  as  follows 


C'  = 


C 

-G 


G 

C 


while  other  matrices  are  the  same  as  stated  in  Eq.(41). 

In  the  following  section,  we  will  give  the  unstable  regions  for  three  examples  with 
different  damping  by  means  of  the  approach  described  above. 


4.2  Numerical  results 

For  the  sake  of  validation  of  the  aforementioned  approach,  the  parameters  except  those 
in  damping  matrix  C  in  this  paper,  are  assigned  the  same  values  to  those  in  the  examples 
of  Yamamoto  and  He,  i.e., 

ip  =  l  S' =  106  =0.731 

In  all  the  examples,  we  take  the  note  of  for  simplicity,  to  replace  the  non  dimensional 
speed  . 

Example  1  C=0 

That  means  that  no  damping  is  introduced  to  the  system.  The  motion  equation  takes  the 
form  of  Eq.(41),  and  the  critical  rotating  speed  is  n  =  0.5571.  This  is  the  very  problem 
dealt  with  by  Yamamoto  and  He.  After  constituting  the  characteristic  equation  in  state 
space  according  to  Eq.(3),  we  get,  by  employing  QR  method,  the  eigenvalues  with  zero 
real  parts  yco  =  ±0.5571 j  and  the  corresponding  left-  and  right  modes.  Inserting  the 
eigenvalues  and  modes  into  Eq.(33)  results  in 

=  0.121-0.06374;  ||7/1|  =  0.13676 

Recalling  Eq.(37),  we  get  the  unstable  region  is  as  follows 

2  X  0.5571  -  2  X  ^  X  0.13676  <  2a  <  2  X  0.5571  +  2  x  ^  x  0.13676 
or  0.5571  - 0.13676^  <a<  0.5571 +  0.13676^ 


see  Fig.l.  This  result  agrees  well  with  that  of  He(1992).  The  following  are  two  new 
examples. 


Example  2 


1 

1.2398 


1.2398 

15371. 
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It  can  be  proved  that  the  critical  rotating  speed  is  0.5571,  also.  The  pure  imaginary 
eigenvalues  and  other  variables  are  as  follows 

jo)  =  ±0.5571 j  0.1275  +  0. 053827  ||//]|  =  0.13675 

So,  the  unstable  region  is  (see  Fig.  2) 

0i571  -  0.136755  <  Q  <  0.5571  +  0.136755 

It  is  clear  that  the  influence  of  damping  on  the  system  is  very  small  and  it  is  due  to  the 
fact  that  the  damping  matrix  is  singular. 

_  ,  .  r  1  3.933  1 

Examples  0=^3, 33  ,^,333] 

The  critical  rotating  speed  and  the  corresponding  variables  are  as  follows 

0=0.7879  jco  =±0.7879;  77  =  0.01405  +  0.02422;  ||i7||  =  0.028 

with  the  unstable  region  as  (see  Fig.  3) 

0.7879  -  0.0285  <  Q  <  0.7879 + 0.0285 

The  results  show  that  damping  increases  the  critical  rotating  speed  of  the  system  and 
condenses  the  unstable  region  greatly. 

CONCLUSIONS 

From  the  above  examples,  we  can  find  out  that  there  do  exist  purely  imaginary 
eigenvalues  and  that  the  influence  of  damping  on  the  parameter  excitation  and  vibration 
of  a  linear  system  is  very  complicated.  Considering  the  need  of  the  reality,  we  think  that 
parametric  excitation  and  vibration  of  a  linear  system  deserves  further  investigation.  To 
which  the  works  in  this  paper  supplies  with  an  efficient  approach,  because  the 
procedure  turns  a  parametric  excitation  problem  with  multiple  degrees  of  freedom  into 
some  algebraic  equations  of  low  orders  by  employing  the  complex  modes  of 
corresponding  linear  systems  without  time-varying  parameters. 
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ABSTRACT 

This  paper  deals  with  steady-state  response  of  a 
continuous  system  with  a  nonlinear  support  having  hysteresis 
damping  characteristics.  Considering  the  energy  loss  for 
hysteresis  of  spring  constant  of  support,  an  analytical  method 
of  approximate  solution  for  the  nonlinear  response  of  the  beam 
with  quadrilateral  hysteresis  loop  characteristics  is  presented. 
Some  numerical  results  of  the  approximate  solution  for  the 
response  of  the  system  and  the  mode  shapes  are  shown.  The 
objectives  of  this  paper  are  to  determine  the  approximate 
steady-state  solution  of  the  continuous  system  with  nonlinear 
support  under  harmonic  excitation  and  to  illustrate  the 
numerical  results  of  the  approximate  solution. 

INTRODUCTION 

Many  mechanical  equipment-piping  systems  in  industrial 
facilities  have  many  continuous  elements  with  nonlinear 
supports[l]-[4] .  There  are  nonlinear  characteristics  in  these 
systems,  such  as  hysteresis  characteristics,  clearance  and 
friction.  Those  nonlinear  characteristics  affect  the  response 
of  continuous  systems [5] , [6] .  The  steady  forced  response  of  a 
continuous  system  with  a  nonlinear  support  is  of  great 
importance  for  several  engineering  applications-  There  have  been 
many  papers  on  this  problem  in  which  the  system  has  usually  been 
considered  as  a  single-  or  a  multiple-degree-of-freedom 
system[7] , [8]  rather  than  as  a  continuous  system,  since  it  is 
difficult  to  find  an  analytical  solution  of  the  equation  of 
motion  for  given  nonlinear  boundary  conditions.  In  order  to 
analyze  the  response  of  a  nonlinear  continuous  system,  however, 
it  is  necessary  to  consider  the  system  as  a  continuous  system. 
Moreover,  in  the  analysis  of  such  systems,  the  support  has  been 
modelled  as  rigid  body  or  linear  spring[9] , [10] .  In  the  actual 
phenomena,  energy  is  dissipated  at  the  supports  and  it  is 
appropriate  to  use  hysteresis  damping  rather  than  linear 
damping[ll].  Modelling  of  energy  loss  at  a  support  can  be  done 
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by  assuming  hysteresis  loop  characteristics  in  the  relation 
between  restoring  force  and  penetration  of  the  support. 

In  this  paper,  an  elastic  beam  with  one  end  simply 
supported  and  the  other  end  supported  by  a  piecewise-linear 
spring  with  hysteresis  damping,  considering  the  energy  loss  at 
support,  is  used  as  a  model  of  a  continuous  system.  An 
analytical  method  of  approximate  solution  for  the  response  of 
the  beam  with  nonlinear  support  is  presented.  Some  numerical 
results,  such  as  the  resonance  curves  and  the  mode  shapes  are 
shown . 


ANALYTICAL  METHOD 


A  simplified  dynamical  model  of  a  continuous  system  with  a 
nonlinear  support  is  shown  in  Fig.l.  Namely,  this  model  consists 
of  a  beam  with  one  end  simplly  supported,  and  the  other  end 
having  supports  with  quadrilateral  hysteresis  loop 
characteristics  as  shown  in  Fig. 2. 

Let  p  be  the  mass  density,  A  the  cross-sectional  area, 
and  El  the  modulus  of  flexural  rigidity.  The  equation  of  motion 
for  transverse  free  vibration  of  a  beam  can  be  given  as  follows: 


92 y  El  3^y  ^ 
at^  pA  ax^ 

The  beam  is  subjected  to  a 
harmonic  excitation  of  amplitude 
y0  and  frequency  o).  The 
relations  between  y  and  z  as 
shown  in  Fig.l  are  given  by 

y=z+y0cosa)t  (2) 


(1) 


y7777777777777777? 


Fig.l  Analytical  model  of 
nonlinear  continuous  system 


Hence  we  have 
92  z  El  a-^z 

- + - =yQ(»)^  coswt  (3) 

at2  pA  ax^ 

Assuming  the  solution  for  Eq.{l) 
as 


y=  S  Xn (x)cosnut  (4) 

n  =  1 

A  formal  solution  of  Eq.(3)  can 
be  expressed  as  follows: 

(B 

Z  =  -y0  COSG()t+  2  (AnCOShXnX 

n  =  1 

+Bn  SinhXn  X  +  Cn  COSXn  X 
+DnSinXnX)cosn(yt  (5) 

where  An  ,  Bn ,  Cn ,  Dn  are 
constants  to  be  determined  in 
each  particular  case  from  the 


Fig. 2  Hysteresis  loop 
characteristics  of 
restoring  force  of  supports 
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(6) 


boundary  conditions  of  the  beam,  where 
=Zi  ^ =(^/q\ 


Zi =3.927 


The  boundary  conditions  for  this  case  are  as  follows: 


(7) 


1) x=0,  z=0 

d^z 

2) x=0,  -  =0 

dx^ 

■  d^z 

3) x=Jl,  -  =0 

dx^ 


(8) 

(9) 

(10) 


d^z 

4)X  =  Jl,  El -  =f{ZA,ZA) 

dx^ 


(11) 


where  za  is  the  transverse  displacement  at  the  end  {x=i)  and  the 
nonlinear  restoring  force  of  supports  f{ZA,ZA)  is  defined  by  the 
following  piecewise-linear  characteristics  as  shown  in  Fig. 2: 


=Ki 

;O<za^60,  Za>0 

(I 

=Ki  60+K2  (zA-60 ) 

;60  <ZA  ^Zma  X  ,  ZA  SO 

(I 

=  K3  {ZA-ZA3  ) 

;ZA  3  SZA  SZA  raa  x  ,  ZA  50 

(M 

=0 

;0<ZA  5za3 ,Za<0 

(IV 

=Ki  Z;. 

;-60  5za5O,  Z9,<0 

(V 

=  -Ki  60  +K2  (za  +60 ) 

;-ZAma X 5za 5-50 ,  k 50 

(VI 

=  K3  (Z0.+ZA3  ) 

;-ZAma X 5ZA 5-ZA3 ,  ZA SO 

{VII 

=  0 

;-za3  5za50,  za>0 

(M 

(12) 

where  ZAmax  denotes  the  maximum  displacement  at  the  end  {x=%) 
and  Ki  ,  Ks  and  Ks  are  the  spring  constants  of  nonliear  support 
as  shown  in  Fig.  2  and  60  is  the  maximum  deformation  by  the 
spring  constant  Ki  .  And  then,  zjis  is  written  as  follows: 

K2  Ki  K2 

Z^3  =  (l - )ZAm3>:-( - )  §0  d^) 

K3  K3  K3 

In  this  paper,  the  steady-state  vibration  is  dealt  with. 
Once  the  vibration  of  the  beam  becomes  steady  and  periodic,  the 
nonlinear  restoring  force  of  supports  f(zA,zji)  becomes  also 
periodic  and  can  be  represented  as  a  periodic  functin  g(0)  of  9 
with  the  period  Ztt.  And  Q  is  defined  by  the  following  equation: 

9=wt-o(  d4) 
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where  a  is  the  phase  lag  angle. 

This  periodic  function  g{0)  must  satisfy  the  conditions  of 
the  given  characteristics  of  the  nonlinear  restoring  force 
equation  (12),  which  is,  in  this  case,  to  be  written  as  the 
following  equations: 


f  (za  ,za 


=  g(0)=Ki  ZA 

;-(0i+02)50<-02 

( I ) 

=  g(0)=Ki  6a  +K2 (za -60 ) 

1-02^0^0 

(n  ) 

=  g(0)=K3 (ZA-ZA3 ) 

;O<0<e3 

(n ) 

=  g(0)=O 

;03^  0^7r-(0i  +02 ) 

(IV) 

=g(0)=Kl ZA 

;7r- (01  +02  ) 50S7r-02 

(V) 

=  g(0)=-Ki  6e  +K2 (za  +60 ) 

;7r-02  ^0^7r 

(VI) 

=  g(0)=K3 (ZA+ZA3 ) 

;7r<0S7r+03 

(W) 

=  &(0)=O 

;7r+03  ^0527r-(0i  +02  ) 

(vm) 

(15 

where  9\  , 


and  03 


.02 

\ 

V, 

V 

y 

JL 

01- 

93, 

/ 

,1^ 

j , 

Fig. 3  Waveforms  of  nonlinear 
restoring  force  g(0) 


denote  the  range  of  the  ^ . 

phase  angle  0  as  shown  in  9^  9^^  9^ 

Fig. 3.  In  the  foregoing,  9,  9,1  e.i  e,  1  9^1  93, 

one  period  2tt  of  the 

resulting  vibration  is  \ 

divided  into  eight  - j - ^ - - - d - j-^e 

intervals.  During  the  \  / 

first,  the  second  and  the 

third  intervals  and  ^  - 

fifth,  sixth  and  seventh  ^  ^ 

intervals  of  length  0i  , 

02  and  03,  respectively,  Fig. 3  Waveforms  of  nonlinear 

the  beam  end  moves  with  restoring  force  g(0) 

nonlinear  restoring  force 

of  supports.  And  during  the  fourth  and  eighth  intervals  of 
length  71-- (01 +02  +03  ) ,  the  beam  end  moves  without  nonlinear 
restoring  force. 

Employing  the  boundary  conditions  Eqs.(8)  and  (9),  Eq. (5) 
is  reduced  as: 
for  Eq.(8), 

CD 

-y0cos(0+a)+  2  (An +Cn )cosn(9+a)=0  (16) 

n  =  1 

and  for  Eq. (9) , 

An-Cn=0  (17) 

From  Eqs.(16)  and  (17), 

Ci=Ai=y0/2  (n=l),  Cn=An=0  (n=2,3,4 . )  (18) 

Substituting  Eq. (18)  into  Eq.(5), 
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z=y0  {-coshXi  x+-cosXi  x-l)cos  (@+c() 

2  2 

+  2  (BnSinhAnX+DnSinXnX)}cosn(0+a)  (19) 

n  =  1 

From  E(i.(19)  and  the  boundary  condition  Eq.(lO), 

11 

Bi  sinhXi  a-Di  sinAi  a=y0  (-cosAi  a— coshAi  ft)  {n=l)  (20) 

2  2 

Bn s inhAn ft“Dn s InAn ft=0  (n=2,3,4 . )  (21) 

Introdicing  a  Fourier  series  expansion  for  the  periodic 
function  g(9)  as 


g(9)=  E  (ancosn^  +bnsinn^  )  (22) 

n  =  1  ,  3  .  • 

Using  Eqs.dl)  and  (19), 

d^  z  1  1  ,  ^ 

—  =ya Ai  ^ (-sinhAi  x+-sinAi  x)cos(0  +  a) 
dx^  2  2 

+  E  AndBn  COShAnX-DnCOSAnX)COSn(0  +  C()  (23) 

n  =  1 

and 

Bi  coshAi  ft-D] cosAi ft 


ai cos9+bi sin9  1 

^ -  -  yg {sinhAi  ft+sinAi ft)  (n=l) 

EIAdcos(0+a)  2 

an  cosn9+bn  sinn0 

BnCOshAn  ft-Dn  cosAn  ft= -  (n=3,5, . ) 

EIAn3cos(e+a) 

From  Eqs.(20),  (21),  (24)  and  (25),  for  n=l, 

ai cos0+bi sin© 

Bi  =  - sinAi  ft 

EIAdAi  cos(0  +  a) 


(24) 

(25) 


- - y0  (1+sinhAi  ftsinAi  ft-coshAi  ftcosAi ft) 

2A] 

ai cos0+bi sin9 

Di  =  - sinhAi  ft 

EIAi " Ai cos(9+a) 


- - ya  (sinhAi  ftsinAi  ft+coshAi  ftcosAi  ft-1) 

2Ai 

And  for  n=3,5, . . 


(26) 


(27) 
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an  cosn9+bn  sinnS 

Bn=  - - SinXnJl 

ElXn^  AnCOS(0  +  O() 

an  cosn9+bn  sinn0 
Dn= - - -  sinhXn5< 

ElXn^  AnCOS{0  +  O() 

where 

An  =COShXn  JlSinXn  S,-SinhXn  JlCOSXn  51 
Then, 

z=y0N>cCOS  (0+o() 

»  1 

+  Z  (sinXn  5lslnhXnX 

n=l , 3. ■ EIXn^An 

+sinhXn  5lsinXnx)  (an cosn0+bn  sinnO) 

where 

[  (coshXi  x+cosXi  x-2)  (coshXi  5lsinXi  5l-sinhXi  5lcosXi  51) 
-{1-coshXi  5lcosXi  5l+sinhXi  5lsinXi  5l)sinhXix 
-(sinhXi  5lsinX]  5l+coshXi  5lcosXi  5l-l)sinXi  x)]/2 

N>r  =  ' - — - - - - - 

coshXi  5lsinXi  5l-sinhXi  5lcosXi  51 
Displacement  at  the  end  (x=5l),  za  is  given  as 

(0  Mn 

ZA  =y0  Nt  COS  ( 0+o()  +  Z  — (an  cosn0+bn  sinn0 ) 
n  =  l  .  3  .  • 


(28) 

(29) 

(30) 

(31) 

(32) 

(33) 


where 

3EI 

k= - 

513  , 

sinXi  5l(l-coshXi  5l)+sinhXi  5l(cosXi  51-1) 

N5.= - - - - - 

coshXi  5lsinXi  5l-sinhX]  5lcosXi  51 


6Xn5l(sinhXn5lsinXn5l) 

Zi  (coshXn5lsinXn5l-sinhXn5lcosXn5l) 


(n=l,3.5. 


(34) 

(35) 
)(36) 


Meanwhile,  the 
another  of  the  eight 

switching-over  conditions 
internvals  are  expressed  by 

from  one  to 

0  =  -(01+02),  ZA=0 

(M-^  I  ) 

(37) 

0  =  -02  ,  ZA=60 

( I  -  n  ) 

(38) 

e  =  0,  1a  =0,  ZA=ZAm 

3.  (n->in ) 

(39) 

0  =  03,  ZA=ZA3 

(in->iv ) 

(40) 

0=7r-  (01  +02  )  ,  Z.A  =0 

(IV- V  ) 

(41) 

0=7r-02  ,  z.a=-6q 

(V-VI) 

(42) 

0=7r,  1a  =0,  Z.A=-ZA 

ma.(VI-VII) 

(43) 

0=7r+03  ,  Z.A  = -Z.A  3 

(VII  — M) 

(44) 
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Using  Eqs.(38)  and  (39),  the  amplitude  of  the  cosine  part  of  the 
fundamental  harmonic,  F  is  given  as 

.  Mn  1 

r=[60-  2  — {an cosnes -bn {sinn02 -nsin02 ) }]  (45) 


From  Eq. (33) , 

1  (D  nbn 

sina= —  S  — Mn  (46) 

cosa= - (r — ai  )  (47) 

yo  Na  k 

And  the  nondimensional  Fourier  coefficients  are  defined  as 
follows : 

an  bn  ,  ^ 

Xn=—  ,  yn=  —  (n=l,3,5 . )  (48) 

kF  kF 


za=F[cos0+  I  iyinXnCosn9+  £  Mnyn  (sinn0-nsin9 1 

n=3.5,-  n=3,5.- 

From  Eq. (46) , 

CD 

y0NASinot=F  £  nMnyn 

n=  I  ,  3  .  • 

From  Eq. (47) , 

ye  No.  cosa=F(l-Ivii  xi  ) 

Thus,  the  phase  lag  angle  a  is  expressed  as: 


(X=tan' 


£  nMnyn 


1-Mi  XI 


From  Eqs. (45) , (48) , (49)  and  (37)-(44),  the  ampltude  of  the 
fundamntal  term  of  cosine  component  at  the  end  (x=Jl),  F  and  that 
of  sinusoidal  excitaiton  ye  are  determined  as 


F  ye 


60  Jd-Mi  xi  )- +  (  £  nMnyn)- 

n  =  1  .  3  I  ■ 


yo  ,/(l-Mixi  )^  +  (  Z  nMnyn)" 

'  n  =  1  ,  3  i  ■ 


Na[cos02+  £  Mn (XnCOsnOs -yn (sinnSs-nsinSa ) }] 


Displacement  at  x  from  simplly  supported  end  is  given  as: 
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Zx=r{N>:y{l-Mi  Xl  )2  +  {  Z  nMnyn)^  cos{e+ct)/NA 

n  =  1  ,  3  .  • 

CD  3Xn  51  Ix  /r-r-N 

+  ^  -  (Xncosn0+ynsinn9)}  lo5j 

where 

Ix  =sinXn  5lsinh\nX+sinhXn  asinXnX  (56) 

From  Eqs.(37)  and  (40), 

005(01 +02)=  S  Mnyn {sinn{0i +02 )-nsin(0i +02 )} 

n  =  3  ,  5  ,  ■ 

-  Z  MnXnCOSn{01  +02 )  (57) 

n  =  3 ,  5  ,  ■ 

1-COS03+  Z  MnXn (l-cosn03 )-  Z  Mnyn (sinn03-nsin03 ) 

n=3.5,-  n=3,5,- 

Ro  CD 

=— {  1-COS02+  z  WnXn  (l-cosn02 ) 

K3  n  =  3  .  5  ,  ■ 

+  Z  Mnyn (sinn02-nsin02 )} 

n  =  3  .  5  .  • 

+^i{  COS02+  Z  MnXnCOSn02  “  Z  Mn yn ( Sinn02 "HS in02 ) } 

n  =  3.5.-  n  =  2,5,- 

(58) 

Since  g(0)  given  by  Eq.(15)  is  symmetrical  characteristics, 
using  Eqs. (37) , (40)  and  (49),  nondimensional  g(0)  is  expressed 
as  follows: 

g(0)  ® 

- =  Z  (Xncosn0+ynsinn0) 

kr 

Ki 

=  — [cos0  +  Z  MnXnCOsn0 

k  n=3.5.- 

+  Z  Mnyn  (sinn0-nsin0)  ]  ; - (0i +02 )  ^  0^ -02 

n  =  3  ,  5  .  • 


)  “ 

Z  (xn cosn0+ynsinn0) 

n  =  1  5  - 


rvi  “ 

= - rcos02  +  z  MnXnCOSn02 

k 

Z  Mnyn (sinn02 -nsin02 ) 

n  =  3  ,  5  .  ■ 


K2  ® 

+ - [COS0-COS02+  Z  MnXn (COSn0“COSn02 

k  n=3.5.- 

+  Z  Mnyn {sinn0+sinn02 

n  =  3  ,  5  ,  ‘ 
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-n(sin0+sin02 ) }]  ;-02^0^O 


giO) 


kr 


n  =  1 


(Xn  cosn0+yn  sinnO ) 


K3 

=  —  [cOSe-COS03  +  S 

k  ^  = 


MnXn  (cosn0-cosn93 ) 


CD 


+  Ir  Mnyn  {sinn0-sinnO3 

n  =  3  ,  5  .  ■ 

-n(sin9-sin03 ) })  ;O^0^03 


g’(^)  (D  ,  ^ 

- =  Z  {xnCosnO+ynsinn0)=O  ; 03  ^  0^  ;z:  - (0i +02 ) 

kr  J 

g{0)  given  by  Eq.(22)  can  be  approximately  written  as: 

g(0)=ai cos0+bi  sin0  (60) 

Since  Eq.(49)  is  expressed  as: 

ZA=rcos0  (61) 


The  phase  lag  angle,  the  amplitude  at 
sinusoidal  excitation  which  are  given 
are  determined  as: 

the  end  {x=ll)  and  that  of 
as  Eqs. (52), (53)  and  (54) 

o(=tan" 

/  M,y,  \ 

Vl-Mixi/ 

(62) 

r  yo 

Na 

(63) 

60  60 

yo  /{1-Mi  xi  )2 +  {ivii  yi  )^ 

(64) 

60 

Na  cos 02 

where 

6Xi  ilsinXi  Jlsinhl:  Jl 

M,=— -  (65) 

Zi  "  {coshAi  JlsinAi  a-sinhAi  JlcosXi  a) 

From  Eqs.  (63)  and  (64), 


60  COS02 

Substituting  n=l  into  Eq.(59)  and  applying  a  technique 
similar  to  that  for  determinig  Fourier  coefficients,  namely, 
multiplying  both  sides  of  Eq.{59)  by  cos0  and  _sin0^  and 
integrating  through  the  whole  period  of  Ztt,  the  nondimens ional 
coefficients  xi  and  yi  are  obtained  as  follws: 
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2  Ki  01 +sin92 COS02  sin(0i +02 )cos(0i +02 ) 

+  - - - } 

TT  k  2  2 


K2  02 -sin02 COS02  K3  03 -sin03 COS03 

( - - )  +—  { - )  ] 

k  2  k  2 


2  Ki  cos2(0i+02)  1  cos- 02 
yi  =-  [  —  { - +-+ - COS02 } 

TT  k  4  4  2 

+—  (-sin^  02  -1+COS02 )“—  (“  sin^  03  -l+cos03 )  ] 
k  2  k  2 

From  Eqs.(57)  and  (58), 


(67) 


(68) 


7T 

01  +02=-, 

to 

0 

0 

1+02: 

)=0 

(69) 

2 

K2 

Ki 

K2 

(70) 

COS03  =1- 

K3 

(—  - 
K3 

-  - )COS02 

K3 

From  Eqs.(67)  and  (68), 


2  Ki 


XI  =-[  —  ( 
TT  k 


01  +sin02  COS02 
2 


K2 

)+- 

k 


K3 

k 


03 -sin03  COS03 

( - 

2 


)] 


02  -*sin02  COS02 
2 


2 

yi  =-[ 


TT 


Ki  1  K2  1  ^ 

—  (-COS- 02 -COS02 )+—  (-sin^ 02 -1+COS02 ) 
k  2  k  2 


(71) 


{-  sin^03-l+cos03 )]  ('7'2) 

k  2 


Fixing  02,  0i  and  03  are  obtained  by  Eqs.(69)  and  (70). 
Then,  ya/Ss  is  obtained  by  Eq.(64)  using  xi  and  yi  given  by 
Eqs.(71)  and  (72).  r/5o  is  determined  by  Eq.(66).  Thus,  the 
resonance  curve  is  obtained  using  r/60  for  fixed  ya/Sa. 

The  mode  shape  Z>:  is  obtained  using  Eq.(55).  Substituting 
n=l  and  0=0  into  Eq.(55), 


)2  3X1  H  I. 

Zv=r{ -  coscK  +  — : — ^ - xi } 


Na 


(73) 


From  Eq. (6) , 

Xi'x^=Zi‘‘i)i^xVa‘‘  ('^4) 

Using  Eqs.{51)  and  (63),  Eq. (73)  is  written  as: 
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(75) 


Nx 

Zx=r{ —  (1-Mi XI )  + 
Na 


3Xi  a  ix 

- X]  } 

Ai 


When  r/50<l,  intervals  ( n  )  and  (VI)  do  not  exist,  that 
is,  @2=0,  K2=0.  From  Eqs.(69)  and  (70), 


@1 =— ,  cosOi  =0  (^6) 

2 


COS@3=l - 

Ks 

From  Eqs.(71)  and  (72), 

2  Ki  7T  K3  @3-sin@3COS03 

x.=-{ - +  — ( - )>  (78) 

TT  k  4  k  2 


2  1  Ki  K3  1 

y,  =-{ - (— sin^  03  -1  +  COS03  )  } 

TT  2  k  k  2 


(79) 


Hence,  0i  and  03  are  determined  by  Eqs.(76)  and  (77).  xi  and  yi 
are  obtained  by  Eqs.(78)  and  (79).  Substituting  these  values 
into  Eq.(63),  r/5o  is  obtained. 


NUMERICAL  EXAMPLES 


Figures  4,  5,  6  and  7  show  resonance  curves  with  the 
amplitude  r/50  of  the  beam  at  the  end  (x=Jl)  versus  the  frequency 
ratio  ^ii  obtained  by  the  method  of  approximate  solution 
utilizing  a  digital  computer  in  which  several  exciting  ratios 
y0/50  are  taken  to  be  constant.  Figures  4(a)  and  4(b)  show 
resonance  curves  for  linear  system.  Figures  5(a)  and  5(b)  show 
resonance  curves  for  y0/50=l.O  and  0.5  of  a  system  with  low 
ratios  of  nonlinear  parameters  K]/k=0.4,  K2/k=0.2  and  K3/k=1.0, 
respectively.  Figures  6(a)  and  6(b)  show  resonance  curves  for 
y0/60=l.O  and  0.5  of  a  system  with  nonlinear  parameters  Ki/k=4, 
K2/k=2  and  K3/k=10,  respectively.  Figures  7(a)  and  7(b)  show 
resonance  curves  for  y0/60=l.O  and  0.5  of  a  system  with  high 
ratios  of  nonlinear  parameters  Ki/k=40,  K2/k=20  and  K3/k=100, 
respectively.  Table  1  shows  resonant  frequencies. 

From  these  figures  and  table,  there  is  a  peak  in  the 
region  for  the  response  of  nonlinear  system.  This  peak  is 

not  obtained  for  linar  system.  It  may  be  higher-harmonic 
resonance  that  occurs  in  nonlinear  system,  r/60  decreases  as 
y0/60  decreases,  r/60  at  the  peaks  decreases  as  nonlinear 
parameters  Ki/k,  K2/k  and  Ks/k  become  high  ratios  except  for 
peaks  at  ni<l.  Resonant  frequencies  become  higher  as  nonlinear 
parameters  become  high  ratios. 

Figures  8(a)  and  8(b)  show  the  mode  shapes  for  with 
marks  #  on  Fig. 6(a)  and  Fig. 7(a),  respectively.  These  figures 
show  from  the  first  to  the  fourth  vibrational  mode.  In  the 
frequency  ranges  near  the  resonant  frequencies,  the 
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(a)y0/60=l.O  (b)y0/50=O.5 

Fig. 4  Resonsnce  curve  of  linear  continuous  system 


{a)y0/6B=l.O  (b)y0/S0=O.5 

Fig.  5  Resonsnce  curve  of  nonlinear  continuous  system 
(Ki/k=0.4,  K2/k=0.2  and  K3/k=1.0) 


Table  1  Resonat  frequency  ( (i)/(k)i  =I2i  ) 


Ki/k  1  Ks/k  1  Ks/k 

Linear 

- 

1.00 

3.24 

6.76 

0.4 

0.2 

1.0 

1.0 

MmUrn 

3.24 

0.5 

■IPUM 

4 

2 

10 

1.0 

0.27 

1.04 

3.25 

6.77 

0.5 

6.77 

40 

20 

100 

1.0 

0.5 

■I1M« 

6.82  I 

Fig. 8  Mode  shapes  of  nonlinear  continuous  system(y0/5a=l.O) 


vibrational  modes  for  each  resonant  frequency  predominate.  When 
nonlinear  parameters  are  high  ratios,  displacement  at  the  end  of 
nonlinear  support  is  suppressed. 

CONCLUSIONS 

An  approximate  solution  for  the  steady-state  response  of 
the  beam  with  nonlinear  support  having  hysteresis  damping 
characteristics  has  been  proposed.  A  beam  in  which  one  end  is 
simplly  supported  and  the  other  end  is  a  nonlinear  support,  is 
dealt  with.  Resonance  curves  are  obtained  for  several  exciting 
ratios  ya /Sg  of  the  systems  with  low  and  high  ratios  of 
nonlinear  parameters  Ki/k,  Ks/k  and  Kz/k  by  applying  the 
approximate  solution.  The  results  are  summarized  as  follows. 
DThere  is  a  peak  in  the  region  <1  for  the  nonlinear  case. 
This  peak  is  not  obtained  for  a  linear  system. 
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2) The  amplitude  of  the  beam  end  for  steady-state  response 
decreases  as  the  amplitude  of  sinusoidal  excitation  decreases. 

3)  The  peaks  of  the  resonance  curves  decrease  as  the  nonlinear 
parameters  Ki /k,  Ks/k  and  Kz/k  become  high  ratios  except  for 
peaks  at  fli<l. 

4)  Resonant  frequencies  become  higher  as  the  nonlinear  parameters 
become  high  ratios. 

5)  In  the  frequency  ranges  near  the  resonant  frequencies,  the 
vibrational  modes  for  each  resonant  frequency  predominate.  When 
nonlinear  parameters  are  high  ratios,  the  displacement  at  the 
end  of  nonlinear  support  is  suppressed. 
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ABSTRACT 

In  the  present  paper  the  dynamic  behaviour  of  a  beam  subjected  to  an 
axial  transport  of  mass  is  analyzed.  The  Galerkin  method  has-  been  used 
to  discretize  the  problem;  a  system  of  ordinary  differential  equations  with 
linear  gyroscopic  part  and  cubic  nonlinearities  is  obtained.  The  system  is 
studied  in  the  sub  and  supercritical  speed  range  with  emphasis  on  the  global 
dynamics  that  exhibits  special  features  after  the  first  bifurcation.'  A  test  case 
on  a  physical  beam  is  developed  and  numerical  results  are  presented  con¬ 
cerning:  linear  sub  critical  behaviour,  static  bifurcation  analysis  including 
linear  stability,  direct  simulation  of  global  postcritical  dynamics. 

INTRODUCTION 

Axially  moving  continua  represent  a  wide  class  of  mechanical  systems, 
such  as:  power  transmission  belts,  high-speed  magnetic  tapes,  etc.  The 
problem  has  been  extensively  studied  in  the  past.  The  first  studies  on 
the  subject  date  back  to  the  previous  century.  In  the  fifties  a  growth  of 
interest  was  determined  by  the  increasing  use  of  oil  pipelines  [1];  theoretical 
and  experimental  aspects  of  the  forced  problem  were  considered  in  [2]. 
In  1969  Thurman  and  Mote  [3]  studied  the  free  nonlinear  oscillations  of 
an  axially  moving  string.  In  1990  Wickert  and  Mote  [4]  studied  free  and 
forced  linear  oscillations  of  moving  continua  using  an  eigenfunction  method 
developed  by  Meirovich  [5]  for  discrete  systems  and  D’Eulerio  and  Huges  [6] 
for  continuous  systems.  In  particular  in  1992  Wickert  [7]  presented  a  study 
on  the  nonlinear  vibrations  and  bifurcations  of  axially  moving  beams.  He 
examined  the  sub  and  supercritical  speed  range  by  a  one  degree  of  freedom 
model  able  to  describe  a  local  analysis  involving  weak  nonlinear  oscillations 
close  to  the  stable  equilibrium  positions. 

In  the  present  paper  the  dynamic  behaviour  of  an  axially  moving  beam 
is  dealt  with  by  means  of  a  high  dimension  discrete  model  obtained  by 
a  Galerkin  procedure.  The  resulting  finite  dimensional  dynamical  sys¬ 
tem  presents  a  linear  part  with  a  skew-symmetric  damping  matrix  called 
"gyroscopic  matrix".  The  spectral  analysis  of  this  linear  system  provides 
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imaginary  eigenvalues  and  complex  eigenvectors,  accordingly  with  the  the¬ 
oretical  analyses  [4]- [7].  The  equilibrium  position  of  the  system  presents 
pitchfork  bifurcations  at  relative  high  speeds,  called  critical  speeds.  The 
attention  is  mainly  focused  on  the  postbifurcation  region  by  extending  the 
local  analysis  presented  in  [7]  to  the  global  dynamics,  in  particular  the 
existence  and  stability  of  homoclinic  orbits  are  numerically  evaluated. 

GOVERNING  EQUATIONS 

In  this  paper  the  nonlinear  oscillations  of  an  axially  moving  beam  are 
studied,  see  Figure  1.  When  large  amplitudes  of  oscillation  are  considered. 


Figure  1:  The  travelling  beam 


a  nonlinear  coupling  between  longitudinal  and  transversal  dynamics  must 
be  accounted  for.  Considering  also  the  effect  of  the  axial  transport  of  mass, 
the  following  equations  of  motion  of  a  travelling  beam  are  obtained  [7]: 


d'^u  d^u  2^^'^  2  ^ 


du  if 

dx  2  \dx) 


=  0, 


(1) 


d'^w  ^  d'^w  ^  ^  f diu\ 

dxdt'^  dx'^  dxydx'^^'^dx  dx'^ 2 


+v 


2d\o 


=  0,(2) 


where  x  G  (0,1),  ^  >  0,  the  following  hinged  boundary  conditions  are 

introduced: 

ii(0,  t)  =  u(l,  t)  =  0,  i  >  0  (3) 

w{0,t)  =  w{l,t):=0,  ^(0,t)  = -^(l,f)  =  0,  t>0  (4) 

and  suitable  initial  conditions  must  be  given  to  define  the  Cauchy  problem. 

It  is  worthwhile  to  underline  that  the  mixed  term  2u^|^  represents  the 
Coriolis  acceleration  and  pla}?”  a  role  in  trasforming  the  differential  oper¬ 
ator  from  symmetric  into  skew-symmetric;  the  term  represents  the 

centrifugal  acceleration  and  causes  the  bifurcation. 

The  previous  equations  are  presented  in  a  nondimensional  form,  by  in¬ 
troducing  the  following  dimensionless  quantities: 
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w  =  wl(  u  —  ujl  x  =  xll  t  =  i^  PI  qAP 

V  =  vl^PIgA  VT  =  sjEAfP  vj  =  sjEIjPP 

where  w  and  u  are  the  transversal  and  the  longitudinal  displacement  fields, 
X  is  the  spatial  coordinate  along  the  axis  of  the  beam,  t  the  time,  v  is  the 
axial  speed,  t  the  beam  length,  P  the  axial  tension,  A  the  cross  section 
area,  g  the  mass  density,  I  the  inertia  moment  and  E  the  Young  modulus. 

Neglecting  the  fast  dynamics  in  the  longitudinal  direction,  the  axial  dis¬ 
placement  can  be  condensed.  So  that  the  transversal  oscillations  are  gov¬ 
erned  by  an  integro-differential  equation  in  terms  of  the  transversal  dis¬ 
placement  w{xA)  only: 


d'^w 


d'^w  2  2^*^^  v^d^iu  P  f  dw(^A)\ 

(5) 

with  the  boundary  conditions  (4). 


DISCRETIZATION  APPROACH 


The  equation  of  motion  (5)  is  discretized  using  the  Galerkin  procedure 
b}^  expanding  the  displacement  field  w(xA)  s-s  series  of  suitable  functions: 
w  ~  <?n(0^n(2^)-  The  functional  basis  (l)n{x)  must  be  a  complete  set 

of  functions  and  respect  the  boundary  conditions.  For  the  present  problem 
it  is  sufficient  to  use  the  sine  series.  In  the  Galerkin  method  the  series 
is  truncated  to  the  iV-th  term  and,  after  projection,  a  finite  dimensional 
dynamical  system  is  obtained.  Applying  the  procedure  to  equation  (5)  one 
obtains: 


N 


cjn  -2v  k 

k=l  ,k:^n 


71  k 


n  —  k 


N 


<jk  + 


-f  [ujn  -  (v^  -  qn  =  "  gn  Y  n  =  1, . . . ,  iV  (6) 


fc=:l 


The  previous  system  of  equations  can  be  rewritten  in  compact  form  as: 


q  +  Cq  +  Kq  =  f(q) 


(7) 


and  in  the  state  space 


p  =  Ap  +  F(p) 


(8) 


where 


A 


C  K 
I  0 


I  is  the  identity  matrix  and 


F(p)  =  —  [f(q)^,  O^j  collect  the  nonlinear  terms.  Analyzing  the  spectra 
of  A  one  can  study  the  linear  stability  of  the  trivial  position  and  rewrite 
(8)  into  the  diagonal  form: 


^  +  r(|) 


(9) 
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where  A  is  the  eigenvalue  matrix,  ?  =  Q-'P.  Q  is  the  eigenvector  matrix 
and  r  =  Q“^F(Q^).  The  transformation  that  leads  to  equation  (9)  is  the 
first  step  for  the  applications  of  suitable  perturbation  procedures,  that  are 
useful  to  analyze  local  motions. 

BIFURCATION  ANALYSIS 

When  the  axial  speed  of  the  beam  is  large  enough,  the  inertia  forces 
(y'^d'^w ! dx^)  could  exceed  the  elastic  forces  and  the  trivial  equilibrium 
position  ty  =  0  could  become  unstable.  Wickert  [7]  studied  theoretically 
the  fixed  points  of  equation  (5)  obtaining  the  bifurcated  configurations: 

=  ±- - \J  v‘^  —  sm  kiTx,  A;  =  1,2,...  (10) 

hlTV\ 

Each  exists  only  when  v  exceeds  the  critical  speed  where 

^(^)  =  A:  =  l,2,.... 

Even  if  equation  (8)  is  able  to  describe  any  motion  of  the  system  repre¬ 
sented  by  equation  (5),  a  linear  stability  analysis  of  the  bifurcated  positions 
needs  a  suitable  change  of  coordinates  that  moves  the  axes  origin  from  the 
trivial  equilibrium  position  to  the  bifurcated  one: 

p  =  po  +  y  (11) 

where  po  indicates  the  new  equilibrium  position.  The  system  equations 
written  in  terms  of  the  variable  y  become: 

y  =  Dy  +  F2(y)  +  F3(y)  (12) 

where: 


d-i^k  — 

^■i,k-kN  —  ^i,  k-\-N  1 

N 

di,i+N  —  "b  ^■i,hP0k+N'> 

h=\ 

di^N,k  =  (^i+N,k, 

N  _  /V  _ 

F2,,  =  ^hkVk+N  +  Vi+N  ‘^KkPOk+N'yk+N: 


TP  '^12  T 

xzp  —  Vi+N  2^  o.i,kyk+j\r’  — - -  ■ 

^-=l  ^ 

F2,i  =  =  0, 


i^k  =  1, . . . ,  A 

2,  /c  =  1, . . . ,  A,  k  ^  i 

i  =  1,...,A 

i.  A:  =  1, . . . ,  A 

z  =  1,...,A 

i^k  =  1 , . . . ,  A 
z  =  A  +  1,...,2A(13) 


The  linearized  system  is  represented  by  the  matrix  D  that  is  quite  differ¬ 
ent  from  the  original  matrix  A.  The  spectral  analysis  of  the  operator  D 
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enables  to  study  the  stability  of  the  nontrivial  fixed  points.  As  far  as  the 
nonlinear  portion  of  the  vector  field  is  concerned,  the  change  of  coordinates 
gives  rise  to  quadratic  terms  due  to  the  initial  curvature  of  the  bifurcated 
configurations. 

NUMERICAL  RESULTS 

In  the  previous  studies  [4,  7]  the  linear  modal  characteristics,  stability 
and  bifurcations  of  equilibrium  positions  have  been  studied  by  applying 
suitable  techniques  to  obtain  eigenvalues  and  eigenfunctions  of  the  system. 
Here  similar  results  are  presented  for  linear  analysis,  bifurcation  and  stabil¬ 
ity,  confirming  the  validity  of  the  discretized  model.  Moreover,  some  new 
results  regarding  the  global  motion  are  presented.  In  this  section  a  test  case 
with  the  following  data  is  studied:  I  =  0.2m,  A  =  1  =  2.08  •  10"^^, 

E  —  2.1  ■  10^\  P  =  lOOA,  that  give:  vj  —  0.105  and  =  1.05-. 

In  Figure  2  the  imaginary  parts  of  the  first  four  eigenvalues  of  A  are 
evaluated  with  A  =  8  in  the  series  expansion  of  the  solution.  For  u  = 
the  first  bifurcation  occurs:  in  this  condition  the  first  natural  frequency 
becomes  zero.  Up  to  the  critical  speed,  the  real  part  of  all  the  eigenvalues 
is  zero,  while  after  the  bifurcation  the  first  pair  of  eigenvalues  becomes  real. 
This  means  that  the  trivial  position  becomes  unstable  after  the  bifurcation, 
this  phenomenon  is  due  to  the  centrifugal  forces  that  exeed  the  elastic  forces 
after  the  bifurcation. 

In  Figure  3  the  absolute  value  of  the  component  of  the  first  four  modes 
on  the  sine  basis  is  presented  when  the  series  is  truncated  up  to  the  eighth 
degree  of  freedom  and  v  =  1.  At  high  speeds  the  even  coordinates  become 
less  important.  For  example  the  second  mode  shape,  that  for  u  =  0  is 
sin27rcc,  is  mainly  represented  by  sinTra;  and  sinSTra;,  and  less  significantly 
by  the  others.  In  Figure  4  the  real  and  the  imaginary  part  of  the  first  lour 
modes  are  plotted  showing  clearly  the  shape  of  the  modes  at  high  subcrit- 
ical  velocity.  In  accordance  to  what  previously  discussed,  the  imaginary 
part  becomes  vanishing  with  the  increasing  of  the  mode  number.  This 
provides  two  effects:  the  linear  dynamics  at  high  frequency  is  described 
by  real  modes,  as  if  the  gyroscopic  effects  were  not  present;  conversely  the 
effect  of  the  gyroscopic  matrix  makes  the  even  modes  almost  symmetric. 

In  Figure  5  the  bifurcation  diagram  is  presented.  The  Lagrangian  coor¬ 
dinates  are  represented  in  function  of  the  parameter  v.  As  expected,  at 
the  first  critical  speed  the  first  bifurcation  involves  the  coordinate  qi  only, 
then  at  the  second  bifurcation  velocity  the  bifurcation  of  q2  is  present;  the 
curves  numerically  obtained  coincide  analytical  results. 

At  V  >  for  example  at  v  =  1.1,  the  trivial  equilibrium  position  is 
unstable.  Therefore,  under  a  small  perturbation  the  system  evolves  indef¬ 
initely  far  from  the  initial  position.  Moreover,  if  one  observes  that  the 
system  is  linearly  and  nonlinearly  coupled  in  the  lagrangian  coordinates 
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qn,  then  a  global  motion  governed  by  slow  as  well  as  fast  dynamic  com¬ 
ponents  could  be  expected.  Conversely,  Figure  6  shows  that  a  very  reg¬ 
ular  homoclinic  orbits  exists.  In  fact,  under  an  infinitesimal  perturbation 
(<?i(0)  =  10“®,  <7i(0)  =  0,  i  =  2, . . . ,  N)  the  system  slowly  goes  far  from  the 
unstable  position  and  slowly  comes  back.  Not  large  coupling  between  the 
degrees  of  freedom  is  present,  only  a  small  contribution  of  qi,  i  =  2, . . . ,  yV 
is  found.  The  motion  is  periodic;  due  to  different  time  histories  of  the 
Lagrangian  coordinates,  the  dynamic  configuration  change  slight^  during 
the  period  with  respect  to  the  fundamental  sin  irx  shape.  However  Figures 
7-10  show  that,  perturbing  more  and  more  strongly  the  unstable  position 
or  giving  an  initial  condition  far  from  lu  =  0  (7i(0)  =  0.01,  0.05,  0.27,  0.28 
respectively  for  Figures  7-10  and  gi(O)  =  0,  2  =  2,...,  IV),  but  close  to  the 
homoclinic  orbit,  a  motion  exhibiting  fast  as  well  as  slow  dynamics  arises. 
The  fundamental  period  becomes  notably  shorter  as  the  homoclinic  orbit 
more  strongly  perturbed.  These  “perturbed”  trajectories  confirm  that  the 
homoclinic  orbit  crosses  a  portion  of  the  phase  space  where  the  nonlinear¬ 
ities  as  well  as  the  coupling  are  strong.  Moreover,  the  homoclinic  orbit  is 
embedded  in  a  tangle  of  phase  trajectories. 

Figure  11-a  shows  the  Fast  Fourier  Transform  of  the  time  histories  of 
qi{t)  in  the  following  three  cases;  the  homoclinic  orbit  presented  in  Figure 
6,  the  strong  perturbed  orbit  presented  in  Figure  9,  the  weak  perturbation 
of  the  stable  fixed  point. 

Finally,  Figure  10  shows  that,  after  the  second  bifurcation,  perturbing 
the  trivial  equilibrium  position  ((?i(0)  =  10~®,  ^{(0)  =  0,  z  =  2,...,yV) 
the  homoclinic  orbit  breaks  down  and  the  response  is  characterized  by  a 
complex  fast  dynamics. 

CONCLUSIONS 

In  this  paper  the  dynamics  of  an  axially  moving  beam  is  studied.  The 
Galerkin  method  is  used  to  discretize  the  spatial  differential  operator.  Pre- 
iiminar}^  results  for  the  linear  model  and  the  static  bifurcations  are  fully  in 
agreement  with  the  literature.  An  interesting  behaviour  of  the  system  has 
been  observed  in  a  suitable  supercritical  speed  range,  in  between  the  first 
and  the  second  critical  velocities,  where  a  structurally  stable  homoclinic 
trajectory  exists.  This  orbit  crosses  a  region  of  the  phase  space  where  the 
nonlinearities  as  well  as  the  coupling  between  the  degrees  of  freedom  is 
not  weak,  but  it  seems  that,  close  to  this  special  orbit,  the  dynamics  is 
governed  by  slow  time  scales  onl}^  After  the  second  critical  velocity  the 
response  exhibits  slow  as  well  as  fast  dynamics  .  The  N  degrees  of  free¬ 
dom  analysis  here  presented  allows  to  solve  the  initial  condition  problem 
without  any  restriction  concerning  the  dynamic  configuration  shape,  thus 
extending  the  results  developed  in  the  past  on  the  subject.  Moreover,  the 
model  can  be  enhanced  in  order  to  develop  suitable  A’-degrees  of  freedom 
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perturbation  procedures  useful  to  perform  parametric  analyses  in  the  case 
of  external  harmonic  forcing. 
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Figure  2:  Behaviour  of  the  linear  natural  frequencies 
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Figure  3:  Representation  of  linear  modes  in  terms  of  the  lagrang 
dinates  z  =  1, . . . ,  8 


Figure  4:  Spatial  form  of  the  complex  eigenfunctions 
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Figure  9:  Strong  perturbation  of  the  homoclinic  orbit 
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Figure  10:  Strong  perturbation  of  the  homoclinic  orbit 
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Figure  11;  a)  Frequency  contents  of  the  time  histories  of:  the  homoclinic  or¬ 
bit  (—),  the  strongly  pertubed  homoclinic  orbit  (•••))  weakly  perturbed 

stable  non-trivial  equilibrium  position  ( - ).  b)  Unstable  trajectory  after 

the  second  bifurcation,  collapse  of  the  homoclinic  orbit 


Transient  Contact  Response  of  a  Hermetic  Reciprocating  Compressor 

Valve 

i.Yildinm(‘\  M.O.Akbal^'),  H.T.Belek^^^ 

(1)  Research  Engineers,  Ar^elik  R  &  D  Center  81719  Tuzia,  Istanbul,  Turkey 
(2)  Professor,  Faculty  of  Mechanical  Engineering,  Istanbul  Technical  University,  80191 
Guniu§suyu,  Istanbul, Turkey 

ABSTRACT 

Valve  leaves  in  reciprocating  compressors  are  used  to  open  and  close  the  inlet  and  discharge 
ports.  The  fatigue  failure  of  these  leaves  due  to  bending  stresses,  impact  and  the  influence  of 
the  valve  behaviour  on  efficiency,  makes  the  valve  leaves  extremely  important  components  of 
the  compressors.  The  leaf  can  be  modelled  as  one  edge  clamped  plate.  One  difficulty  of  the 
problem  that  makes  it  ,  interesting  is  the  requirement  to  model  the  contact  of  the  valve  with  the 
stopper.  In  the  present  study  Newmark-Beta  direct  integration  method  is  used  to  solve  the 
equation  of  motion.  External  forces  are  measured  experimentally  in  the  cylinder  and  inlet 
chamber  of  the  hermetic  compressor.  The  force  distribution  on  the  structure  is  calculated 
using  a  Computational  Fluid  Dynamics  Code.  The  normalised  pressure  distribution  obtained 
through  the  measurements  is  used  to  calculate  the  time  dependant  distributed  forces  on  the 
leaf 


INTRODUCTION 

In  small  refrigerator  compressors,  the  refrigerant  gas  enters  and  leaves  the 
compression  chamber  through  the  holes  where  the  opening  and  closing 
mechanism  is  controlled  by  the  pressure  activated  reed  valves.  In  the  ideal 
case,  valves  should  be  massless  and  should  suddenly  open  and  close.  However 
in  real  operation,  it  takes  some  time  to  open  and  close  completely  due  the 
inertia  and  damping  of  the  refrigerant.  Dynamic  behaviour  of  the  valve  leaf 
has  an  important  influence  on  the  performance  parameters.  The  parameters 
such  as  the  noise  level,  volumetric  efficiency,  reliability  is  directly  related  to 
the  behaviour  of  the  valve  leaf.  The  main  components  of  a  compressor  and  the 
suction  valve  are  shown  in  Figures  I  and  IL 


Electric  Motor 
Compressor  body 
Cylinder  head 
Crank  shaft 
Coupler  ^ 


Figure  I.  Main  components  of 
a  compressor 


Figure  II.  Close  look  at  the  suction 
compressor  valve. 
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It  is  possible  to  find  extensive  literature  on  the  design  of  valve  leaves.  A 
general  layout  of  the  design  and  the  mechanics  of  the  compressor  valves 
together  with  the  suggestions  and  the  rules  of  thumb  gained  from  past 
experience  are  summarised  by  Soedel,  [1]. 

If  the  Principle  of  Virtual  Work  is  applied  to  the  valve  leaf  problem,  it  can  be 
expressed  in  the  form  of  an  equality  of  the  work  done  by  the  internal  forces  to 
that  of  the  external  forces  including  the  inertia  forces  applied,  hence  the 
following  variational  equation  is  obtained: 

J  £1-  J  Sil'.b  do.-  \  Sifiq  dS-  \  SJ.'q  dS+  J  Sif^p'n  dO=0  (1) 

'n  '  '  '  ■  %  '  "  'rc  '  -  »n  ' 

This  equation  can  be  explained  verbally  as  follows: 

Given  the  traction  vector  '  q  on  the  boundary  '  and  the  body  forces  '  b  in 
the  domain  'Q,  for  t  e[o,T];  find  the  displacement  of  all  points  in  the 
domain,  'u(x,r)  for  all  /  €[0,T]  such  that  the  equation  of  motion, 
constitutive  equation,  initial  conditions,  boimdary  conditions  and  the  contact 
conditions  are  all  satisfied.  In  this  variational  form  it  is  suitable  to  apply  the 
Finite  Element  Method.  The  leaf  is  modelled  as  one  edge  clamped  plate. 
Figure  III. 


Figure  III.  The  selected  geometry  of  the  Figure  IV.  Selected  mesh  for  the  geometry, 
modelled  valve. 

To  solve  the  virtual  work  equation  using  the  Finite  Element  Method,  the 
domain  Q  is  subdivided  into  elements  as  shown  in  Figure  IV  and  the 
displacement  field  is  approximated  by  the  shape  functions  which  are 

expressed  in  terms  of  the  spatial  parameters  and  the  nodal  displacements  u  (/) 

""  / 

incorporating  the  time. 

u(x,t)  =  N,(x)u  (t)  (2) 

^  / 

Notice  that  the  shape  functions  do  not  depend  on  time.  Due  to  the  separation  of 
the  time  and  space  dependent  part,  the  discretization  of  velocities  and 
acceleration  can  easily  be  obtained. 
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With  appropriate  manipulations  the  following  system  of  equations  can  be 
obtained: 


Mm+F  =F  (3) 

~  ~  im  ~  exr 

In  this  equation,  M  =  j pN^ .N  dQ,  One  more  term  may  be  added  into 
equation  (3),  namely,  the  damping  force  vector  F 

damp 

Newmark  -  Beta  method  is  used  for  the  solution  of  equation  (3).  In  order  to 
select  the  appropriate  time  interval,  the  natural  frequencies  of  the  system  are 
calculated  and  the  results  are  given  in  Table  I,  the  valve  material  properties  are 
given  in  Table  II. 


Table  I.  Natural  frequencies  of  the  valve.  Table  II.  The  material  properties  of  the  valve. 


Frequency  no 

1 

2 

3 

Frequency 

(Hz) 

365 

2085 

2145 

Modulus  of 
Elasticity  (GPa) 

Poisson’s 

ratio 

Density 

(kg/m’) 

210 

0.3 

7850 

The  time  step  used  in  the  analysis  should  be  selected  in  a  suitable  way  to  allow 
the  actual  response  to  be  modelled  with  reasonable  accuracy.  If  a  phase  error 
of  10%  for  the  highest  relevant  frequency  is  selected  then  one  can  calculate  the 
time  step  as  follows,  [2]; 


For  the  lower  frequencies  the  error  will  even  be  smaller.  Therefore  time  step 
relating  the  phase  error  will  be: 

For  the  contact  analysis,  in  order  to  make  the  displacement  increments  small 
enough  to  detect  the  contact,  a  time  step  of,  0.25  e-4,  is  taken.  This  time  step 
corresponds  to  400  steps  within  a  0.01  second  period  during  the  transient 
behaviour  solution. 

For  the  contact  treatment,  the  solver  constraint  equations  are  used.  Once  the 
contact  is  detected,  the  contact  constraint  equations  are  defined  and  the 
convergence  of  the  solution  is  checked.  If  a  separation  is  detected  after  the 
solution  of  the  system  equations,  the  contact  constraints  are  changed  and  a  new 
iteration  is  started.  If  a  penetration  is  observed  then  the  time  increment  is 
divided  into  smaller  intervals. 

The  pressure  inside  the  cylinder  and  in  the  cylinder  inlet  plenum  is  measured 
using  the  pressure  transducers.  This  pressure  difference,  multiplied  by  the 
normalised  pressure  distribution  for  the  open  position  of  the  valve  is  applied 
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on  the  model.  The  stopper  in  the  system  is  modelled  as  a  rigid  body.  Figure  V 
shows  the  normalised  pressure  difference  distribution  on  the  valve  surface  as 
computed  by  using  a  Computational  Fluid  Dynamics  code,  [4]. 


Figure  V.  The  pressure  distribution  at  the  open  position. 

RESULTS  AND  PARAMETRIC  STUDIES 

In  the  present  study,  the  affects  of  valve  thickness,  stopper  height  and  using  no 
stopper  are  investigated.  Deflection  of  the  valve;  as  an  indicator  of  the  valve 
opening,  velocity;  as  for  the  impact  criteria,  bending  stress;  as  for  the  bending 
fatigue  criteria  are  compared.  The  results  are  obtained  for  the  points  along  the 
mid-length  of  the  valve.  The  locations  are  indicated  in  Figure  VI.  Temporal 
variation  of  lateral  displacement  and  velocity  at  the  tip  are  shown  in  Figure  VII 
and  VIII.  Bending  stresses  are  plotted  as  function  of  time  at  the  mid-point  of 
the  valve.  Four  different  cases,  namely,  (A,  B,  C,  D)  are  taken  into 
consideration  as  specified  in  Table  III. 


,  r*t=0.2  r=x/I=0.52 

/  '^x  ^ 


.  _  yf^=x/M 


p=x/l=0.96 


Figure  VI,  Representative  points 

The  lateral  displacements  of  four  case  studies  are  shown  in  Figure  VII.  The 
contact  time  to  the  stopper  is  shorter  as  the  valve  thickness  gets  thinner.  The 
valve  thickness  has  also  an  important  influence  on  the  displacements  after 
0.005  second  due  to  the  inertia  effects. 
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Lateral  Displacement 


t!me(10e-3  s) 


Figure  VII.  Lateral  displacement  of  the  tip  point  for  different  cases. 


Figure  VIII.  Velocity  of  the  tip  point  for  different  cases. 

The  velocities  of  the  tip  points  for  the  four  cases  are  shown  in  Figure  VIII. 
Quite  a  smooth  velocity  variation  is  observed  for  the  case  without  a  stopper. 
For  cases,  which  include  stoppers,  due  to  loss  of  contact  sudden  velocity 
changes  are  observed.  Maximum  velocity  which  is  used  as  an  impact  fatigue 
criteria  among  the  compressor  manufacturers  exceed  the  allowable  limits. 
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The  bending  stresses  at  approximately  mid-span  of  the  valve  are  plotted  in 
Figure  IX.  It  should  be  noted  that  at  the  start,  the  stress  at  the  lower  side  of  the 
valve  is  compressive  as  expected.  However,  as  the  middle  of  the  valve 
continue  to  deform  while  the  tip  is  resting  on  the  stopper;  the  sign  of  the 
bending  reverses  from  compressive  to  tension  due  to  the  curving  of  the  valve. 

Table  III.  Results 


Figure  IX.  The  bending  stress  of  the  mid-point  for  different  cases. 


CONCLUSIONS 

Different  parameters  are  changed  to  see  their  effects  on  the  valve  response. 
Position  of  the  valve  in  time,  velocities,  stresses  and  reaction  forces  are 
obtained.  Some  quantitative  values  are  obtained  which  may  be  of  some 
importance  for  the  design  engineers. 

It  is  seen  that  by  making  the  valve  softer,  faster  opening  times  may  result.  A 
valve  that  will  completely  stay  open  even  by  the  slightest  pressure  difference, 
acting  at  the  open  position  seems  to  be  a  suitable  one.  This  can  be  achieved  by 
making  the  valve  softer.  On  the  other  hand  for  such  a  valve,  fatigue  life  should 
also  be  considered.  Life  tests  in  well-defined  loading  conditions  are 
recommended  for  the  future  study.  Measurement  of  the  valve  motion  in  real 
operating  conditions  by  adjusting  the  magnitude  of  the  pressure  loading  acting 
on  the  valve  should  be  realised  to  predict  the  behaviour  of  the  valve.  Such  an 
experimental  verification  of  the  response  of  the  valve  will  help  researchers  to 
modify  the  mathematical  models.  Thus  the  design  of  softer  valves  with  longer 
fatigue  life  should  be  possible. 
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